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PREFACE. 


The  propositions  contained  in  the  following 
compilation  are  either  obvious  dedactions  from 
those  of  ^  Euclid^  or  such  as  exhibit  some  remaric- 
id>l6  properties  of  lines,  angles,  or  figures^  which 
are  not  to  be  found  in  Euclid's  work;  or^  lastly, 
they  are  the  geometrical  solutions  of  many  well- 
known  problems  in  the  different  branches  of  Na- 
tural Philosophy.  But  although  the  propositions, 
which  ha?e  here  been  collected  for  the  use  of  the 
academical  student,  are  of  these  three  kinds,  it 
has  not  been  thought  advisable  to  class  them  ac- 
cording to  that  threefold  division.  Designed  as 
a  supplement  to  the  Elements  of  Euclid^  those, 
which  constitute  the  first  Part,  have  been  disposed 
according  to  Euclid's  arrangement.  And  not  only 
have  the  propositions  contained  in  the  first  book 
been  made  to  depend  upon  the  first  book  of  the 
Elements,  and  so  on;  but  the  propositions  in  each 
separate  book  will  be  found,  also,  to  follow  the 
order  of  the  propositions  of  the  corresponding  book 
of  Enclid.  There  is  no  necessity,  therefore,  for 
the    student  to  wait  until   he   has  gone  through 
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Euclid's  Elements,  before  he  enters  upon  the  pe^ 
rusal  of  the  first  Part  of  this  Supplement.  It  will, 
perhaps,  be  more  to  his  advantage  to  read  the 
.  original  work  and  this,  which  is  principally  intended 
to  supply  its  deficiencies,  together;  especially  if  he 
has  the  assistance  of  a  tutor,  who  will  point  out  to 
him  those  theorems  and  problems  which  may  be 
considered  as  best  deserving  his  attention.  Some 
regard  has,  indeed,  been  paid  to  the  probability  of 
such  a  plan  being  thought  worthy  of  adoption,  in 
the  distribution  of  the  matter  of  this  present  pub- 
lication. An  endeavour  has  been  made  to  offer 
^mething  to  the  notice  of  the  reader,  after  almost 
every  one  of  the  most  important  propositions,  in 
each  of  the  books  of  Euclid's  Elements:  so  that, 
supposing  him  not  to  advance  beyond  the  first 
book,  or  beyond  the  first  four  books,  of  Euclid, 
a  field,  more  or  less  contracted,  is  still  open  to  his 
research,  for  the  exploring  of  which  he  will  find 
himself  already  sufficiently  furnished  with  previous 
knowledge.  With  this  view,  especially,  many  of  the 
following  propositions,  which  might  undoubtedly  have 
been  demonstrated  more  concisely,  if  they  had  been 
put  after  Euclid's  fifth  book,  have  had  a  place  as- 
signed to  them  nearer  to  the  beginning.  For  thus 
is  the  learner  shewn  how  extensive  an  application 
may  be  made  of  some  of  the  simplest  elements  of 
Geometry ;  and  thus  is  a  scope  afforded  to  the  study 
of  those,  who  cannot,  at  first,  encounter,  without 
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reluctance,  the  somewhat  abstruse  reasonings, 
upon  which  the  ancients,  with  so  much  acuteness 
and  solidity  of  judgment^  have  founded  the  doc- 
trine of  proportionality. 

In  order  to  facilitate  the  .execution  of  -the  plan 
bere  recommended,  an  index  has  been  constructed, 
by  means  of  which  the  Geometry  of  the  first 
Part  of  this  Supplement  may  be  incorporated,  as 
it  were,  with  that  of  Euclid,  and  the  reading  of 
both  the  treatises  may  be-  made  to  go  on  to- 
gether. 

In  the  Second  Part,  which  has  been  added  to 
this  edition,  the  arrangement  has  not  been  made 
to  follow  that  of  Euclid.  This  part  may,  there- 
fore, be  considered  as  a  separate  collection  of 
geometrical  propositions,  promiscuous  in  its  com- 
position, but  yet  admitting  of  a  certain  degree 
of  classification,  which  the  reader  will  find  adopted 
in  it  Its  last  two  Books  relate  to  subjects, 
which  are  almost  wholly  omitted  in  the  greater 
number  of  treatises  on  Geometry,  but  which  are 
not  deficient  in   interest. 

A  general  Index  to  the  whole  work  has,  also, 
been  annexed  to  this  second  edition,  exhibiting 
the  enunciations  of  all  its  Propositions,  apart 
from  their  proofs;  in  order  that  the  student  may 
use  it,  not  as  a  mere  table  of  contents  only, 
but  as  manual  problems;  not  having  recourse  to 
the  printed  demonstrations,  until  he  has  exercised 
his  own  ingenuity  in  discovering  solutions. 
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In  the  demonstrations  of  the  propositions  re- 
eourse  has  been  had  to  symbols.  But  these  sym«- 
bols  are  flserely  ihe  representatives  of  certain 
lYords  and  phrases^  which  may  be  substituted  for 
tfafem  at  {deasure^  so  as  to  render  the  language 
employed  strictly  conformable  to  that  of  ancieot 
Geometry.  The  consequent  diminution  of  the  bulk 
1^  the  whole  book  is  the  least  advantage  which 
results  from  this  use  of  symbols.  For  the  demon- 
strations .  themselves,  are  sooner  read  and  more 
easily  comprehended  by  means  of  these  useful 
abbreviations;  which  yfWlj  in  a  short  time,  be- 
come &miliar  to  the  reader,  if  he  is  not  before- 
hand perfectly  well  acquainted  with  them. 

It  appeared  to  be  unnecessary  to  print  the 
formal  and  logical  conclusion  which  belongs  to 
every  geometrical  demonstiation,  and  which  con- 
sists in  repeating  the  enunciation  of  the  propo- 
sition which  vms  to  be  proved^  and  in  asserting 
that  it  has  been  proved.  This  last  step,  is^ 
therefore^  left  for  the  reader  in  all  cases 
mentally  to  supply.  And  if  some  omissions  of  ^ 
weightier  kind^  and  some  errors,  be  discoverable 
in  the  following  pages^  it  is  hoped  that  they  will 
be  found  neither  too  greats  nor  too  many  to  be 
forgiven,  if  the  general  plan  of  the  work  meet 
with  the  approbation  pf  those*  who  are  competent 
to  decide  upon  it. 

V%carage^liou9t, 
Enfield. 
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AN  EXPLANATION 

OF   THfi   SYMBOLS   EMPLOYED   IN   THIS   TREATISE/ 

AS   ABBEBVIATIOVS. 


£=  denotes  is  equal  to  or  equal  to, 

>  is  greater  than* 

<  is  less  than. 

+  together  with, 

^  ••••..  diminished  by, 

L  angle. 

Z,s  ••••••  angles, 

AB^  or  AB. a  straight  line,  of  which  the  points 

denoted  by  A  and  B  are  the  er- 
trendties, 

AB       .«••..   a  circular  arch,  of  which  the  points 

denoted  by  A  and  B   are  the   ex- 
tremiHes, 

AB*     a  square^  having  AB  for  one  of  iflf 

sides, 

AB  X  CD,.  .....    a  recta^le,  of  which  AB  and  CD 

are  adjacent  sides. 

2  AB»  &c :    the  double,  tfc.  of  AB* 

A       a  triangle. 

As     triangles. 

Q     a  parallelogram. 

0<   ......    parallelograms. 

A  :  B the  ratio  of  A  to  B. 

:  B  ::  C  :  D •  the  ratio  of  A  to  B  is  equivalent  to 

the  ratio  ofCtoD. 
•  •«•«•■•  therefore. 
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Prop.  I. 

1.  Pbobum.  a  oivkh  plane  rectilineal  angle 
btmg  divided  into  amf  number  of  equal  angles,  to 
dhide  the  half  of  it  into  the  eame  number  of 
angles  J  aU  equal  to  one  another. 

Bisect  (E*  IX.  1.)  the  given  an^e:  And,  first,  if 
It  be  divided  into  an  odd  number  of  equal  parts,  it  is 
evident  that  the  middle  part  is  thereby  bisected. 
Bisect,  therefore,  each  of  the  remaining  equal  parts 
on  either  side  of  that  middle  part,  and  the  half  of  the 


•  J- ^  *^  ,^  ^  ^*^"''"» '*^«'««»''  the  letter  E  is  used  to 
^i^J-cW^.  £&««rf...  the  letter  S,  in  like  nua»er.  «S  to 
ti^&OT^;  the  former  of  the  «ib.equent  number,  point. 
«*Ae  Pr^pontum.  «.d  the  latter  the  Book,  intended  to  be 
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given  angle  will^  manifestly^  be  divided  into  as  many 
equal  parts  as  the  g^ven  angle  itself. 

Again^  if  the  given  angle  be  divided  into  an  eoen 
number  of  equal  parts,  it  is  plain  that  the  straight  line 
virhich  bisects  it^  will  bave  the  half  of  that  number  of 
equal  parts^  on  each  side  of  it.  Bisect,  therefore^ 
each  of  the  equal  parts^  on  either  side  of  that  line ; 
and  the  half  of  the  given  angle  will  thereby  be  di- 
videdj  as  before^  into  as  many  equal  parts  as  the 
given  angle  itself. 

Prop.  11. 

2.  Problem.  From  the  vertex  of  a  ghen  scalene 
triangle,  to  draw,  to  the  base,  a  straight  line  which 
shall  exceed  the  less  of  the  two  sides,  as  much  as  it 
is  itself  exceeded  by  the  greater. 

Let  ABC  be  the  given  scalene  triangle,  and  let 
jiB  be  greater  than  AC:    It  is  required  to  draw. 


from  the  vertex  A,  to  the  base  BC,  a  straight  line 
which  shall  exceed  AC^  as  much  as  it  is  exceeded  by 
AB. 

^  Prom  Afi  cut  off  (R  in.  l.)  AD^AC;  bisect 
(E.  X.  1.)  DB  ih  E;   from  the  centre  A,  at  the 
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distance  AEi,  describe  (E.  iii.  Post.)  the  circle  EF 
cutting  BC  in  F;  and  join  (E.  i.  Post.)  A,  F: 
Then  is  AF  the  straight  line  which  was  to  be  drawn. 

For,  (E.  XV.  Def.  l.)  AF=  AE;  and  (constr.) 
AD^AC;  ..AF-AC^AE-AD^DE. 

Also.  JB-  AE'z^BE;  i.  e.  AB-  AF^  BE :  and 
(eotutr.)  BB=tD.E; 

.-.  AF-AC==AB-AF. 

« 

Prop.  III. 

3.  Problem.  In  a  straight  line  given  in  position^ 
but  indefinite  in  lengthy  tojind  a  point,  which  shall 
be  equidistant  from  each  of  ttoo  given  poitltSy  either 
on  contrary  sides,  or  both  on  the  same  side  of  the 
given  line,  and  in  the  same  plane  with  it ;  but  not 
situated  in  a  perpendicular  to  it. 

Let  XY  be  an  indefinite  straight  line,  and  ^, 
B,  two  points  without  it;  not  situated  in  a  per- 
pendicular to  XY:  It  is  required  to  find  a  point  in 
XY  that  shall  be  equidistant  from  j4  and  B. 

FitBt,  let  A,  B  he  both  on  the  same  side  of  XY : 


5C     P     D ^ 

Join  J,  B;  bisect  (£«  x.  1.)  AB  in  C;  from  Cdrav^ 
(E.  XI.  1.)  CD  perpendicular  to  AB,  meeting  XK 
in  D.    The  point  D  is  equidistant  from  A,  B. 

B  2 
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For,  join  A,  D  and  B,  D.  Then,  since  {comtr.) 
AC^BC,  and  CD  is  common  4o  the  two  as  ACD, 
BCD,  and  that  (con^tr.  and  £.  x.  Def.  1.)  z  ^Cl> 
p=z  BCD;  .\  <E.  IT.  1.)  AD^BD;  i.e.  D  is 
equidistant  from  A  and  i3. 

But,  if  the  two  ^ven  points^  A  and  B,  are  on 
contrary  sides  of  XY,  let  them  be  joined,  as  before, 
and  let  the  straight  line  which  joins  them  be  bisected. 

Then,  if  the  point  of  bisection  be  in  XV,  that, 
which  was  required,  has  been  done,  But^  if  that 
point  be  not  in  XY,  draw  from  it^  as  before,  a  per- 
pendicular to  ABj  and  it  may  be  shown,  as  in  the 
first  case,  that  the  pointy  in  which  the  perpendicular 
meets  XY,  is  that  which  was  required  to  be  found. 

4»  Cor.  1.  By  the  help  of  this  problem,  it  is 
manifest  that  a  circle  may  be  described,  which  shall 
have  its  centre  in  a  given  straight  line,  and  which 
shall  pass  through  two  given  points  without  that  line. 
-  5.  Cor.  2.  It  is  evident  from  the  demonstration, 
that  any  point  in  an  indefinite  straight  line  D2, 
which  bisects  the  given  finite  straight  line  AB^  at 
right  angles,  is  equidistant  from  the  extremities  A 
and  Bf  of  that  given  finite  line :  And,  any  point 
which  is  not  in  that  indefinite  line  />Z,  is  not  equi- 
distant from  the  two  extremities  A  and  B  of  the 
given  finite  line. 

For,  let  P  be  any  pointy  not  inDZ,  which  bisects 
AB  at  right  angles  in  C;  and,  if  it  be  possible,  let 
P  be  equidistant  from  A  and  B :  Join  P,  A  and 
P,  C  and  P,  B;  and  since  (hyp.)  AC^CB,  and 
CP  is  common  to  the  two  as  ACP,  BCP,  and  that 
[t^.)  PA^PB;  .^  (E.  VIII.  1.)  the  z  ACP^ 
I  BCP,  and  . .  (E.x.  Def.  1.)  the  z  ^CP  is  a  right 
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angle;  but  (hyp.)  the  z  ACD  is  a  right  angle; 
therefore  the  z  ACP  is  equal  to  the  z  ACD,  the 
less  to  the  greater,  which  is  impossible;  therefore 
the  point  P  is  not  equidistant  from  A  and  B. 

6.  CoR.  3.  Hence,  an  indefinite  number  of  cir* 
cles  may  be  described  all  of  them  passing  through 
two  given  points :  And  if  any  number  of  circles 
pass,  all  of  them,  through  the  same  two  given  points, 
their  centres  are  all  in  the  straight  line  that  bisects 
at  right  angles  the  straight  line  joining  the  two  given 
points. 

7.  Cjor.  4.  Hence,  also,  a  circle  may  be  de- 
scribed which  shall  pass  through  two  given  points^ 
and  which  shall  have  its  semi-diameter  equal  to  any 
given  finite  straight  line,  that  exceeds  the  half  of  th^ 
straight  line  joining  the  two  given  points. 

For,  let  ^,  B  be  the  two  given  points ;  and  join  A,  B; 
and  let  CD  be  drawn  bisecting  AB  at  right  angles ^ 
from  ^,  as  a  centre,  at  a  distance  equal  to  the  given 
finite  straight  line,  describe  a  circle,  and  let  it  cut 
CD  in  D;  therefore,  (Cor.  2.)  D  is  equidistant 
from  A  and  B;  and  therefore  a  circle  described 
from  />3  as  a  centre,  at  the  distance  DA,  which 
{constr.  E.  xv.  Def.  1 .)  is  equaj  to  the  given  semi^ 
diamete/^  will  pass  through  J3. 

Prop.  IV. 

8.  Theorem.  If  the  three  sides  efa  given  triangle 
be  bisected,  the  perpendiculars  draTon  to  the  sides^ 

from  the  three  several  bisections,  sheUl  all  meet  in 
the  same  point :  And  that  point  is  equidistant  from 
the  three  angtUar  points  of  the  given  triangle. 
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Let  ABC  be  a    triangle,   of  wbich  the   three 
sides  ABy  AC,  and  CB  are  bisected  in  the  points 


D,  E  and  F^  respectively :  The  perpendiculars 
drawn  to  the  several  sides  from  D,  Ey  F,  shall  all 
meet  in  a  point  that  is  equidistant  from  A^  B  and  C. 

For,  draw  (E.  xi.  1.)  DG  perpendicular  to  AB, 
and  EG  perpendicular  to  AC,  and  let  them  meet  in 
G:  Join  G,  F.  Then,  {constr.  and  Sect.  iii.  1. 
Cor.  2.)  .-.  BG^AG,  and  AG=CG;  .\  CG^^BG. 

Again,  since  {hyp)  BF  =  CF  {constr.)  and  FG 

18  common  to  the  two   as  BFG^  CFG,  and  that 

BG=CG;  therefore  the  /iBFG=^  iCFG{E.ynxiA); 

i.e.  (E.  X.  Def.  1.)  GF  is  perpendicular  to  BCi 
And  there  cannot  (E.  x.  Def.  1.)  be  drawn  from  F 

more  than  one  straight  line  perpendicular  to  BC.     It 

is  plain,  therefore,  that  the  perpendiculars  drawn  to 

(he  sides,  from  Z>,  £  and  F,  all  meet  in  the  same 

point  G:     And,  since  it  has  been  shown  that  AGbx 

BGstCG,  the  point  G  is  equidistant  from  A,  B 

and  C. 

Prop.  V. 

9.  Problem.  Tojind  a  point,  in  a  given  plane, 
which  shall  be  equidistant  from  three  given  points 
in  the  plane,  that  are  not  all  in  the  same  straight 
line. 


900&  I.  7 

Let  A^  B,  C,  (See  Fig.  p*  6.)  be  three  ppinti^ 
Qpt  all  of  t^em  in  the  sune  straight  line :  It  is  r^-^ 
quired  to  find  a  point,  t)iat  shall  be  equidistant  from 
Ay  B  and  C. 

Join  A,  B^  and  B^  C,  and  C,  A;  bisect  (£•  x.  l.) 
AB  in  A  and  AC  in  E;  draw  (E/xi.  1.)  frooi  ^ 
and  i?9  DG  perpendicular  to  ABy  and  £G  perpen- 
dicular to  ACy  and  let  them  meet  in  G. 

Then,  (Sect  iii.  i;  Cor.  2.)  thi^  point  G  is  .«Qui* 
distant  from  A^  B,  and  C. 

10.  Cor.  By  the  help  of  this  proUeni  a  cirde 
may  be  described  about  a  given  triangle';  or  was* 
that  its  circumference  shall  pass  through  aiiy  tliree 
given  jpoints  that  are  not  in  the  same  straight  fine. 

Prop.  VI. 

11.  Theorem.  7%ere  cannot  be  drawn  mare  than 
two  equal  straight  Hues,  to  another  straight  line, 
from  a  given  point  withotU  it. 

Let  ^  be  a  pointy  without  the  straight  line  BC: 
There  cannot  be  drawn  more  than  two  equal  straight 
lines,  from  A  to  BC. 

^^m^^imm^  «VHM^iM^i»  ««mmw^^ 

For,  if  it  be  possible,  let  ABsiAG^AC;  there- 

A 


G  C 

fore  (E.  V.  1.)   z  ACB^  t  AGC:    Also  /  ACB^ 
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I  ABC;  .\  t  AGC^ t  ABC;  i.  e.  the  exterior  is 
equal  to  the  interior  opposite  angle,  when  the  side 
BOi  of  the  A  A6B,  is  produced :  which  (£.  xvi.  1.) 
is  absurd. 

13.    Cor.    A  circle  cannot  cut  a  straight  line  in 
more  points  than  two. 

Prop.  VII. 

18.  Theorem.  The  perpendicular  let  fall Jrom  the 
obtuse  angle  of  an  obtuse^angled  triangle,  or  from 
092^.  angle  of  an  acute^angled  triangle^  upon  the 
opposite  side,  falls  within  that  side :  But  the  per-- 
pendicular  A'own  to  either  of  the  sides  containing 
the  obtuse  angle  of  an  obtuse-angled  triangle, 
from  the  angle  opposite^  falls  y)ithout  that  side. 

Let  ABC  be  an  obtuse-angled  triangle,  obtuse- 


C  G        B      F  D 

angled  at  B,  and  let  ABD  be  an  acute-angled  tri- 
angle :  The  perpendicular,  drawn  from  jB  to  AC  falls 
within  AC;  the  perpwdicu^ar  drawn  from  any  other 
/  A,  of  the  A  ABC9  to  the  opposite  side  fiC,  talk 
without  BC;  and  the  perpendicular  from  any  z  A, 
of  the  A  ABD,  to  the  opposite  side  BD,  falls  within 
BD. 

For^  firsts  if  it  be  possible,  let  AG,  drawn  (B.  xii. 
1.)  from  A  perpendicular  to  BD,  meet  DB,  pro* 
duced,  in  G:    Then,  since  (h^p.)  the  Ji  ABD  is 


mum^am^fmmmm^f^^'^^^it^^^f^'^f^fff^f' 
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acute,  the  z  ABD  is  (E.  xni.  l.)  obtuse;  and 
(constr.)  the  /  AGB  is  a  right  angle :  Wherefore 
the  two  /  8  AEG,  AGB  of  the  a  ABG  are  not  less 
than  two  right  angles;  which  (£.  xvii.  l.\\s  absurd. 
Therefore^  the  perpendicular  drawn  from  A  on  BD 
cannot  fall  without  BD.  And,  in  the  same  manner, 
it  may  be  shewn^  that  the  perpendicular  drawn  from 
B  on  the  opposite  side  \^C,  of  the  obtuse-angled 
A  ABQ  cannot  fell  without  AC,  and  also  that  the 
perpendicular  drawn  from  A^  on  the  opposite  side 
BC,  of  that  triangle^  cannot  fall  within  BC. 

m 

Prop.  VIIL 

14.  Theorbm.  If  a  straight  line,  meeting  two 
other  straight  lines,  makes  the  two  interior  angles 
on  the  same  side  of  it  not  less  than  two  right  angles, 
these  lines  shall  never  meet  on  that  side,  if  pro- 
duced ever  so  far. 

For,  if  it  be  possible,  let  two  straight  lines  meet; 
which  make,  with  another  straight  line,  the  two 
interior  angles,  on  the  same  side,  not  less  than 
two  right  angles:  Then  it  is  plain,  that  the  three 
straight  lines  will  thus  include  a  triangle,  two  angles 
of  which  are  not  less  than  two  right  angles ;  which 
(E.  XVII.  It)  is  absurd.  Wherefore,  the  two  straight 
lines  cannot  meet,  on  that  side  of  the  straight  line^ 
on  which  they  make  the  two  interior  angles  not  less 
than  two  right  angles. 

15.  Cor.  Two  straight  lines,  which  are  both 
perpendicular  to  the  same  straight  line,  are  parallel 
to  each  other. 
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Prop,  IX. 

16.  Theorem.  The  three  sides  of  a  triangle 
taken  together,  exceed  the  double  of  any  one  side, 
and  are  less  than  the  double  of  any  two  sides. 

For,  since  (E.  u.  1.)  any  twosid^ofa  triangle 
are  greater  than  the  third,  if  the  third  side  be  added 
both  to  those  two  and  to  itself;  it  is  evident  that  the 
three  sides  are>  together^  greater  than  the  double  of 
the  third. 

Again^  since  (£.  xx.  1 .)  any  side  of  a  triangle  is 
less  than  the  other  two^  if  the  other  two  be  added 
both  to  that  side,  and  to  themselves,  it  is  evidentj 
that  the  three  sides  are,  togetherj  less  than  the 
double  of  the  other  two. 

Prop.  X. 

17.  Theorem.  Any  side  of  a  triangle  is  greater 
than  the  difference  between  the  other  too  sides. 

If,  the  triangle  be  equilateral,  or  isosceles^  the 
proposition  is  manifestly  true.  But  let  it  be  a  scalene 
triangle:  Then,  since  (E.  xx.  1.)  any  two  sides  of 
the  triangle  are  greater  than  the  third,  if  either  of 
those  two  be  taken  from  that  third  stde^  it  is  plain 
that  the  remaining  side  is  greater  than  the  difference 
df  the  other  two. 

Prop.  XI. 

18.  Theorem.  Any  one  side  of  a  rectilineal  Jigure 
is  less  than  the  aggregate  of  the  remaining  sides. 
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Let  ABCD  be   a  rectilineal  figure:   Any  one 


B  C 

side>  as  BC,  is   lesa  than  the   aggregate    of  the 
remaining  sides. 

For^  first,  let  the  figure  be  quadrilateral ;  and  join 
B,  D:  Then  (E.  xx.  1.)  BD+DC>BC;  and, 
BA+AD>BD;  /.  BA+AD  +  DC>BD  +  DC; 
much  more,  then,  is  BA+AD-^  DC>BC. 

And  the  proposition  may^  in  the  same  manner^ 
be  proved  to  be  true,  when  the  figure  has  more  than 
four  sides. 

Prop.  XII. 

19.^  Theorem.  The  two  sides  of  a  triangle  are 
together,  greater  than  the  double  of  the  straight 
line  which  joins  the  vertex  and  the  bisection  of  the 
base. 

Let  ABC  be  a  triangle,    and  let  AD  be    the 

A 


straight  line  joining  the  vertex  A^  and  the  bisec- 
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tibn,  D,  of  the  base  BC  :  AB+AC>aAD.  Pro- 
duce AD  to  E,  and  cut  off  (E.iii.  l.)  DE=AD; 
also,  join  B,  E. 

Then  since  (%>.)  BZ>  =  BC,  and  (conatr.) 
AD=DE,  the  two  sides  BD,  DE,  of  the  aBDE, 
are  equal  to  the  two  aides  AD,  DC  of  the  £^ADC; 
and  (E.  XV,  1.)  the  z.BDE^  lADC;  /.  (E.  iv, 
1.)  BE^AC.  But  (E.XX.1.)  AB+BE>JE;  but 
^C  has  been  proved  to  be  equal  to  BE,  and  ^JS  is 
{constr.)  the  double  of  AD;  /.  AB+AC>2AD. 

Prop.  XIII. 

20.  Theorem.  7%e  ftoo  «ic{e9  o/*  a  triangle  are, 
together,  greider  than  the  double  of  the  straight  line 
drawn  from  the  vertex  to  the  basey  bisecting  the 
vertical  angle. 


Let  ABC  be  a  triangle,  and  let  AD  be  drawn 
from  the  vertex  A,  to  the  base  BC,  bisecting  the 
vertical  ^BAC:  Then,  AB^AC>2AD. 

If  the  triangle  be  isosceles,  the  straight  line 
which  bisects  the  vertical  angle  is  (E.  iv.  1 .)  per- 
pendicular to  the  base;  and  since  (E.  xvii.  1.  and 
E.xix.  1.)  each  of  the  equal  sides  is  greater  than  the 
perpendicular,  the  proposition,  is,  in  this  case,  mani- 
festly true. 
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Bttt,  let  ABC  be  a  scalene  triangle,  and  let  the 
tide  AB  be  less  than  AC:  Tben^  of  the  segments 
into  which  AD,  bisecting  the  iBAC,  divides  the 
base  BC,  BD,  which  is  adjacent  to  the  less  side 
AB^  is  the  less/ 

For,  from  AC,  the  greater,  cat  off  (E.  iii.  K) 
AE  S3  A  By  the  less^  and  join  Dy  E ;  and  bteause 
BAy  AD  are  equal  to  EAy  AD,  and  (hyp.)  the 
iBAD^  ^EAD;  .\  (E-iv.  1.)  BD^DE,  and 
/.BDA^iEDA;  but(E.xvM.)  iDEC>^ADE; 
.\/.DEC> £ADB,mA(E.x\ul)  z.ADB>aACDi 
much  more  then  is  lDEC>  lECD;  .\  (E.  xix.  1.) 
DC>DE;  but  it  has  been  shewn  thsit  DE^DB; 
/.  DC>DB.  Prom  DC,  the  greater  cut  off  (E.  ra. 
1.)  DF^DB;  and  join  A,  F:  Then  (E.  xvi.  !•) 
the  iAFC>  /.ABC;  and  because  (hyp.)  AC>AB, 
rl  (E.xTiii.  1.)  lABC>cACB;  much  more  then  is 
lAFC>iACF\  .\  (E.  XIX.  1.)  AC>AF:  But 
(S.xii.  1.*  and  canstr.)  fiB-\-AF>2AD;  much  more 
then  is  AB+AC>2AD. 

21.  Cor,  From  the  demonstration  it  is  manifest^ 
that  of  the  segments  into  which  the  straight  line 
bisecting  the  vertical  angle  of  a  scalene  triangle, 
divides  the  base^  that  which  is  adjacent  to  the  less 
side^  is  the  less. 

Prop.  XIV. 

S3.  Theorem.  If  a  trapezium  and  a  triangh 
stand  upon  the  same  base,  and  on  the  same  side  of 
it,  and  the  one  figure  Jail  within  the  other,  that 
which  has  the  greater  surface  shaU  have  the  greater 
pertmeter. 
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Let  the  trapezium  EBCF  (See  Fig.  p.  11.)  fidl 
within  the  aDBC;  let^  also*  the  A  DBC  fall  within 
the  trapezittiQ  ABCD;  and  let  all  the  figures  stuut 
oil  the  same  base  BCi  The  perimeter  of  the  A  DBC 
is  greater  than  the  perimeter  of  EBCF,  and  \eA. 
than  the  perimeter  of  ABCD» 

First,  let  R  and  F  be  in  the  sides  DB  and  DC 
otihe  t^DBC,  and  let  the  vertex  D  ef  the  aDBC 
coincide  with  the  /  ^  or  the  zD  of  the  trapezium 
j^BCD. 

,  Then,  since  (E.  xx-  1.)  DE^DF>EF,  add  to. 
both,  EB,  BC,  and  CF;  .  .  DE+MB^DF+FC 
+BC>EF+FC'hCB+BE;  i.e.  the  perimeter  of 
the  A  DBC  >the  perimeter  of  EBCF. 

Again,  since  (E.  xx.  1.)  BA+AD>BD,  add  to 
both  ^DC  and  CB;  .\  BA  +  JD  +  DC+CB>BD 
^DC+CB;  i.e.  the  perimeter  of  the  trapezium 
ABCD>ihe  perimeter  of  the  a  DBC. 

And,  if  £  or  F  fall  within  the  aDBC,  and  the 
vertex  of  the  triangle  do  not  coincide  with  either  of 
the  zsA  or  D,  of  the  trapezium^  it  may^  in. the 
same  manner,  be  proved,  that  the  proposition  is 
tnie,  a  fortiori. 


Prop.  XV. 


23.  Problem.  One  of  the  angles  at  the  base  of 
a  triangle)  the  base  itsdf,  and  the  aggregate  of  the 
two  remaining  sides,  bemg  gioen,  to  construct  the 
triangle. 

Let  K  be  the  given  angle,  AB  the  given  base 


/ 
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of  the  triangle^  and  H  the  aggregate  of  the  two 


H 


remaining  sides :  It  is  required  to  construct  the  tri- 
angle. 

At  the  point  A,  in  AB^  make  (E.  xxiii.  1.)  the 
tBAC^AK,  and  make  (E.  iii.  !•)  AC^tI\  yAxa 
C,  B ;  and  at  the  point  B,  in  CB,  make  (E.  xxiii.  1 .) 
the  zCBD=^/.ACB:  Then  is  DAB  the  triangle 
which  was  to  be  constructed. 

For,  since  (conrfr.)  z/)CB=zDJ8C, .-.  (E.  vi.  1.) 
BD^DC;  add  to  both  D^;  .-.  BD+DA=^CD^DA; 
i.e.  BD  +  DA=:CA;  and  (constr.)  CA^^H;  .\ 
BD  +  DA  =  H ;  and  the  z  A  was  made  equal  to  the 
given  zjfiT:  It  is  manifest^  therefore,  that  DAB  is 
the  triangle  which  was  to  be  constructed. 


Prop.  XVI. 

24.  Theorem.  If  two  right-angled  triangles  have 
the  three  angles  of  the  one  equal  to  the  three  angles 
cfihe  ather,  each  to  each,  and  if  a  side  of  the  one 
be  equal  to  the  perpendicular  let  fall  from  the  right 
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angle  upon  the  hgfpotenuee  of  the  other,  then  shall 
a  aide  of  this  latter  triangle  be  equal  to  the  hy- 
potenuse of  the  former. 

Let  ACB  and  EDF  be  two  right-angled  tri- 


angles^ right-angled  at  C  and  D,  havings  also  the 
^DEF^^ABQ  the  LtlFD^^CAB,  and  the 
side  AC,  of  the  ^ABC,  equal  to  the  perpendicular 
DO,  drawn  from  D  to  the  hypotenuse  EF  of  the 
A  DBF:  The  side  DE,  of  the  aDEF,  is  equal 
to  the  hypotenuse  AB,  of  the  a  ABC. 

For,  since  AC=DG,  and  the  two  jlhACB,  ABC, 
of  the  AABCf  are  equal  to  the  two  angles,  DGE, 
DEGy  of  the  aDEG,  each  to  each,  ••.  (E.xxvi.  1.) 
DE=:AB. 


Prop.  XVII. 

25.  Theorem.  If  the  sides  of  any  gioen  eqmla- 
teral  and  equiangular  figure  of  more  than  four  skies, 
be  produced  so  as  to  meet^  the  straight  lines,  joining 
their  several  intersections,  shall  contain  an  equi- 
lateral and  equiangular  figure,  of  the  same  number 
of  sides  as  the  given  figure. 

V 

Let  ABCDEF  be  any  equilateral  and  equi- 
angular figure,   of  more  than  four   sides ;  let  the 


^ 
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\,  prodHced,  meet  in  the  points  (r,  H,  I,  K, 


hs  M;  and  let  those  points^ of  intersection  be 
joined:  Then  is  GHIKLM  an  equiiateral  and 
equiangular  figure,  of  the  same  number  of  sides 
as  ABCDEF. 

For,  since  {hyp.)  the  1%  A,  B,  C,  D,  JEf,  F  are 
aU  equal,  the  A«  MAS,  GBC,  HCD,  IDE,  KEF, 
LFA  are  all  (E.  xiii.  1.  Snd  E.vi.  1.)  isosceles,  and 
any  two  of  them  have  their  angles  equals  each  to 
each;  .-.  since  Uijfp.)  BA  ^  AF,  and  that  the 
Z8  MAB,  MBA  are  equal  to  the  t%LFAy  LAF^ 
each  to  eacb,  the  side  MA  of  the  AM^fi=ihesi4e 
LA  (£•  xxvi.  i»)  of  the  ^LAF;  and  in  the  same 
manner  it  may  be  shewn  that  MB^  GB,  GC^  CH, 
HD^Dl  IE ^EK,  and  KF^FL:  But;  becaui^s 
the  angles  of  the  figure  ABCDBF  are  {hyp.)  equals 
therefore  (R  xv.  1.)  the  /s  LAM,  MBG,  GCH, 
HDI,  lEK,  KFL,  are  aU  equal  to  one  another; 
therefore  (E.  iv.  L)  the  sides  LM,  MG,  GH,HI, 
IK  and  KL  are  all  equals  as  are  also  the  angles  of 
the  AS  LAM,  MBG,  GCH,  HDL  JEK,  and  KFL, 
each  to  each:  And  the  i&  AMfi,  BGC,  CHD^ 
DIE,  EKF,  and  FLA  have  been  sliewn  to  be  equal 
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•• 


to  one  another:  Wherefore  the  figure  GHIKLM 
18  equilateral  and  equiangular;  and  it  is  manifest 
that  it  has  the  same  number  of  sides  as  the  figure 


Prop.  XVIII. 

26.  Theorem.  If  two  opposite  sides  of  a  quadri- 
lateral figure  be  equal  to  one  another,  and  the  two 
renudning  sides  be  also  equal  to  one  another,  the 
figure  is  a  parallelogram. 

Let  any  two  opposite  sides,  as  iiB,  DC,  of  the 


quadrilateral  figure  ABCD,  be  equal  to  one  another, 
and  let  the  two  remaining  sides,  AD,  BC,  he,  also, 
equal  to  one  another :  The  figure  ABCD  is  a  paral- 
lelogram. 

'  For,  join  D,  B :  Then  since  the  two  sides  AD, 
DB,  of  the  A  ADB,  are  equal  to  the  two  sides  CB, 
BD,  of  the  A  CBD,  and  that  the  base  AB  u  equal 
{hyp.)  to  the  base  DC;  therefore  (E.  ym.  1.)  the 
z  ADB^  I  DBC;  and  (E.  iv.  1.)  the  /.  ABD  = 
£,  BDC;  therefore  (E.  zxtii.  1 .)  AD  is  parallel  to  BC, 
and  AB  is  parallel  to  DC;  i.e.  the  figure  ABCD 
is  a  parallelogram. 

27.  Cor.  l.  Hence  may  be  deduced  a  practical 
method  of  drawing  a  straight  line,  through  a  given 
point,  parallel  to  a  given  straight  line. 


^FWi 


vua<i 
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For,  let  it  be  required  to  draw  through  the  given 
point  B,  a  straight  line  parallel  to  AD  :  From  any 
point  A  in  jiD,  as  a  centre,  and  at  any  distance, 
describe  a  circle  cutting  AD  in  D ;  and  from  B  as 
a  centre^  at  the  same  distance,  describe  another 
circle ;  lastly,  from  D  as  a  centre,  at  a  distance  equal 
to  that  of  Ay  J3,  describe  another  circle,  cutting  the 
circle  last  described  in  C;  join  B,  C.  BC  is  pa- 
rallel to  AD. 

For,  if  ^,  B,  and  D,  C  be  joined,  it  is  manifest 
from  the  construction,  that  AD=^BC,  and  ABss 
DC:  therefore  (Supp.  xvi.  1.)  BC  is  parallel  to  AD. 

28.    CoR.  2.    A  rhombus  is  a  parallelogram. 

Prop.  XIX. 

29.    Theorem.    Every  parallelogram  which  hat 
one  angle  a  right  angle,  has  all  it8  angles  right  angles. 

Let  one  angle,  as  A,  of  the  O  A  BCD  be  a  right 
angle :    The  z  s  B,  C,  and  D  are  also  right  angles. 


For,  since  AD  is  parallel  to  BC,  and  AB  meets 
them,  the  two  interior  zs  A,  B  are,  (E.  xxix.  1.) 
together,  equal  to  two  right  angles ;  but  (hyp.)  the 
z  ^  is  a  right  angle ;  therefore  the  z  JS  is  also  a 
right  angle :  And,  in  the  same  manner,  may  the  re- 
maining angles,  C  and  D,  be  shewn  to  be  right  angles. 

c2 
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Prop.  XX. 

« 

30.    Problem.    To  trisect  a  right  angk ;   i.  e. 
to  divide  it  into  three  equal  part$. 

Let  the  /  Xi4Yhe  a  right  angle :    It  is  required 


to  trisect  it ;  t.  e.  to  divide  it  into  three  equal  parts. 

In  AX  take  any  point  B;  upon  AB  describe 
(E.  I.  1.)  t^e  equilateral  a  ACB;  and  from  A  draw 
(E.  XII.  l.)JD  perpendicular  to  BC:  The  z  XAY 
is  trisected  by  the  two  straight  lines  AC  and  ^D. 

For^  from  C  draw  (£.  xii.  1 .)  CE  perpendicular 
to  AY;  then^  since  the  zs  BAE,  A  EC,  are  right 
angles ;  there&re  (£•  xxviu.  1 .)  AB  is  parallel  io 
EC;  therefore  (R  xxix.  1.)  i  EC  A  =  z  CAB  = 
/  ACB ;  because  (comtr.)  the  a  ACB  is  equilateral^ 
and  (E.  v.  1.  CQa\)  equiangular :  Since,  therefore^ 
the  z  ACE^  I  ACD,  and  that  the  zs  1>  and  £  are 
right  angles^  and  AC  is  common  to  the  two  as  ADC, 
AEC ;  therefore  (E.  xxvi.  l .)  the  z  EAC^  z  DAC: 
Again^  since  (constr.  and  E.  v.  1.  Cor.)  the  z  ACB 
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^  z  jiBCf  and  (consir.)  the  aDg;Iefl  at  D  are  right 
angles^  aad  that  AC^AB;  therefore  (£.  xxti.  1.) 
the  z  DAC^  I  DAB :  But  it, was  shewn  that  the 
I  EAC^  I  DAC;  .'.  lEAC^  I  DAC^  i  DAB; 
i.  e.  the  right  z  XAY  is  trisected  by  AC  and  AD. 

Prop.  XXI. 

31.    PnoBLfiM.    HencBf  to  trisect  a  given 
neai  angle,   which  ig  the  half,  or  the  quarter j  or 
the  eighth  part,  and  9o  on,  of  a  right  angle. 

First,  let  the  given  z  YAZ,  be  the  half  of  a  right 


angle^  and  let  it  be  required  (o  trisect  it. 

Draw  (E.  xu  1.)  from  A^  AX  perpendicular  to 
AY;  trisect  (Supp.  xvin.  1.)  the  right  z  XAY; 
then  (Supp.  i.  1.)  trisect  the  /.YAZ,  which  is  the 
half  of  the  z  YAX. 

But,  if  the  given  angle  be  the  quarter^pf  a  right 
angle^  its  doable  may  be  trisected  by  the  forftier 
case ;  and  therefore  the  given  angle  itself  may  be 
trisected  by  (Supp.  i«  1.). 
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And^  by  following  the  same  method,  it  is  evident 
that  an  angle  may  be  trisected,  which  is  the  eighdi 
part,  or  the  sixteenth  part,  and  so  on,  of  a  right 
angle. 

Prop.  XXIL 

32.  Problem.  At  the  hypotenuse  of  a  right- 
angled  triangle,  to  find  a  pokU,  the  perpendicular 
distance  of  which  from  one  of  the  sides^  shall  he 
equal  to  the  segment  of  the  hypotenuse  between  the 
point  and  the  other  side. 

Let  JBC  be  a  r^ht-angled  triangle,  right-angled 


B  C 

at  C :  It  is  required  to  find  a  point  in  the  hypote- 
nuse ABf  the  perpendicular  distance  of  which  from 
one  of  the  sides,  as  AC,  shall  be  equal  to  the  seg- 
ment of  the  hypotenuse  between  that  point,  and  BC. 
Bisect  (E.  IX.  1.)  the  z  ABC,  by  BD,  and  let  BD 
meet  AC  in  D;  through  D,  draw  DE  (E.  xxxi.  1.) 
parallel  to  CB:    E  is  the  point  which  was  to  be 

found. 

^r,  since  DE  is  parallel  to  CB,  the  z  CBD:=r 
L  BDE  (E.  xxix.  1.);  but  {constr.)  the  /  CBD^ 
I  DBE;  . .  /  DBE^  iBDE,  /.  (E.  vi.  l.)  ED 
:=zEB;  and  since  {hyp.)  the    z  C  is  a  right  angle. 
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and  that  DE  is  parallel  to  CBy  the  z  CDS  (E.  xxix.  1 .) 
18  a  right  angle ;  L  e^  ED  h  perptodicular  to  AC. 


Prop.  XXIU. 

33.  Problem.  In  the  base  of  a  given  acute- 
angled  triangle^  to  find  a  point,  through  which  if 
a  straight  line  be  draum  perpendicular  to  one  of  the 
sides  J  the  segment  of  the  base,  between  that  side  and 
the  point,  shall  be  equal  to  the  segment  of  the  per- 
pendicular,  between  the  point  and  the  other  side 
produced. 

Let  ABC  be  the  given  acute-angled  triangle :  It 
ia  required,  to  find^  in  the  base  BC,  a  point  through 
which  if  a  perpendicular  be  drawn  to  AB,  the  seg- 
ment of  the  base,  between  that  point  and  the  point 
B,  shall  be  equal  to  the  segment  of  the  perpendicular 
between  that  same  point  and  AC  produced. 

Draw  (E.  XI.  l.)  from  B,  BY  perpendicular  to 


AB;  bisect  (E.  ix.  1.)  the  iCBY  by  BD,  meeting 
AC  produced  in  D;  through  D,  draw  (E.  xxxi.  1.) 
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DE parallel  to  BF,  and  let  DB  cut  BC  in  F:.Fi9 
the  point  which  was  to  be  found. 

For,  since  (constr.)  the  z  AB  F  is  a  right  angle, 
and  that  DE  is  parallel  to  BV,  the  z  E  (E.  xxix.  1 .) 
is,  also,  a  right  angle;  and  the  aYBD^  /.BDF; 
but  (constr.)  the  ^FBD^  zDBF;  therefore  the 
/.DBP=  z,BDF;  therefore  (E.  vi.  1.)  FB^FD. 

Prop.  XXIV. 

34.  Provlkm.  From  a  gioen  isosceles  triangle  to 
cut  off  a  trapezium,  which  shall  have  the  same  base 
as  the  triangle,  and  shaU  have  its  three  remainmg 
sides  equal  to  each  other. 

Let  ABC  be  the  given  isosceles  triangle :  It  is  re- 

A 


B 

quired  to  cut  off  from  it  a  trapezium,  which,  having 
BC  for  its  base,  shall  have  its  three  remaining  sides 
equal  to  one  another. 

Bisect  (E.XIX.  1.)  the  /ABC  by  BD,  meeting  ^C 
in  D ;  and  through  D  draw  (E.  xxxi.)  DE  parallel 
to  CB :  T^n  shall  BE,  ED,  and  DC,  the  three 
sides  of  tm  trapezium  BEDC,  be  equal  to  one 
another. 

For,  since  DE  is  parallel  to  BC,  the  ^AED::=: 

I  ABC  (E.xxix,  1.),  and  lADE^^^iACB;    but 
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{hifjK  and  E.  v.  1.)  iABCx&  /,ACB;  therefore, 
aAED^  ^JDE;  therefore  (E.vi.  I.)  AE^AD; 
but  (hyp.)  AB=sAC;  from  these  equals  take  the 
equals  AE,  and  AD,  there  remains  EB=DC:  Again, 
because  DE  is  parallel  to  BC,  the  z  CBD  =  z  BJDjE 
(E.  XXIX.  1.) ;  bi/t  (cowsir.)  z  CBD=  z  DB£ ;  there- 
fore the  iDBE^lBDE;  therefore  (E.  vi.  1,) 
EB  =  ED ;  and  EB  has  been  proved  to  be  equal 
io  DC;  .\  EB,  ED  and  DC  are  equal  to  one  an- 
other. 

Prop.  XXV. 

35.  Problem.    To  draw  to  a  given  straight  line, 
from  a  given  point  without  it,  another  straight  line 
which  shall  make  with  it  an  angle  equal  to  a  given 
rectilineal  angle. 

Let  BC  be  a  straight  line,  A  a  point  without  it, 


E 


B 


and  D  a  rectilineal  angle :  It  is  required  to  draw 
fforo  Ay  a  straight  line  which  shall  make  with  BC 
an  angle  equal  to  the  z  /). 

Through  A  draw  (E.  xxxi.  1 .)  EAP  parallel  to 

BC;  at  the  point  A  in  EAF^  make  (E.  xxiu.  1.)  the 

lEAO^ZD:  AG  is  the  line  which  was  to  be  drawn. 

For,  since  (comtr.)  EF  is  parallel  to  jBC,  the 

lEAG:^  lAGC  (E.  XXIX.  1.);    but  (constr.)  the 

iBAG^  z/J;  .-.  lAGC^  lD. 
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Prop,  XXVI. 

36.  Theorem.  If  all  the  angles  but  one  of  any 
rectUmeal^gure,  be  together,  equal  to  all  the  angles 
but  one,  of  another  rectilineal  figure  having  the 
same  number  of  sides,  the  remmning  angle  of  the 
one  figure,  shall  be  equal  to  the  remaining  angle  of 
the  other :  And,  conversely^  if  an  angle  in  the  one 
figure  be  equal  to  an  angle  in  the  oth^,  the  remain' 
ing  angles  of  the  one  shall  be  equal,  together^  to  the 
remaining  angles  of  the  other. 

YoT,  since  the  two  figures  have  the  same  number 
of  sides,  all  the  interior  angles  of  the  one  are,  to- 
gether, equal.  (E.  xxxii.  Cor.  1.)  to  all  the  interior 
angles  of  the  other :  If,  therefore,  from  these  equals 
be  taken  first,  the  aggregates  which,  by  the  hy- 
pothesis, are  equal ;  and  secondly,  the  single  angles, 
which  are  supposed  to  be  equal,  it  is  manifest  that 
the  remaining  angle,  or  angles,  of  the  one  figure, 
must  be  equal  to  the  remaining  angle,  or  angles  of 
the  other. 

Prop.  XXVII. 

37.  Theorem.  The  angle  at  the  base  of  an  isos- 
celes triangle  is  equal  to,  or  is  less,  or  greater,  than 
the  half  of  the  vertical  angle;,  accordingly  as  the 
triangle  is  a  right-angled,  an  obtuse^angled,  or  an 
acute-angled  triangle. 

For,  (E.  V.  1,  and  E.  xxxii.  1.)  the  double  of  the 
angle  at  the  base  together  with  the  vertical  angle,  ia 
equal  to  two  right  angles ;  if  therefore  the  vertical 
angle  be  a  right  angle,  and  if  it  be  taken  from  both, 
there  remains  the  double  of  the  angle  at  the  base 


BOOK  I.  27 

equal  to  a  rig^bt  angle ;  therefore  the  angle  at  the 
base  is  equal  to  half  a  right  angle;  that  is^  is  equal  to 
half  the  vertical  angle. 

But,  if  the  vertical  angle  be  obtuse,  when  it  is 
taken  away  from  the  same  equals  as  before^  there 
will  remain  the  double  of  the  angle  at  tne  base  equal 
to  a  less  angle  than  a  right  angle;  therefore  the 
angle  at  the  base  is,  in  this  case^  less  than  the  half 
of  a  right  angl^  much  more>  therefore,  is  it  less  than 
half  the  obtuse  vertical  angle. 

And,  in  like  manner  it  may  be  shewn,  that,  when 
the  vertical  angle  of  the  isosceles  triangle  is  acute^ 
the  angle  at  the  base  is  greater  than  the  half  of  a 
right  angle;  much  more,  therefore,  is  it  greater  than 
half  the  acute  vertical  angle. 

Prop.  XXVIII. 

38.  Theorem.  If  either  of  the  equal  sides  of  an 
isosceles  triangle  be  produced,  towards  the  vertex, 
the  straight  line,  which  bisects  the  exterior  angle^ 
shall  be  parallel  to  the  base. 

For,  (E.  V.  1.  and  £.  xxxii.  1.)  the  exterior  angle 
at  the  vertex  of  an  isosceles  triangle  is  the  double 
of  either  of  the  angles  at  the  base ;  therefore  the 
half  of  that  interior  angle  is  equal  to  either  of  the 
angles  at  the  base;  therefore  the  straight  line  bi- 
secting the  vertical  angle  is  (E.  xxviii.  1.)  parallel 
to  the  base.*  -. 

Prop.  XXIX. 

39.  Theorem.  The  distance  of  the  vertex  of  a  . 
triangle  from  the  bisection  of  its  base,  is  equal  to,  \ 
greater  than,  or  less  than  the  half  of  the  base,  ac- 
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cordingfy  as  the  vertical  angle  i$  a  right,  an  acute, 
w  an  obtuse  angle. 

First,  let  ABC  be  a  right-angled  triangle,  rigfat- 


B  D      G  C 

angled  at  A,  and  let  AD  join  A  and  the  bisection^ 
Z>,  of  the  base :  AD^  DB,  or  DC. 

For^  if  not^  AD  is  either  greater  or  less  than 
BD:  Produce  BA  to  X;  and  first,  if  it  be  possible, 
\et  AD>pB;  therefore,  also,  AD>DC;  therefore 
(E.  XVIII.  1.)  iB>^BAD,  and  aC>iCAD;  /. 
iB^L  C>aBAD^  l  CAD;  i.e.  z J3+  z  C>  aBAC; 
but  {hyp.  and  E.  Def.  10.  1.)  iBAC  =  CAX;  :. 
iB-k-  iC>  ^CAX]  which  (E.  xxxii.  l.)  is  absurd. 

And,  in  like  manner^  if  DA  be  supposed  to  be 
less  than  BD,  it  may  be  shewn  that  z  jB  +  /  C< 
I  CAX;  which  is  absurd.  Therefore,  DA^DBy 
or  DC. 

Next,  let  the  vertical  iCEB,  of  the  aEJBC,  be 
acute,  and  let  ED  join  E  and  the  bisection,  D,  of 
BC;ED>BD,  or  DC. 

Suppose  z  C  to  be  that  which  is  not  the  less  of  the 
two  angles  jB,  C:  from  C  draw  (E.  xii.  1.)  CA  per- 
pendicular to  the  opposite  side  EB ;  and  join  A,  D : 
Then  (Supp.  vii.  1.)  CA  falls  within  EB;  and,  since 
(constr.)  the  /  CAE  is  a  right  angle,  the  /  DAB 
is  greater  than  a  right  angle;  therefore  (E.  xvii.  1.) 


BOOE  I.  29 

the;  /  AED  16  lets  than  a  right  angle  ;  and  therefore 
less  than  Uie  /  DAE;  therefore  (E.  xix.  I.)  DE> 
DA ;  but,  by  the  former  case,  DA  =  DB ;  therefore 
DE>DB,  or  DC 

LBsAy,  if  PBC  be  an  obtuse-angled  triangle^ 
obtuse-angled  at  F,  join  F>  D;  draw,  as  before^ 
CA  perpendicular  to  BF ;  and  join  A,  D :  Then 
(Sopp.  VII.  1 .)  CA  falls  without  BF,  and  the  z  AFD 
(E.  XVI.  1.)  >^FBD;  but  since  (1st  case)  DAs^ 
DB,  the  z  Z>JJF=  z  i>^F  (E.  v.  l.) ;  . .  z  i^Fl) 
>  z  Z>^F;  (E.  XIX.  1.)  DA>DF;  but  DA^DB ; 
. .  DF<  DB,  or  DC. 

Or,  the  two  last  cases  may  be  proved,  ex  absvrdo^ 
in  the  sani|  manner  as  the  first  is  proved. 

40.  Cor.  1.  If  any  number  of  triangles  have  a 
right  angle  for  their  common  vertical  angle,  and  have 
equal  hypotenuses,  tke  locus  of  the  bisections  of  the 
several  hypotenuses  is  a  quadrantal  arch  of  a  circle, 
having  the  common  vertex  for  its  centre,  and  the  half 
of  any  hypotenuse  for  Us  radius. 

For,  the  bisections  of  the  hypotenuses  will,  each 
of  them,  (Supp.xxix*  1.)  be  at  a  distance  from  the 
common  vertex  equal  to  the  half  of  one  of  the  equal 
hypotenuses ;  i.  e.  they  will  all  be  at  distances  from 
that  point,  equal  to  the  half  of  any  one  of  those  equal 
lines :  It  is  manifest,  therefore,  that  they  will  be  in 
the  circumference  of  a  circle,  described  from  that 
point  as  the  centre,  at  a  distance  equal  to  the  half  oV 
one  of  the  hypotenuses ;  and  the  portion  of  the  cir- 
cumference, being  that  which  is  intercepted. by  two 
radii  at  right  angles  to  each  other,  is  a  quadrantal  arch . 

41.   Cor.  2.  A  circle  described  from  the  bisection 
of  the  hypotenuse  of  a  right-angled  triangle  as  a 
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ceatre,  at  the  distance  of  half  the  hypotenuse,  ^ill 
pass  through  the  summit  of  the  right  angle. 

42.  Cor.  3.  The  Tertical  angle  of  a  triangle 
being  a  right  angle,  a  point  in  the  base,  which  is 
equidistant  from  the  vertex  and  from  either  extremity 
of  the  base,  bisects  the  base. 

Let  the  point  A  in  the  base  BC  of  the  a  ABC, 
having  the  /  B  a  right  angle^  be  equidistant  from 
either  extremity^  as  B,  of  BC,  and  from  the  angular 
point  A :   The  point  D  bisects  BC.  * 

For,  if  not,  let  G  be  the  bisection  of  BC,  and  join 
D,  A  and  E,  A:  Then,  since,  (hyp.)  DA^DB; 
therefore  (E.  v.  1.)  the  z  DAB^  /  DBA:  also, 
since  G  is  the  bisection  of  £  C,  therefore  ( Sect.  xxix.  1 . ) 
GA^GB;  therefore  (E.v.  1.)  the  i GAB^  z GBA; 
therefore  the  z  GABss  z  DAB,  the  greater  to  the 
less,  which  is  absurd ;  therefore  no  other  point  than 
D  can  be  the  bisection  of  BC. 

Prop.  XXX. 

43.  Problem.    Upon  a  given^nite  straight  line, 
as  a  diameter,  to  describe  a  square. 

Let  ^jB  be  a  finite  straight  line:    Upon  AB, 


as  a  diameter,  it  is  required  to  describe  a  square. 
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(E.  X.  I.)  AB  in  E;  through  E  draw 
(E.  XI.  1.)  DEC  perpendicular  to  AB,  and  make 
(E.  III.  1.)  ED  and  EC  each  of  them  equal  to  AE 
or  EB :  Join  A,  D,  and  D,  B,  and  B,  C,  and 
C,  A :  The  figure  ADBC  is  a  square,  having  AB 
for  its  diameter. 

For  since  (eanstr.)  DEssEC,  and  AE  is  common 
to  the  AS  AED,  AEC,  and  that  the  right  z  AED 
=right  z  AEC;  therefore  (E.  iv.  1.)  AD^AC; 
and  in  the  same  manner  AD  may  be  shewn  to  be 
equal  to  DB,  and  DB  to  BC;  therefore  the  figure 
ADBG^s  equilateral. 

Again,  since  (canstr.)  AE^DE,  the  /.  EAD^s 
L  EDA  (E.  V.  1.);  but  {cfmstr.)  i  AED  is  a  right 
angle;  therefore  each  of  the  zs  EAD,  EDA,  is 
half  a  right  angle;  and^  in  the  same  manner^  may 
each  of  the  zs  EDB,  DBE,  CBE,  BCE,  ECA, 
EACf  be  shewn  to  be  half  a  right  angle ;  therefore 
all  the  angles  of  the  figure  ADBC  are  right  angles ; 
and  it  has  been  proved  that  all  its  sides  are  equal ; 
therefore  (E.  xxx.  Def.  l.)  ADBC  is  a  square. 

Prop.  XXXI. 

44.  Theorem.  If  either  of  the  acute  angles  of 
a  gwen  right-angled  triangle  be  divided  into  any 
number  of  equal  angles,  then,  of  the  segments  of 
the  base,  subtending  those  equal  angles,  the  nearest 
to  the  right  angle  is  the  least;  and,  of  the  rest, 
that  which  is  nearer  to  the  right  angle  is  less  than 
that  which  is  more  remote. 

Let  there  be  a  right-angled  triangle,  right-angled 
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at  C,  and  let  the  acute  angle  at  A  be  divided  into  any 


number  of  equal  angles,  CAD,  DAE,  EAB,  &c. ; 
then  is  CD  the  least  of  the  segments  of  the  base 
subtending  those  equal  angles^  and  of  ttie  rest 
DE<  EB ;  and  so  on. 

For^  at  the  point  D  in  AD  make  (E.  xxiii.  1.) 
the  z  ADF^  iADC\  And  since^  also,  the  z  CAD 
^^DAE  (ht/p.)  and  AD  common  to  the  two 
AS  ACD,  AFD;  therefore  (E.  xxvi.  l.)  DF^DC: 
But  (E.xix.  1.  and  E.  xxxii.  !•)  DE>DF;  .'.  DE 
>DC;  i.e.  DC<DE, 

Again^  at  the  point  E,  in  AE,  make  the  z  AEK 
:=  lAED;  and  it  may,  in  like  manner,  be  shewn 
that  EK^ED:  But  (E.xvi.  1.)  iBKE>^AEK; 
.\  aBKE>zAED;  and  ^AED>iABE;  much 
more^  then,  is  iBKE>  ^EBK;  therefore  (E.xix.  1.) 
BE >EK or  ED;  i.e.  ED<EB. 

And  in  the  same  manner  may  EB  be  shewn  to 
be  less  than  the  next  segment  that  is  more  remote 
from  C;  and  so  on. 

45.  Cor.  It  is  manifest,  from  the  demonstration, 
that  if  any  three  straight  lines,  AB,  AE,  AD^  be 
drawn  to  the  given  straight  line  XC  from  a  given 
point  A,  without  it,  so  that  the  iBAE^iEAD, 
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the  segment  BE,  of  XC,  which  is  the  further  from 
the  perpendicular  AC,  shall  be  greater  than  the 
segment  ED,  which  is  the  nearer  to  AC. 


Prop.  XXXII. 

46.  Theorem.  If  either  angle  at  the  base  of  a 
triangle  be  a  right  angle,  and  if  the  base  be  dioided 
into  any  number  of  equal  parts,  that  tohich  is  ad- 
jacent  to  the  right  angle  shall  subtend  the  greatest 
angle  at  the  vertex;  and,  of  the  rest,  that  which  is 
nearer  to  the  right  angle  shall  subtend,  at  the 
vertex,  a  greater  angle  than  that  which  is  more 
remote. 

Let  ACB  be  a  right-angled  triangle^  right-angled 


at  C,  and  let  the  base  BC  be  divided  into  any  num- 
ber of  equal  parts  CD,  DH,  HG,  &c.:  Of  these 
segments  DC  shall  subtend  the  greatest  angle  at 
the  vertex  A ;  and  of  the  rest  DH  shall  subtend^  at 
A,  a  greater  angle  than  HG ;  and  so  on. 

For,  join  A,  D,  and  A,  H.  and  A,  G,  &c.f  also, 
at  the  point  A,  in  DA,  make  (E.  xxiii.  1 .)  the 
I  DAE  ^  CAD:  Then  (Supp.xxxi.  1.) -BX»>I>C; 
but  {hj/p.)  DC-DH;  .\ED>HD,  and  it  is  mani- 
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fest   that   the    z  EAD  >  z  HAD ;    but    (eanstr.) 
zEADt:^zCAD;  /.  lCAD>iDAHi 
And^  in  the  same  manner,  it  may  be  shewn,  by 

the  help  of  the  corollary  to  Supp.  xxxi.  1 .  that  the 
^DAH>ZHAG;  and  so  on* 


Prop-  XXXIII. 

47.  Problem.    To  trisect  a  ghen  finite  straight 
Zme. 

Let  AB  be  the  given  straight  line :  It  is  required 


to  divide  it  into  three  equal  parts. 

Upon  AB  describe  (E.  i.  i.)  the  equilateral  tri- 
angle CAB ;  bisect  (£.  ix.  1 .)  the  two  equal  Zs  A 
and  B,  by  the  straight  lines  AD  and  BD,  which 
meet  in  Di  and  from  jD  draw  (E.  xxxi.  l.)  DE 
parallel  to  CA^  and  DF  parallel  to  CB :  Then  are 
AE,  EF  and  FB  equal  to  one  another. 

For^  since  (E.  xxix.  1 .  and  constr.)  the  z  DEF^ 
zC^B,  and  JiDFEt^lCBA;  therefwe  (Supp.xxvi. 
1.)  aEDF^^iACB;  but  (E.v.  1.  C&r.  and  amstr.) 
the  ^CAB  18  equiangular;  therefore  the  uDEF 
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is  equiangular ;  and  therefore  (E.  vi.  1.  Cor.)  it  is, 
also^  equilateral ;  so  that  DE  and  DF  are,  each  of 
them,  equal  to  EF. 

Again,  since  (E.xxix.  1.  and  constr.)  the  I.EDA 
:=^zDJC;  and  that  (co>w/r.)  the  iDAC^^DAE; 
:.  iEDA^/.DAE;  therefore  (E.vi.  1.)  AE^DE; 
hot  DE  has  been  proved  to  be  equal  to  EFi 
AEs^EF;  and  in  the  same  manner,  EF  may  be 
shewn  to  be  equal  to  FB ;  therefore  AB  has  been 
divided  into  three  equal  parts  AE^  EFy  and  FB. 

Prop.  XXXIV. 

48.  Problem.    To  describe  a  triangle  tBhich  shall 

have  its  three  sidesy  taken  together,  equal  to  a  given 

finite  straight  line,  and^  its  three  angles  equal  to 

three  given  angles^  each  to  each;  the  three  given 

angles  being  together  equal  to  two  right  angles. 

Let  AB  be  a  finite   straight  line,    and   C  and 


,•  « 


D  two  rectilineal  angles:  It  is  required  to 
describe  a  triangle,  which  shall  have  its  perimeter 
equal  to  AB,  two  of  its  angles  equal  to  C  and  D, 
each  to  each,  and  its  third  angle  equal  to  an  angle^ 
which,  together  with  C  and  D,  makes  up  two  right 
angles. 

D2 
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At  the  point  A,  in  jiB,  make  (E*  xxiii.  1  •)  the 
aBAE^  l  C;  and  at  the  point  B  make  the  /.ABE 
=  zZ>;  therefore  (Supp.  xxvi.  1.)  the  /.AEB  is 
eqaal  to  the  third  angle  of  the  triangle  which  is  to 
be  described:  Bisect  (E.  ix.  1.)  the  zs  EAB,  EBA, 
by  AF  and  jBF,  which  meet  in  F ;  and  through  F 
•  draw  (E.  xxxi.l.)  FG  parallel  to  EA,  and  FH 
parallel  to  EB :  Then  is  FGH  the  triangle,  which 
was  to  be  described. 

For^  since  {constr.)  FG  is  parallel  to  EA,  and  FA 
meets  them,  therefore  (E.  xxix.  1.)  the  lEAF  ^ 
lAFG;  but  (con««r.)  the  /EAF:=  /FAG;  there- 
fore the  /FAG  ^  /AFG;  therefore  (E.  vi.  1.) 
FG^GA;  and,  in  the  same  manner^  it  may  be 
shewn  that  FH^HB;  .-.  FG+GH+HF^AG+ 
GH+HB;  i.  e.  the  perimeter  of  the  A  FGH  is 
equal  to  the  given  straight  line  ^B. 

Again^  because  FG  is  parallel  to  EA,  and  FH 
is  parallel  to  EB,  therefore  (E.  xxix.  1.)  the  /FGH 
=  /EAB,  and  /FHG=:  /EBA;  but  {constr.)  the 
/ EAB ^/C,  and  the  /  EBA ^/D;  therefore 
also,  the  /FGH=/Cy  and  the  /FHB^/D; 
therefore  (Supp.  xxvi.  I.)  the  /  GFH is  equal  to  the 
third  angle  of  the  triangle,  which  was  to  be  described; 
therefore  the  A  FGH,  the  perimeter  of  which  has . 
been  shewn  to  be  equal  to  the  given  straight  line 
AB,  is  the  triangle  which  was  to  be  described. 

Peop.  XXXV. 

49.  Theorem.    J^  in  the  sides  of  a  given  square, 

at  equal  distances  from  the  four  angtilar  points, 

four  other  points  be  taken,  one  in  each  side,  the 
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figure  contained  btf  the  straight  lines  which  join 
them^  shall  aho  he  a  square. 

Let  ABCD  be  a  square;    ia    the    sides    AB^ 

A  E   -   , 


BC,  CD,  DA,  let  the  four  pointe  E,  H,  G,  F  be 
taken^  so  that  E  is  at  the  same  distance  from  A  that 
H  is  from  B,  that  6  is  from  C,  and  F  from  D ;  an<f 
let  £,  H,  and  //,  G,  and  G,  F,  and  F,  £,  be  joined : 
The  figure  EFGH  is  a  square. 

For,  since  (E.  xxx.  Def.  l.)  all  the  sides  of  the 
given  square  ABCD  are  equal,  and  that  {h^p.) 
AE^BH^  DF,  it  is  manifest  that  the  two  triangles 
FAE,  EBH  have  the  two  sides  FA,  AE  equal  to 
the  two  EB,  BH,  each  to  each,  and  (E.xxx.  Def.  1.) 
the  z^=ziB;  therefore  (E.  iv.  1.)  the  ^AFE:^ 
iBEH;  and  FE^EH:  And,  in  the  same  manner^, 
it  may  be  shewn  that  F//=  HG  =  GF;  therefore 
the  figure  EFGH  is  equilateral 

Again,  since,  as  hath  been  proved,  the  ^AFE^ 
zBEH;  therefore  the  iAFE+  iAEF=^  ^BEH+ 
iAEF\  but,  since  the  z^  is  a  right  angle,  there- 
fore (E.  XXXII.  1.)  zAFE-h  /iAEF=:  a  right  angle; 
therefore  also,  z  BEH  +  z  AEF  =  a  right  angl^ ; 
but  (E.  XV.  1.  Cor.  2.)  z  BEH+  jlAEF+  ^HEF^ 
two  right  angles ;  therefore  the  z  HEF  is  a  right 
angle ;  and,  in  thf  same  manner,  may  the  remaining^ 
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angles  of  the  figure  EFGH,  irhich  has  been  sheWta 
to  be  equilateral,  be  proved  to  be  right  angles; 
therefore  (E.  xxx.  Def.  1.)  EFGH  is  a  square. 

Prop.  XXXVI. 

50.  Theorem.  If  the  opposite  angles,  of  a  quad- 
rilateral figure  he  equal  to  each  other,  the  figure 
shall  be  a  parallelogram. 

Let  AB  be  a  quadrilateral   figure,   having  the 


D 

angle  A  equal  to  the  opposite  angle  By  and  the 
angle  C  to  the  opposite  angle  jD:  The  figure 
ADBC  is  a  parallelogram. 

For,  (E.  XXXII.  1 .  Cor.  1 .)  the  four  angles  of  the 
figure  ADBC  are  together  equal  to  four  right 
angles ;  and^  by  the  hypothesis,  the  four  angles  are 
the  double  of  the  two  angles,  DAC,  ACS;  it  is 
manifest^  therefore,  that  the  two  /is  DAC,  ACS 
are  together  equal  to  two  right  angles;  therefore 
(E.  xxYiii.  1.)  AD  is  parallel  to  CB:  And,  in  the 
same  manner^  AC  may  be  shewn  to  be  parallel  to 
DB;  therefore  the  figure  ADBC  is  a  parallelogram. 

Prop.  XXXVII. 

51.  Problem.  In  a  given  square  to  inscribe  an 
equilateral   triangle,   having   one  of  its   angular 
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jpomto  upon  one  of  the  angular  points  of  ^e  square, 
and  Us  tu)o  renudning  angular  points  one  in  each 
of  two  adjacent  sides  of  the  square. 

Let   ABCD  be   a   square :    It   \»   required   to 


A    g 


inscribe  in  it  ail  equilateral  triangle,  having  one 
of  its  angular  points  upon  the  angnlar  point  B  of 
the  square. 

Trisect  (Sapp.  xx.  1.)  the  right  /.ABC,  by  BE 
and  BF;  bisect  (£.  ix.  1.)  the  is  ABE,  CBF  by 
BG  and  BH,  meeting  AD  and  DC  in  G  and  H, 
respectively;  and  join  G,  H:  The  aGBH  is 
equilateral. 

For,  join  B,  D,  and  let  BD  meet  GH  in  K: 
Then,  it  is  manifest  from  the  construction^  that 
the  z  ABG^  z  CBH;  also,  (%p.  and  E.  xxx.  Def.  1.) 
the  Zi4=  Z.C,  and  the  side  J^B^  of  the  aABG,  is 
equal  to  the  side  CB,  of  the  aCBH;  therefore 
(E.xxvi.  1.)  BG^BH;  therefore  (E.  v.  1.)  the 
/.BGH^  aBHG;  also,  (constr.  and  E.tiii.  1.) 
the  /iGBD=  iHBD;  and  BK  is  common  to  the 
two  £,%BKG,  BKH;  therefore  (E.  xxvi.  1,)  the 
/BKG=^/BKH;  therefore  (E.x.  Def..  1.)  each 
of  these  angles  is  a  right  angle ;  therefore  (E.  xxxii. 
1.)  z  KGB^  L  GBK=  a  right  /  «  /  GBH+  21ABG 
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ss  zGBH+  jlABE  {constr.);  but,  since  (constr.) 
z  JBG  +  L  CBH  =  cEBF,  add  to  each  of  these 
equals  the  1%  EBG,  FBH,  and  the  AGBH^ 
21ABE;  therefore  the  /,GBK^AABE;  and  it 
has  been  shewn  that  ZKGB  +  ZGBK^ZGBH+ 
zABE;  . .  ZKGB^ZGBH;  .\  HG^GB^BH; 
i.  €.  the  A  GBH  is  equilateral. 

Prop.  XXXVIII. 

52.  Theorem.  If,  at  the  extremities  of  the  base 
of  a  given  triangle,  two  straight  lines  be  drawn, 
both  above  the  base,  and  each  of  them  equal  to  the 
adjacent  side,  and  making  with  it  an  angle  eqtud  to 
the  vertical  angle  of  the  triangle;  then,  if  tivo 
straight  lines,  let  fall  from  the  extremities  of  the 
two  so  drawn,  make,  with  the  base  produced,  two 
angles  that  are  equal  each  of  them,  to  the  vertical 
angle,  they  shall  cut  off  equal  segments  from  the 
base  produced. 

From  the  extremities  B,  C,  of  the  base  BC  of  the 

\\  A 
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given  aABC,  let  BD  be  drawn  equal  to  the  ad* 
jacent  side  AB,  and  CE  equal  to  the  adjacent  side 
Ac,  making  the  zs  ABD,  ACE,  each  equal  to 
the  vertical  jlBAC  of  the  triangle,  and  let  DF  and 
EGy  drawn  from  D  and  E,  make  with  BC  produced 
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the  /s  DFjB,  £GC,  each  also  equal  to  the  aBAC: 
Then  shall  FBcrGC. 

For,  from  the  point  A  draw  (Supp.  xxt.  1 .)  AH  and 
AK  making  with  BC  the  /s  JH£,  AKC  each 
equal  to  the  z  JDFi?,  or  fi^C,  or  CGE :  And,  since 
(E.  XIII.  I.)  A  ABH+ZABD  +  ZDBF=  two  right 
angles  =ZDBF+ZBFD+ZFDB  (E.  xxxii.  1.),  and 
that  (corutr.)  lABD^ABFD;  ..IABH=IFDB; 
but.  (cofutr.)  ZAHB=ZDFB,  and  the  side  y^B  of 
the  aAHB  is  equal  to  the  side  DB  of  the  aDFB; 
therefore  (E.  xxTi.  1.)  FB=sAH:  And  in  the  same 
manner  GC  may  be  shewn  to  be  equal  to  AK ;  but 
since  (constr.)  the  /.AHB=^ZAKC,  therefore  (E.  xiii. 
1.)  the  ZAHK=ZAKH;  therefore  (E.  vi.  1.) 
AHsbAK;  and  FB  was  shewn  to  be  equal  to  AH, 
and  GC  to  AK;  ..FB==  GC. 

53.  Cor.  If  the  vertical  ZBAC  be  a  right  angle, 
the  two  straight  lines  AH  and  AK  coincide;  and  the 
segments  FB,  GC  are  equal  each  of  them  to  the 
perpendicular  drawn  from  A  to  the  base  BCi  la 
this  case,  also,  DF^  BK,  and  EG=>  CK 
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Prop.  XXXIX. 

54.  Theorem.  If  four  straight  lines  cut  each 
clher^  vMhout  including  space,  but  so  as  to  make 
three  internal  angles,  towards  the  same  parts,  which 
together  are  less  than  four  right  angles,  the  two 
lines,  which  are  not  joined,  shall  meet,  if  produced 
far  enough. 

Let  the  four  straight  lines  AB,  BC,  CD,  DE, 
cut  one  another,  wilbout  enclosing  space^  so  that 
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the  Z8  ABC,  BCD,  CDE,  are  together  less  than 


four  right  angles ;  Then  shall  BA  and  DE  meet^  if 
they  are  produced  far  enough. 

For,  join  B,  Z>:  And  (E.  xxxilI.)  /Z>jBC+ 
/  BCD  +  CDB  =  two  right  angles ;  if,  therefore, 
these  three  angles  be  taken  from  the  three  given 
angles^  which  {hyp.)  are  less  than  four  right  angles ; 
there  wUl  remain  the  two  z  s  ABD,  EDB,  together 
less  than  two  right  angles;  therefore  (E.  zii. 
Axiom  1.)  BA  and  DE  will  meet  if  they  be  con- 
tinually produced. 

Prop.  XL. 

55.  Problem.    To  inscribe  a  square  in  a  given 
right-angled  isosceles  triangle. 

Let  ABC  be  the  given  isosceles  triangle^  right- 

A 


angled  a.t  A:  It  is  required  to  inscribe  a  square  in 
the  aABC. 
Trisect  (Supp.  xxiiii.  l.)  the  hypotenuse  AC,  in 
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the  points  I>  and  E;  from  D  and  E  draw  (E.xi.  1.) 
DFand  EG  perpendicular  to  BC,  meeting  the  sides 
AB  and  AC  in  F,  and  G,  respectively;  and  join 
F,  G:  The  inscribed  figure  FDEG  is  a  square. 

For^  since  the  z  ^  is  a  right  angle,  and  that  {hyp. 
and  E.  v.  1.)  ^B-iC;  therefore  (E.xxxii.  1.)  ^B 
is  half  a  right  angle;  but  {conatr.)  the  //>  is  a 
right  angle ;  therefore  the  z  DFB  is  half  a  right 
angle,  and  is>  therefore,  equal  to  the  z  FBD ;  there- 
fore (E.  VI.  1.)  DF:=BD;  but  {ctmstr.)  BD^DE; 
.*.  DF=iDE;  and,  in  the  same  manner,  it  may  be 
shewn  that  EG^DE;  .\  DF=:DE^EG. 

Again,  since  (constr.)  the  zs  Z>  and  E  are  right 
angles,  therefore  (E.  xxviii.  1.)  DF  is  parallel  to 
EG;  and  it  has  been  shewn  that  DF^  EG; 
therefore  (E.  xxxiii.  1.)  FG  is  equal  and  parallel  to 
DE;  therefore  (E.xxix.  1.)  the  figure  FDEG  has 
all  its  angles  right  angles;  and  it  is  equilateral; 
therefore  (E.  xxx.  Def.  1.)  it  is  a  square. 

Prop.  XLL 

56.  Problem.  To  find  a  point,  in  either  of  the 
equal  sides  of  a  given  isosceles  triangle,  from  which, 
tf  a  straight  line  be  drawn,  perpendicular  to  that 
side,  so  as  to  meet  the  other,  side  produced,  it  shall 
he  equal  to  the  base  of  the  triangle. 

Let  ABC  be  the  g^ven  isosceles  triangle:  It  is 
required  to  find,  in  either  of  the  two  equal  sides,  as 
AB,  a  point  from  which  if  a  perpendicular  be  drawn 
to  AB  and  produced  to  meet  AC,  produced,  it  shall 
be  equal  to  the  base  BC. 

Draw  (E.  XI.  l.)  from  jB,  BD  perpendicular  to 
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AB,  and  make  (K  iii.  1.)  BD^BC;  from  D  dnw 


(E.  XXXI.  1.)  DE  ^rallel  to  JB,  meeting  JC  pro- 
duced in  E ;  and  from  Ey  draw  EF  parallel  to  BD : 
F  is  the  point  which  was  to  be  found. 

For  (constr.)  the  figure  FBDE  is  a  parallelogram ; 
therefore  (E.xxxiv-1.)  FE=^BD^BC  (constr.); 
also,  since  (constr.)  the  z  FBD  is  a  right  angle,  the 
/  BFE  is,  also^  (E.  xxix.  1 .)  a  right  angle. 

Pkop.  XLII. 

57.  Theorem.  The  diameters  of  a  parallelogram 
bisect  each  other. 

Let  AB  and  CD  be  the  diameters  of  the  parallel- 

A  C 


ogram  ADBC ;  AB  and  CD  bisect  one  another  in 
the  point  of  their  intersection  £. 


'  •    »U>] 
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For  since  ADBC  is  a  pafalldogram^  AD^CB 
(E.  XXXIV.  1.)  and  (E,  xxix.  1.)  the  lEAD  of 
the  aAED,  ^zEBC,  of  the  aBEC,  and  the 
jlEDA^  zECB  ;  therefore  (E.  xxvi.  L)  AE^EB, 
and  DE^EC. 

Prop.  XLIII. 

58.  Theorem,  (f  in  two  opposite  sides  of  a  pa- 
raUelogram  two  points  be  assumed,  one  in  each  of 
those  sides  J  equidistant  from  two  opposite  angles  of 
the  figure,  and  if  two  other  points  be  likewise  as- 
sumed, in  the  two  other  opposite  sides,  equidistant 
from  the  same  two  angles,  the  figure,  contained  by 
the  straight  lines  joining  the  four  points  so  assumed, 
shall  be  a  parallelogram. 

In  the  opposite  sides  AD,  BC  of  the  0  ABCD, 


-B  G  C 

let  the  points  E  and  G  be  taken  equidistant  from 
the  opposite  is  A  and  C;  let  also^  the  points  Fand 
H  be  taken,  in  the  other  two  opposite  sides^  AB  and 
DC,  equidistant  from  A  and  C;  and  let  E,  F,  and 
F,  G,  and  G,  H,  and  H,  E,  be  joined :  The  figure 
EFGH  is  a  parallelogram. 

For  since  {hyp.)  AE=CG,  and  ^F=Cfl;  and 
that  (E.  XXXIV.  1.)  the  z-^=  z  C;  therefore  (E.iv.  1.) 
PE  =  GH :  Again  since  (E.  xxxiv.  l .)  AB^  DC, 
and  ADssBC,  and  that  {hyp.)  of  AD  the  part  AE 
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18  eqnal  to  the  part  CO  of  BC,  and  of  AB  the  part 
AF  is  equal  to  the  part  CHoiDC;  .\  ED^GB, 
and  DH^BF;  also  (E.  xxxiv-  1.)  the  zEDH^ 
jlFBG;  therefore  (E.iv,  1.)  EH^FG;  and  it  has 
been  proved  that  EF=HG ;  therefore  (Supp.  zviii.  1.) 
EFGH  is  a  parallelogram. 

Prop.  XLIV. 

59.  Theorem.  If  am/ number  of  pardUdogram^ 
he  inscribed  in  a  given  parallelogram^  the  diameters 
of  all  thejigures  shall  cvt  one  another  in  the  same 
point. 

Let  ABCD  foe  the  given  parallelogram,  and  let 


EFGH  be  any  parallelogram,  inscribed  in  ABCD : 
The  diameters  of  ABCD  and  of  EFGH  cut  one 
another  in  the  same  point. 

For  draw  AC  a  diameter  of  ABCD,  and  FH  a 
diameter  of  EFGH;  let  AC  and  FH  cut  one 
another  in  K;  and  let  CB,  produced,  meet  EF, 
produced^  in  L :  Then,  since  AE  is  parallel  to  BC^ 
and  EF  parallel  to  HG,  the  ^CGH^  (E.  xxix.  1.) 
^GLE;  and  the  IGLE^ILEA;  therefore  the 
ZCCfH^ZAEF;  also  (%i.  and  E.xxxiv.  1.)  the 
ZA^  L  Cy  and  the  side  FJE^tbe  opposite  side  QH^ 
of  the  niEFG\  therefore  (E.xxti.  i,)  CH^AF: 
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Agaio^  since  the  side  AF  of  the  aJIKF^^  the  side 
CH  of  the  A  CKH,  and  that  (E.  xxix.  1 .)  the 
Zb  KAF,  KFA  are  equal  to  the  21  s  KCH,  KHC; 
therefore  (E.xxYi,  1.)  JK^KC,  and  FK^KH% 
i  e.  £  is  the  bisection  of  the  diameters  AC,  FH; 
therefore  (Supp.  xlii.  1.)  all  the  diameters  cut  one 
another  in  the  point  K.  . 

60.  CoR.  From  the  demonstration  it  is  manifest^ 
that  the  angle  contained  by  any  two  given  straight 
lines,  is  equal  to  the  angle  contained  by  two  other 
straight  lines^  that  are  parallel  to  the  two  given 
straight  lines^  each  to  each. 

Prop.  XLV. 

61.  Theorem.  The  diameters  of  an  equilateral 
four^sided  plane  rectilineal  figure  bisect  one  another 

at  right  angles. 

Let  AB  and  DC  be  the  diameters  of  the  equi- 
lateral four-sided  figure  ACBD,  cutting  one  another 


C 

in  E :  AB  and  DC  bisect  one  another  in  E,  at  right 
angles. 

For^  since  {hyp.)  ACBD  is  equilateral,  it  is  (Supp. 
XTiiLl.)  a  parallelogram;  and  therefore  (Supp.  xNi.  1.) 


mt^imt 


^/^^•—^^^mt 


^^mF 
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the  diameters  bisect  one  another  in  E :  Again^  he* 
cause  DE^CE,  and  EJ  is  common  to  the  two 
AsAEDy  AEC,  and  that  {hyp.)  AD=::AC;  there- 
fore (E.viii.  1.)  the  ZAED^ZAEC;  i.e.  (E.  x. 
Def.  1.)  each  of  the  Zs  A  ED,  A  EC  is  a  right 
angle;  therefore  (E.  xv.  1.)  each  of  the  Zs  DEB, 
CEB,  is,  also,  a  right  angle. 

■ 

Prop.  XLVI. 

62.  Theorem.    The  diametera  of  a  rectangle  are 
equal  to  one  another. 

Let  AC,  and  BD  be  the  diameters  of  the  rect- 
angle ^J5CZ>:  Then  AC  =BD. 


For^  since  (hyp.)  the  opposite  angles  of  the  figure 
are  equal,  each  being  a  right  angle;  therefore 
(Supp.xxvi.  1.)  the  figure  A  BCD  is  a  parallelogram ; 
therefore  (E.  xxxiv.  1.)  AD  =  BC;  and  AB  is 
common  to  the  two  A»  ABC,  BAD,  and  the 
lABC^lBAD;  therefore  (E.  iv.  1.)  AC^BD. 


Prop.  XLVII. 

63.  Problem.    To  inscribe  a  square  in  a  gi^en 
equilateral  four- sided  figure. 
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Let  ABCD  be  the  given  equilateral  four-sided 


figure:     It  is    required    to    inscribe  a  square    in 
ABCD. 


Join  A,  C,  and  B,  D,  and  let  AC  and  BD  cut 
one  another  in  X;  bisect  (E.ix.  1.  and  E.  xy.  1.) 
the  ZsAXB  and  CXD,  by  the  straight' line  £G, 
and  the  Zs  BHC,  AXD,  by  the  straight  line  FH; 
and  join  E,  F,  and  F,  G,  and  G,  Hy  and  //,  B : 
The  inscribed  figure  EFGH  is  a  square. 

For,  since  the  figure  ABCD  is  (%p.)  equilateral, 
^C  and  BD  (Supp.  xlv.  1.)  bisect  one  another  at 
right  angles ;  therefore  {constr.)  each  of  the  Zs  EXA^ 
AXH,  HXD,  DXG,  GXC,  CXF,  FXB,  BXE, 
is  half  a  right  angle ;  therefore  the  L  s  EXH^  HXG, 
GXF,  FXE  are  right  angles :  Again,  because  ABCD 
is  equilateral,  it  is  (Supp.  xviii.  1.)  a  parallelogram; 
therefore  (E.  xxviii.  1.)  the  ZBAC^ZACD;  but, 

because  {hyp.)  1JC=^DA;  therefore  (E.  v.  1.)  the 
ZACD  =  ADAC;  therefore  the  lBAC^iDAC; 
i.  €.  the  lEAX^  lHAX;  and.it  has  been  shewn; 

that  the  z  EXA  ^  z  HXA ;  and  AX  is  common  to 
the  two  AS  A  EX f  AHX;  therefore  (E.xxvi.l.) 
JBJf  s=  HX;  and,  in  the  same  manner  it  may  be 
shewn  that  EX,  HX,  GX,  and  FX,  are  all  equal : 
and  the  angles  contained  by  those  lines  are  equals 
being*  right  angles;  therefore  (E.  it.  1.)  the  figure 
EFGH  is  equilateral,  and  therefore  (Supp.  xviii.  1.) 

E 
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it  is  a  {laralidbgram ;  and  siniie  the  zEXH  ii  a 
right  angle,  and  that  XE^XH;  therefore  (E.  v. 
1.  andE.  xxxii.  1.)  eath  of  the  angles  XEH,  XHE 
is  half  a  right  angle :  In  the  same  manner  it  may  be 
shewn  that  each  of  the  z  ^  XHG,  XGH,  XGF, 
XFG,  XFE,  XEF  is  half  a  right  angle;  therefore 
the  figure  EFGU,  which  has  been  shewn  to  be 
equilateral,  has  all  its  angles  right  angles;  there- 
fore (£•  XXX.  Def  1 .)  it  is  a  square. 

P»«)p.  XLVIII. 

64.  Theorem.    If  two  opposite  sides  of  aparal- 
bdogram  be  divided  each  into  the  same  numher  of 
equal  parts,  the  straight  lines,  joining  the  opposite 
points  ofdxoision,  shall  also  divide  the  diameter  of  the 
parallelogram  into  the  same  number  of  equal  paltts. 

Let  the  two   opposite  sides  AD^    BC^   of  the 
CD  ^ BCD,  of  which  BD  is  a  diameter,  be  divided 


B      H       I        K       C 
into  tiiny  number  of  equal  parts,  JE,  EF,  FG,  &t., 
BH.Hl  IK,  &c\;  and  let  E,  H,  and  F,  I  and 

G,  K,  &c.  be  joined:  The  diameter  BD  is  divided, 
by  EH^  FI,  GKj  &c.  into  the  sahie  number  of 
equpl  parts,  BL,  LM^  MN^  &c.  as  either  of  the 
opposite  sides  AD  or  BC. 

Foi!,  Ifardugh  L,  Af,  N,  &c.  draw  (E.xxxi.  1.) 
LFy  MQ,  NR,  &c.  each  paraHel  to  AD  or  BC: 
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Tbea,  since  AE  is  equal  and  pietndlel  ta  BH,  EH 
(£•  XXXIII.  1.)  is  parallel  to  AB\.  and  in  the  same 
manner  it  amy  be  stt(swnv  that  F/,  GK^  &c.^  ana* 
parallel  to  oile  another;  therefore  the  figures  Lly* 
MKj  NC,  &c.,  are  parall^ograms.;  thfei^re  (E* 
xxxiv.  1-)  LP^HJ;  but  (%p.)  HI^BH;  tfaert^ 
fore,  BH=^LP;  and  since  LP  is  parallel  t6  BC,  and 

LH  pdrali^  td  Mt,  ahd  ihat  MLB  me^ts  these 
pamllds;  ihetfefore(E.xxix.  1.)  the  z.%HBLy  BLH, 
of  the  aBLH,  are  equal  tp  thfe  z^  PI;M,  LilfP, 
of  the  aLMP;  And  it  haii  beert  proved  that  thi& 
side  BH^LPi  therefbre  (E.xxvi.  l.)  BL^LM\ 
Arid,  in  the  same  manner  it  may  be  dHist'^tj,  that 
LM^MN;  MN^ND,  and  so  on. 

65.  Cor.  From  the  demonstt^tibn  it  is  miifaifest 
that  if  the  one  of  two  given  straight  lines^  or  a  part 
of  it^  be  divided  into  any  number  of  equal  parts, 
and  from  the  points  of  division  parallel  straight  lines 
be  drawn  cutting  the  other^  the  segments  of  that 
other  given  line,  between  these  parallels^  will  be 
equal  to  one  another. 

Prop.  XLIX. 

66.  Probleii.  To  dtoide  a  given  ^nite  straight 
Une  into  any  given  number  of  equal  parts. 

Let  BD  be  a  finite  straight  line  (See  fig.  p.  50.) : 
It  is  required  to  divide  it  into  any  given  number 
df  equal  parts. 

Fr6m  B  ditiw  dh  ihdeBnite  sf might  line  Bd 
making  any  Angle  with  DB;  aad  from  jD  draw 
(E.  XXXI.  1.)  DA,  also  indefinite,  and  parallel  to  BCi 
take  any  point  H  in  BC;  make  (E.  in.  .1.)  HI,  IK^ 

E  2 
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DO,  GFy  FE,  each  equal  to  BH,  so  that  the  num-^ 
her  of  these  equal  straight  lines  in  BC^  and  also 
in  DAj  may  be  less  by  one  than  the  given  number 
of  parts,  into  which  BD  is  to  be  divided ;  and  join 
E,  Hy  and  F,  /  and  G,  K:  The  straight  lines  EH, 
FIj  and  GK,  vrill  divide  BD  into  the  required 
number  of  equal  parts. 

For,  in  BC,  and  DA,  take  KC,  and  EA,  each 
equal  to  BH,  and  join  A,  B  and  D,  C:  Then, 
since  (constr.)  AD  is  equal  and  parallel  to  BC,  AB 
is  also  (E.  XXXIII.  1.)  parallel  to  DC;  .'.  ABCD  is 
a  parallelogram,  of  which  BD  is  a  diameter ;  there* 
fore  (cofistr.and  Supp.  xlviii.  1.)  BD  is  divided  by 
EH,  FI,  and  GK,  into  as  many  equal  parts  as  BC, 
or  AD,  is  divided  into. 

Otherwise, 

Draw  BC,  as  before,  and  make  the  number  of 
equal  parts  BH,  HI,  IK,  KC,  equal  to  the  given 
number  into  which  BD  is  to  be  divided;  join  C,  D; 
and  draw  HL,  IM,  KN,  each  parallel  to  CD :  Then 
will  these  parallels  divide  BD  into  the  required 
number  of  equal  parts. 

For,  if  LP,  MQ,  NR  be  drawn  each  parallel  to 
BC,  it  maybe  proved,  (as  in  Supp. xlviii.  1.)  that 
BL^LM^MN^ND. 

Prop.  L. 

67.  Problem.  Upon  a  gioen  finite  straight  Ime 
to  describe  an  equilateral  and  equiangular  octagon. 

Let  AB  be  a  finite  straight  line :  Upon  AB,  it 
is  required  to  describe  an  equilateral  and  equi- 
angular octagon. 
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Prom  the  points  A  and  B  draw  (E.  xi.  1 .)  AD 
and  BE  perpendicular  to  AB,  and  produce  AB  both 


ways  to  AT  and  Y;  bisect  (E.ix.  1.)  the  4.9  D AX, 
EBY,  by  AG,  and  BL,  and  make  AG  and  BL, 
each  equal  to  AB ;  from  the  points  G  and  L,  draw 
(?F  perpendicular  to  AG,  and  I*/  perpendicular  to 
BL;  also,  draw  (E.  xxxi.  1.)  GH  parallel  to  ^A 
and  make  GHssAB  or  -^^G;  in  like  manner,  draw 
LK  parallel  to  BE,  and  make  LK=^AB;  lastly, 
draw  /fD  parallel  to  GF,  meeting  AD  in  D,  and 
JTE  parallel  to  LI,  meeting  BE  in  ^;  and  join  Z>, 
^:  The  figure  ABLKEDHG.  described  on  AB, 
is  an  equilateral  and  equiangular  octagon. 

For,  since  (constr.)  the  side  AG,  of  the  a  AGF. 
is  equal  to  the  side  BL,  of  the  a  BLJ,  and  /.  GAF 
»  z  LBI,  and  that  the  zs  AGF,  BLJ  are  equal, 
being  right  angles ;  therefore,  (E.  xxvi.)  AF^BI; 
also,  since  {constr.)  HF  and  KI  are  parallelograms, 
FD=^GH,  and  IE=LK;  but  (wiw/r.)  GH^LK; 
.•.  FD—IE;  therefore  the  whole  AD  =:.ihe  whole 
A£;  and  {comlr.  and  E.  xxtiii.  1.)  AD  is  parallel 
to  B£;  therefore  (E.  xxxiii.  1.)  DE  is  equal  and 
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piLr^U^ltQ^^;  and  therefore  {constr.  i^nd  E.  wxt^.  1.) 
the  4  s  4PMj  ^£D,  are  right  angles :  Again,  qioce 
(cofwtr.)  the  z  s  ^GF,  BL/,  are  right  angles,  and 
that  the  z  s  GAF^  IBL  are  each  the  half  of  a  right 
angle;  therefore  (E.  xxxii.  1.)  the  zs  GFA,  LIB, 
are  each  the  half  of  a  right  angle;  .*.  AG^GF^ 
BL=LJ;  and  (E.  xxxiv.  1.)  HD^GF,  and  KE 
a  LI;  wlience  it  is  manifest  that  the  figure 
ABLKEDHG  is  equilateral. 

Lastly^  since  HG  is  parallel  to  DA,  and  KL  to 
EB,  and  FG  and  IL  meet  these  parallels ;  therefore 
(E.  xxix,  1.)  the  z  HGF^  z  GF-4,  and  .-.  z  /fGF 
=  the  half  of  a  right  angle  ;  therefore  (E.  xxxiv.  1.) 
the  z  HDF  is  the  half  of  .a  right  angle ;  in  the 
same  manner^  it  may  be  shewn  that  each  of  the 
zs  lEK,  KLI^  is  the  half  of  a  right  angle;  audit 
has  been  proved  that  the  z  s  AIXE,  BED  are  right 
angles ;  whence^  and  from  the  construction,  it  is 
manifest,  that  the  figure  ABLKEDHG,  which  has 
been  shewn  to  l)e  equilateral^  is  also  equiangular. 

Peop.  LI. 

68.  Theorem.  Ij^  either  diameter  of  a  paraUelQ" 
gram  be  equal  to  a  side  of  thejigure^  the  other 
diameter  shall  be  greater  than  any  side  ofthejigure. 

Let  the  dicimeter  AB,  of  the  CD.ACBD,  h^  equal 

A .      C 


B  B 

to  the  side  AC:    The  other  diameter  CD  shall  be 
greater  than  cither  AC  or  AD. 
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For,  htoknm  AC  ^  AB,  tke  z  ACB  »  z  ^^C 
(£•  %.  I.)  aad  (Ajf|^.  and  E.  xxix.  1.)  the  z  HAB^ 
JL  ABC;  but  the  /  DAC  >  i  DAB ;  therefore  the 
£  DAC  >  JL  ACB ;  and  the  sides  DA,  AC,  of  the 
A  DAC,  are  (E.  xxxiv.  1.)  equal  to  the  sides  BQ 
CA,  of  the  A  UC^;  therefiare  (R  x:py.  I.)  CD  > 
AB;  bat  (Ayjj;)  AB^^AC;  .\  CD>AC;  And  it 
has  been  shewn  that  the  /  DAC>4  ACB;  mucb 
iflcffp  then  is  the  z  />4C  >  /  ACD ;  therefore 
(E,.:?i3j.  l.)  DC>AD. 

Prop.  Lll. 

69.  Problem.  From  a  given  point  to  draw  a 
9traigfyt  li^a  ctUtt^g  ttpo  parotid  straight  Une9,  so 
(hfd  ttf  pqft  qfit^  intercepted  between  them^  ihaU  be 
egffo/  to  a  given  Jmie  straight  line,  not  le99  than  the 
perp^ndici^aar  distance  of  the  two  parallel. 

Let  A  be  the  given  point ;  XY  and  Zff^  tvo 
parallel  straight  lines^  indefinite  in  length ;   and  B 


f '  '"» 
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9  given  finite  straight  Une^  not  less  than  the  perpen- 
dicular distance  of  XV  from  ZtF:    It  is  rec^uired 
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to  draw  through  A,  a  straight  line,  catting  JITF  and 
ZfF,  80  that  the  part  of  it^  between  the  Jtwo  parall^^ 
shall  be  equal  to  B. 

Take  any  point  C  in  Zff^;  from  C  as-  a  centre,  at 
a  distance  equal  to  B,  describe  a  circle,  cutting 
XY  in  D;  join  C,  D;  and  through  A  draw  (B. 
xxxiv.  1.)  AF  parallel  to  DC,  cutting  XF  and  Zff^ 
in  the  points  E  and  F:    Then  is  EF^  B. 

For,  (constr.)  the  figure  DCFE  is  a  parallelogram ; 
therefore  (E.  xxxiv.  I.)  EF  =^  DC;  and  (canstr.) 
DC=B;  . .  £F=JB. 

Prop.  UII. 

70.  Theorem.  jJ^  from  the  summit  of  the  right 
angle  of  a  scalene  right-angled  triangle,  two  straight 
lines  he  drawn,  one  perpendictdar  to  the  hypotenuse, 
and  the  other  bisecting  it,  thqi  shall  contain  an  angle 
equal  to  the  difference  of  the  two  acute  angles  of  the 
triangle. 

Let  the  lA,  of  the  a  BAChe  a  right  angle;  let 


AE  be  drawn  to  the  bisection  E,  of  the  hypotenuse 
BC,  and  let  AD  be  drawn  perpendicular  to  BC: 
The  lEAD=  lC--  lB. 

For  (Supp.  xxix.  1.  and  hyp.)  EA-EB;  therefore 
the  lEABss  lEBA  :    Again,  since  (hyp.)  the  two 
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Lb  BAC,  CBA,  of  the  a  BAC,  are  equal  to  the 
two  Lb  BDA,  ABD,  of  the  a  ADB;  therefore 
(Supp.  xxvi.  1.)  the  lBAD  =  L  ACB;  but  the 
LEAD^  LBAD-  lBAE;  therefore  the  LEAD 
=  LC-lB. 

Prop.  LIV. 

I 

71.  Problem.  To  bisect  a  paredlelogram  by  a 
straight  Une  drawn  through  a  given  point  in  one  of 
its  sides. 

Let  ABCD  be  a  parallelogram,  and  E  a  point 

A      &       F       D 


in  one  of  its  sides :    It  is  required  to  bisect  the 
a  ABCD,  by  a  straight  line  drawn  through  E. 

From  AD,  the  side  opposite  to  BC,  cut  off  DjP= 
BE  (E.  iii.  1.);  and  join  E,  F;  EF  bisects  the 
□  ABCD. 

For^  through  £and  Fdraw  (E.  xxxi.  l.)  EO  and 
Fi/,  each  parallel  to  AB  or  DC;  /.  AE,  GH,  FC 
are  parallelograms ;  and  since  EF  is  the  diameter  of 
the  □  GH,  therefore  (E.  xxxiv.  1 .)  the  a  EGF^ 
A  EHFi  also,  because  BE^FD,  and  that  AD  is 
parallel  to  BC,  therefore  (E.  xxxvi.  1.)  the  □  AE 
=  O  FC;  to  these  equals  add  the  equal  as,  EGF^ 
EHF^  and  it  is  evident  that  the  trapezium  ABEF 
is  equal  to  the  trapezium  FECD;  i.  e.  EF  bisects 
the  □  ABCD. 
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Peop.  LV. 

72.  Theorem.  A  trapezium,  which  has  two  of 
its  sidei  parallel,  is  the  half  of  a  rectangle  between 
the  same  parallels,  and  having  Us  base  equal  to  the 
aggregate  of  the  two  parallel  sides  of  the  trapezium. 

Let  ABEF  be  a  trapezium^  having  its  side  AF 
pafaildi  to  the  opposite  side  BE:   The  tmpesiutn 


H     C 


ABEF  is  equal  to  the  h^f  of  a  rectangle  between 
AF  and  BC,  and  having  its  base  equal  to  ^F+  BE. 

For,  produce  BE  to  C,  and  make  EC  =  AF; 
through  C  draw  (£.  xxxi.  1.)  CD  parallel  ta  BA, 
and  let  CD  n^eet  AF  produced  in  Z);  therefore 
the  figure  ABCD  is  a  parallelogram ;  thereidre 
(E,  xxxiv.  1.)  AD^BC;  and  {constr.)  4F^m); 
.\  FD  =  BE:  It  is  manifest,  therefore,  (from  Supp. 
Uy.  1.)  that  the  trapezium  ABEF  is  the  half  of  the 
mABCD;  but  (E.  XXXV.  l.)  the  □  ABCD  e^  «i 
rectangle  upon  the  same  base  BC,  and  between  thie 
same  two  parallels ;  therefore  the  trapezium  ABEF 
^tha  half  of  a  rectangle  on  the  base  BC,  which 
{constt.):^BE+AF,  and  between  the  two  paraHds 
BE  and  AF. 

Prop.  LVI. 

73.  Problem.  Any  two  parallelograms  having 
been  described  on  two  sides  of  a  given  triangle,  *0 
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Cffhfy  to  ike  r&nedaing  side,  a  paraUdagr/xm,  which 
shall  be  equal  to  their  (Aggregate, 

Let  the  DD  AQ  and  AP  he  on  the  two  sides  AB, 
AC,  of  the  ^iyen  4  ABC:    It  is  required  to  ftpply 


to  the  remaining  side  BC,  a  parallelogram  which 
shall  be  equal  to  the  UjAP  together  with  the  □  AQ. 

Produce  QD  and  PE  until  they  meet  in  F;  join 
F,  A;  through  C  draw  (E.  xxxi.  1.)  CG  parafiel  to 
FA,  and  make,  also,  CG  =  FA;  complete  the 
n  BCGH:    The  □  BCGH^  □  ^Q  +  □  AP. 

For,  produce  FA,  so  that  it  shall  meet  BC  in  /, 
and  HG  in  K;  produce,  also,  GC  arid  HB,  until 
they  meet  EP  and  DQ  in  L  and  M;  therefore  the 
figures  FACL,  FABM  are  parallelograms;  and, 
since  {constr.)  the  \n  FACL,  CGKI,  are  upon 
equal  bases  FA,  CG  and  between  the  same  parallels  ; 
/.  (E.  xxxvi.  1.)  the  \n  FACL  ^  HI  CGKI ;  but 
(E.  XXXV.  1.)  the  D  FACL^Ul  AP;  therefore  the 
dAP,  =  a  G/ :  And  in  the  same  manner,  It  may  he 
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proved  that  the  O  ^Q^CD  IH;  therefore  the  whole 
□  BCGH=  D  ^P + □  ^a*. 

Prop.  LVII. 

74.    Problem.    Jl  plane  rectilineal  ^figure  of  any 

number  of  Mes  being  gioen,  to  find  an  equal  recti- 

lineal  figure,  which  shall  have  the  number  of  its 

sides  less,  or  greater,  by  one,  than  thai  of  the  gioen 

figure. 

First,  let  ABCDE  be  the  given  rectilineal  figure : 

A 


CD       F 
It  is  required  to  find  an  equal  rectilineal  figure, 
having  the  number  of  its  sides  less  by  one^  than  the 
nutnber  of  the  sides  of  ABCDE. 

Let  A,  E,  Dhe  any  three  consecutive  angles  of 
the  given  figure  ABCDE;  join  A,  D;  through  E 
draw  (£.  xxxi.  1.)  EF  parallel  to  AD  and  meeting 
CD,  produced,  in  F;  join  A,  F:  The  figure  ABCF, 
which  has  the  number  of  its  sides  less  by  one  than 
ABCDE,  is  equal  to  ABCDE. 

For^  since  the  two  as  A  ED,  AEF,  are  upon  the 
same  base  AD  and  (constr,)  are  between  the  same 
parallels^  AD,   EF,  therefore^   (E.  xxxvii.  1.)   the 

*  If  the  parallelograms  AP  and  AQ  are  squares^  and  the  angle 
at  ^  a  right  angle,  it  is  easy  to  shew  that  the  parallelogram  BG 
will  also  he  a  square ;  and  thus  the  forty-seventh  proposition  of 
the  first  Book  of  £uclid's  Elements  will  have  been  demonstnted. 
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^  AFD  =  A  ^£JD ;  (o  each  of  these  equals  add 
the  figure  ABCD;  and  the  figure  ^^JSCF^the  figure 
ABCDE. 

Secondly,  let  ABCF  be  a  given  rectilineal  figure  ; 
and  let  it  be  required  to  find  an  equal  rectilineal 
figure,  having  more  sides  by  one,  than  ABCF. 

Take  any  point,  2>,  in  any  of  the  sides,  as  CF,  of 
ABCF,  and  join  J3,  D,  or  A,  D;  A  and  B  being 
the  angles  which  are  next  to  the  zs  Fand  C,  at  the 
extremities  of  CF;  then,  A,  D  having  been  joined^ 
through  F  draw  (E.  xxxi.  1.)  FE  parallel  to  DA; 
and  since  the  /  ADC  is  greater  (E.  xvi.  1.)  than 
the  /  AFD^  and  equal  (E.xxix.  1.)  to  the  z  EFD; 
therefore  FE  falls  without  the  given  figure :  In  FE 
lake  any  point  £,  which  is  not  in  the  continuation  of 
BAj  the  side  next  to  FA;  and  join  E,  A,  and  JB,  D: 
The  figure  ABCDE  has  more  sides,  by  one,  than 
the  given  figure  ABCF;  and  it  may  be  shewn,  as  in 
the  preceding  case^  to  be  equal  to  ABCF. 

75.  CoR.  Hence,  first,  a  triangle  may  be  found 
which  shall  be  equal  to  any  given  rectilineal  figure  : 
For  the  number  of  sides  of  the  given  figure  being 
thus  diminished,  by  one,  at  each  step,  they  will  at 
length  be  reduced  to  three,  and  the  triangle  which 
they  contain,  wfll  be  equal  to  the  given  figure. 

Secondly,  it  is  manifest,  that,  by  the  latter  part  of 
the  preceding  problem,  a  polygon,  of  any  given 
number  of  sides,  may  be  found,  which  shall  be  equal 
to  a  given  triangle. 

0 

Prop.  LVHI. 

76.  Theorem.  The  diameters  of  any  paraUelQ-- 
gram  dmde  it  into  four  equal  triangles. 
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Let  ADBC  be  a  panllelbgrani,   of  which   the 

A C 


B 

diameters  AB,  CD  cut  one  another  in  E :  The  foiir 
AS  AEt),  pBB,  BMC,  CEA  are  equal  io  one 
another. 

^or  {hyp.  and  G.  xxxiv.  1.)  the  side  AC  of  the 
A  AB^,  is  equal  to  the  side  2>^,  of  the  a  DEB; 
also  (Supp.  xlii.  1.)  AE  =  EB,  and  DE  «  EC; 
(E.  viii.  1.  and  G.  fir.  1.)  the  a  AEC  =i  a  DEB. 
In  the  s&me  hiatiner,  it  may  be  shewn  that  th^ 
A  AED  =  A  CEB :  And  since,  the  two  as  AEt>, 
AEC,  sbnd  upon  equal  bases  DE  and  EC,  therefore 
(E.  xxxviii.  1.)  the  a  JED=  a  AEC.  It  i^  ntaiiU 
fest,  therefore,  that  the  four  as  AED,  AEC,  CEB], 
BED  Affe  eqaal  to  one  another. 

Prop.  LIX. 

77.  Problem.  If  two  triangle^  have  the  two  ad^ 
jaceht  sides  of  a  paraUelogrdmfor  their  ba^es,  and 
have  their  common  vertex  situated  in  the  diameter, 
or  in  the  diameter  produced,  they  shall  be  equal  to 
one  another. 

.  Let  the  two  as  AFQ  BFC,  have  the  two  adja- 
cent sides  AQ  BQ  of  the  □  ADBC,  for  their 
bases^  and  also  have  their  common  vertex  situated  at 
any  point  F,  in  the  diameter  DC,  or  in  DC,  pro- 
duced !    The  A  ^FC=±  A  BFC. 
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First,   let  the  point  F  be  in  the  diameter  DC: 
Join  j4,  B;   and  let  AB  cut  DC  in  E, 


Then,  since  (Supp.  xlii.  1.)  AE=zEB,  therefore 
(£.  xxxviii.  1.)  the  a  JEC  =  a  BEC,  and  the 
A  AEF^  A  BEF;  /.  the  as  AFC,  BFC,  which  are 
the  differences  of  these  equals,  are  equal  to  one 
another. 

And  the  proposition  may,  in  the  same  manner,  be 
shewn  to  be  true^  when  the  common  vertex  of  the 
tWo  triangles,  which  have  AC  and  BC  for  their 
bases,  is  in  DC  produced. 

Prop.  LX. 

78.  Theorem.  Of  all  triangles^  which  are  be- 
tween the  same  parallels^  that  which  stands  on  the 
greatest  base  is  the  greatest.   . 

For  it  is  manifest,  that  the  triangle  which  has  the 
greater  base  will  exceed  the  triangle  which  is  formed 
by  joining  its  vertex  and  the  extreniity  of  a  segment 
of  its  base  made  equal  tb  the  base  of  the  other  tri- 
angle :  ]^t  the  triangle  so  formed  is  equal  (E.  xxviii.  1 .) 
to  the  other  given  tHangle;  therefore  the  triangle 
which  has  the  greater  base  is  greater  than  that  other 
triangle. 
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Prop.  LXI. 

♦  • 

79.  Theorem.  The  straight  Une,  joining  the 
vertex  and  the  bisection  of  the  base  of  any  trianglej 
bisects  every  othmr  straight  line  that  is  parallel  to 
the  base  and  is  terminated  by  the  two  remaining 
sides  of  the  triangle,  or  those  sides  prodticed. 

Let  PQ  be  any  straight  line,  either  within  or 


without  the  a  ABC,  parallel  to  the  base  BC,  and  let 
AD,  joining  the  vertex  A  and  the  bisection  D  of 
BC,  cut  PQ  in  R:  PQ  is  bisected  by  AD  in  iR, 

First,  let  PQ  be  within  the  a  ABC;  and  if  PR 
be  not  equal  to  RQ,  one  of  them  is  the  greater : 
Let  PR>  RQ;  and  join  />,  P,  and  D,  Q. 

Then  since  (hyp.)  the  base  BD,  of  the  a  BAD, 
is  equal  to  the  base  DC,  of  the  a  CAD,  therefore 
(E.  xxxviii.  1.)  the  a  BAD^  a  CAD;  also,  because 
BD^DC,  and  that  (hyp.)  PQ  is  parallel  to  fiC; 
therefore  (E.  xxxyiii.  1.)  the  a  BPD^  a  CQD;  if, 
therefore,  the  two  latter  equal  triangles  be  taken 
from  the  equal  as  BAD,  CAD,  there  remains  the 
A  APD  =  A  AQD :  But,  since  PR  >  RQ,  the 
A  APR  >  A  AQR,  and  the  a  DPR  >  a  DQR; 
therefore,  the  whole  a  APD  >  a  AQD;  but  it  has 
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been  shewn  that  the.  a  API>^  a  AQD;  and  it  is, 
also^  greater ;  which  is  absurd  :  therefore,  neith^  of 
the  two  lines  PR,  RQ,  can  be  grater  than  tiie  other; 
therefore,  P^  =  /?Q.  ,  ^ 

In  a  similar  manner  the  propositidh  may  oe  proved, 
when  PQ  is  without  the  a  ABC. 

80.  Cor.  Hence^  it  is  easily  shewn,  ex  absurdo, 
that  the  straight  line  joining  the  bisections  of  any 
two  straight  lines,  that  are  parallel  to  the  base,  and 
terminated  by  the  sides  of  a  triangle,  passes  through 

.  the  vertex  of  the  triangle. 

Prof.  LXII. 

81.  Theorem.  If  two  opposite  sides  of  a  trape- 
zium .  he  parallel  to ,  one  another,  the  straight  line, 
joining  th^  bisections,  bisects  the  trapezium. 

For,  let  PBCQ  be  a  trapezium  having  the  side 

P  R 


PQ  parallel  to  BC,  and  let  RD  join  the  bisections, 
jR  and  Z>,  of  the  opposite  sides  PQ  and  BC  :  RD 
bisects  the  trapezium  PBCQ. 

For,  join  P,  Z>,  and  Q,  D :  Then  since  (hyp.) 
PQ  is  parallel  to  BC,  and  that  the  base  BD  of  the 
A  BPD,  is  equal  to  the  base  DC,  of  the  a  />QC, 
therefore  (E.  xxxviii.  1.)  the  a  BPD=za  DQC; 
and,  in  the  same  manner,  it^  may  be  shewn  that,  the 
aPDR:^a  DRQ;  therefore,  a  BPD+  a  PDR 
=:  A  DQC  +  A  DRQ;  i.  e.  the  figure  BPRD  = 
CQRD;  .-.  i?Z)  bisects  the  trapezium  PBCQ. 

F  • 
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Prop.  LXIH. 

83.  Problem.  To  bisect  a  given  trapezium  by 
a  straight  Une  drawn  Jram  any  of  its  angles. 

Let  ABCD  be  a  trapezium :  It  is  required  to 
draw  a  straight  line  from  any  of  the  angles^  as  B^ 
which  shall  bisect  the  trapezium  ABCD. 


B  C 

Join  jB,  D;  through  A  draw  (£.  xxxi.  1.)  AE 
parallel  to  BD,  and  let  CD,  produced^  raeiet  AE 

\nE;  bisect  (E.  x.  i:)'EC\nF;  and  join  B,  F;  BF 
bisects  the  trapezium  ABCD. 

For  join  B,  E;  and  since  the  two  as  BAD,  BED 
are  on  the  sapie  base  BD,  and  between  the  same 
parallels,  therefore  (E.  xxxvii.  l«}  the  a  BAD  s 
A  BED ;  to  each  of  these  equals  add  the  a  BDF; 
.\  A  BAD^A  BDF^  A  BED+  a  BDF;  I  e.  the 
trapezium  BADF  =  a  BEF;  but  since  {congtr.) 
EF^  FC,  therefore  (E.  xxxviii.  !•)  the  a  BBF^ 
/hBFC:  therefore  the  trapezium  BADF=aBFC; 
i.  e.  BF  bisects  the  given  trapezium  ABCD. 

Prop.  LXIV. 

83.  Probli^m.  Tq  bisect  a  given  triangle  by  a 
straight  Une  drawn  through  a  given  point  in  of^ 
one  of  its  sides. 

Let  ABC  be  the  given  triangle^  and  let  Z>  be  a 
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point  in  one  of  its  sides  BC:  It  is  required  to 
draw  through  D  a  straight  line  which  shall  biseqt 
the  triangle. 

Bisect  (E.  X.  l.)  JC  in  E;  join  D,  £;  through 
B  draw  (E.  xxxi.  1  •)  BF  parallel  to  JOE,  meetiiig 

^Cin  F;  join  /),  F:  SFWsects  ihe  A  ABC. 

For  join  B,  E  and  let  BE  cut  DF  in  G :    Then 
since  the  As  DFE,  EBD  are  npon  the  same  base 
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DE  and  (constr.)  between  the  same  parallels,  there- 
fore (E.  xxxvii.  1.)  the  A  DFE  =  a  EBD;  take 
away  the  common  part  DGE,  and  there  remains  the 
A  BGD—  A  EGF;  to  each  of  these  equals  add  the 
trapezium  ABGF^  and  it  is  manifest  that  the  trape- 
zium ABDF^aABE;  but  since  (constr.)  AE^ 
EC,  therefore  (E.  xxxviii.  1.)  the  aABE^aEBC; 
therefore  the  trapezium  ABDF  is  equal  to  the  half 
of  the  given  a  ABC;  i.  e.  Di^ bisects  the  a  ABC, 

Prop.  LXV. 

8^.  VfLQBhfUA.  Equal  triangles,  which  have  their 
ha$€S  in  the  same  straight  line  and  which  are  be- 
tween the  same  parallels,  stand  npon  equal  bases. 

F2 
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For  if  not,  let  one  of  the  bases  be  greater  than 
the  other;  therefore  (Supp.  Ix.  1.)  the  triangle,  of 
which  it  is  the  base,  is  greater  than  the  other,  which 
is  contrary  to  the  supposition :  therefore^  neither  of 
the  bases  can  be  greater  than  the  other ;  t.  e.  the 
bases  are  equal  to  one  another. 

*  • 

Prop.  LXVI. 

0 

85.  Problem.  To  describe  a  paralldogram,  the 
surface  and  perimeter  of  which  shall  be  respectioebf 
equal  to  the  surface  and  perimeter  of  a  given  tri-- 
angle. 

Let  ABC  be  the  given  triangle:  It  is  required  to 


\ 


describe  a  parallelogram,  which  shall  be  equal  to 
the  A  ABC,  and  which  shall,  also,  have  its  perimeter 
equal  to  the  perimeter  of  ABC. 

Bisect  (E.  X.  I.)  BC  in  D;  produce  AC  to  E, 
and  make  CE^AB;  bisect  AE  in  F;  through  A 
draw  (E.  xxxi.  1.)  ^/T  parallel  to  BC;  from  Z>  as  a 
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centre^  at  a  distance  equal  to  AF  describe  a  circle; 
cutting  AH  in  G;  join  H,  6,  and  through  C  draw 

CZr  parallel  to  ^G:  Then  is  the  □>CffG  = 
aABQ  arid  the  perimeter  of  C3DCHG  is,  also, 
equal  to  the  perimeter  of  a  ABC. 

For  join  A,  D;  and  since  BD^^DC,  therefore 
(E.  xxxviii.  1.)  the  aABD^saACD,  so  that,  the 
whole  A  ABC  is  the  double  of  the  ,aADC:  Again, 
since  the  dDCHG  and  the  a  ADC  are  on  the  same 
base  DC,  and  between  the  same  parallels,  therefore 
(E.xli.  1.)  the  CJDCHG  is  the  double  of  the 
A  ADC;  as  is^  also,  the  a  ABC:  therefore  the 
dDCHG^AABC:  And  because  (constr.)  DG  is 
equal  to  the  half  of  B^+^C,  and  that  (E.xxxiv.  l.) 
CH^DG,  /.  DG^CH^BA+AC;  also  (E.  xxxiv. 
1.)  GH=rDC^DB;  .-.  DC^GH^BD+DC^BC; 
..  DG+GH+HC+CD=^BA+AC+CB. 

Prop,  LXVII. 

86.  Theorem.  The  two  triangles  farmed  by 
drawing  straight  lines,  from  any  point  within  a 
parallelogram,  to  the  extremities  of  either  pair  of 
opposite  sides,  are,  together y  half  of  the  paral- 
Idogram. 

Let  E  be  any  point  in  the  CjABCD,  and  let 


B  a        c 

E,  A,  and  E,  B,  and  E,  C  and  E,  D  be  joined : 
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The  two  AS  AEB,  DEC  are,  together,  half  of  the 
JdABCD.  

For,  through  E  draw  (E.  xxxi.  1.)  FEG  parallel 
to  AB  or  35C':  and  since  AG^  and  GD  are  paral- 
lelograms, therefore  (E.  xli.  1.)  the  aAEB  is  the 
half  of  the  C2AG,  and  the  aDEC  is  the  half  of  the 
dGD;  therefore  the  aAEB+aDEC  is  the  half 
of  the  a^G  +  the  half  of  the  dGD,  or  the  half  of 
the  whole  CDABCD. 

Prop,  LXVIII. 

87.  Theorem.  If  two  sides  of  a  trapezium  be  pa- 
rallel,  the  triangle  contained  ly  either  of  the  other 
sides,  and  the  two  straight  lines  drawn  from  its 
extremities  to  the  bisection  of  the  opposite  side^  is- 
the  half  of  the  trapezium. 

Let  the  two  sides  FD,  EC,  of  the  trapesrium 
FECD  be  parallel ;  let  K  be  the  bisection  of  either 


5-F- 
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of  the  two  remaining  sides,  as  DC;  and  let  K,  E 
and^,  F  be  joined:  The  aFKE  is  the  half  of  the 
trapezium  FECD.  • 

For,  through  K  draw  (E.  xxxi.  1.)  Li^il/  paral- 
lel to  FE,  and  let  LKM  meet  BC  in  M  and  FD, 
produced,  in  L.  And  since  FL  (constr.)  is  parallel 
to  BC,  zx&diLM  meets  them,  therefore  the  aDLK^ 
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iKMC;  dso  (E.  xv.  1.)  the  iDKL=  i  CKM,  and 
{hyp.)  the  side  DK  of  the  c^DKL,  =the  side  CK 
of  tBe  A  CKM;  therefore  (E.  xxvi.  l .  and  E.  U.  l .)  the 
£^DKL=^£>.CKMi  but  if  to  the  rectilineal  figure 
FEMKD  there  be  added  the  a  CKM,  there  results 
the  trapezium  FECD;  and  if  to  the  same  figure 
there  be  added  the  aDKL,  there  results  the 
jnFEML;  therefore  these  results  are  equal;  but 
(R  xli.  t.)  the  aFKE  is  the  half  of  the  HiFBML; 
therefore,  the  aFKE  is  the  half,  also,  of  the  tra- 
pezium FECD'. 

Prop.  LXIX. 

88.  Theorem.  The  tiiangle  contained  by  the 
aredght  lines  joining  the  points  of  the  bis&:tion  of 
Ike  three  sides  of  a  given  triangle,  is  one-fourth 
part  of  the  given  triangle,  and  is  equiangular  with 
U. 

'  Let  D,  E,  F,  be  the  bisections  of  the  sides  AB, 

A 


& 

BC,  CA,  respectively,  of  the  given  a  ABC;  and  let 
D.  E,  and  E,  F,  and  F,  J>,  be  joined :  Th<i  aDEF 
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ig  one  fourth  part  of  the  a  ABC,  and  is  equiangular 
with  it. 

For,  join  A,  E;    and,  since  {hyp.)  BE— EC, 
CF^FA,  and  AD^DB,  therefore  (E.xxxviii:  1.) 
aAEB^aAEC;  and  the  s^AEB  is  the  double  of 
the  aBDE,  and  the  aAEC  is  the  double  of  the 
aCFE;  therefore  the   aBDE^  aCFE\  i.e.  each 
of  them  is  a  fourth  part  of  the  a  ABC;  also  they 
are  upon  equal  bases  BE  and  EC;  therefore  (£.  xl. 
1.)  DF  is  parallel  to  BC;  and^  in  the  same  manner, 
it  may  be  shewn  that  DE  is  parallel  to  AC,  and  FE 
parallel  to    AB;    therefore,    the    figures    FCED, 
DBEF,  are  paralleIogram9 ;  therefore  (E.  xxxiv.  1 .) 
the  aDEF—  ADBEy  which  has  been  proved  to  be 
a  fourth  part  of  the  a  ABC;  also,  the   ^DFE,  of 
the  C2BF,  s=  opposite  zjB,  and  the  ^FDE,  of  the 
□DC,  =  opposite   zC;  therefore  (E.  xxxii.  1.)  the 
zDEF,  of  the  ADFE^ihe  lBAC,  of  the  a  ABC; 
and  the  two  as  ABC,  DEF,  are  therefore  equi- 
angular. 

89.  Cor.  1 .  The  straight  line  joining  the  bisec- 
tions of  any  two  sides  of  a  triangle,  is  parallel  to  the 
remaining  side. 

90.  Cor.  2.  If  the  four  sides  of  any  given  quad- 
rilateral rectilineal  figure  be  bisected,  the  figure 
contained  by  the  straight  lines  joining  the  several 
points  of  the  bisection,  shall  be  a  parallelogram, 
which  is  the  half  of  the  given  figure;  also  the  four 
sides  of  this  parallelogram  shall  be,  together,  equal 
to  the  two  diagonals  of  the  given  figure. 

Let  DH,  HI,  IF,  FD  be  the  straight  lines  join- 
ing the  several  bisections  D,  H,  I,  and  F,  of  the  sides 
AB,  BO,  GC,  and  CA,  of  the  quadrilateral  figure 


«     vm^  ■  1  ipi 
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ABOC :  The  figure  DHIF  is  a  parallelogram ;  it 
is  the  half  of  the  given  figure  ABGC;  and  its  four 
sides  are^  together^  equal  to  the  two  diagonals  AG, 
BC,  of  the  figure  ABGC. 

First,  since,  Z),  H,  F,  /,  are  the  bisections  of  the 
sides  of  the  as  ABG,  GCA,  BAC,  CGB,  therefore 
(Supp.  Ixix.  1.  Ck)r.)  D/T  and  F/are  parallel  to  AG, 
and  DF  and  HI  are  parallel  to  BC;  therefore  (E. 
XXX.  1.)  DHIF  is  a  parallelogram:    And,  because 
DF  is  parallel  to  BC,  and  AB  meets  them,  therefore 
(E.  xxix.  1.)  the  /.ADL-  jlDBK;  again,  because 
DH  is  parallel  to  AG,  and  AB  meets  them,  the 
jlDAL^  ^BDK;  and  {hj/p.)  the  side  AD,  of  the 
£iADL,  =:=the  side  />J3  of  the  aDBK;  therefore 
(E.xxvi.  1,)   DL^BK,  LA^KD,  and  (E.  iv.  1.) 
the   aADL^aDBK;  but  DKEL  being  a  paral- 
lelogram, DL^KE,  and  KD^EL  (E.xxxiv.  1.); 
.\  BK^KEy  and  EL^LA:  If,  therefore,  Z),  £  be 
joined,  the  aDLE=:  aDLA  (E.  xxxviii.  i.)  and  the 
aDKE^aDKB;  so  that  the  Oi^I^^ the  half  of 
the  kAEB,DK  +  FM^AE.  and  DL^HN^BE. 
In  the  same  manner  it  may  be  proved,   that  the 
DLM=the  half  of  the  aAEC,  that  the  CJMN^ 
thehalf  of  the  aCEG,  that  the  □ATJiT^  the  half  of 
the  aBEG,  that  LF+NI=EC,  and  that  MI+KH 
^EG:  therefore,  the  cnDHIFis  the  half  the  given 
figure  ABGC,  and  its  four  sides  are,  together,  equal 
to  the  tv^b  diagonals  AG,  and  BC. 

91.  Cor.  3.  It  is  manifest  that  the  straight  lines 
which  join  the  opposite  points  of  bisection  of  the 
sides  of  any  trapezium,  bisect  each  other. 

For,  if  D,  /,  and  F,  H,  be  the  bisections  of  op- 
posite sides  of  the  given  quadrilateral  figure  ABGC, 
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M  is  maDifest,  from  the  preceding  corollary,  that  the 
straight  Unes  DI,  FH  which  join  them,  will  be  the 
diameters  of  the  CJDHIF;  and  therefore  (Sit^. 
xlii.  1.)  they  bisect  one  another. 


Prop.  LXX. 

9S.  Problem.  To  describe  a  parallelogram,  which 
shall  he  of  a  given  altitude,  and  equiangular  with, 
and  also  equal  to,  a  given  parallelogram. 

Let  ABCD  be  a  parallelogram^  and  £  a  straight 


line:  It  is  required  to  describe  a  parallelogram 
which  shall  be  equal '  to  the  C3ABCD,  anict  also 
equiangular  with  it;  and  which  shall  have  its  altitude 
equal  to  the  given  line  E. 

From  the  point  C  draw  (E.  xi.  1.)  CF  perpen- 
dicular to  jBC,  and  make  CF=^E;  through  F  draw 
(E.  xxxi.  1.)  HG  parallel  to  BC;  produce  BA  and 
CD  to  meet  HG,  in  H  and  G;  join  H,  C,  attd  let 

SC  cut  AD  in  /;  through  /draw  (E.  xxxi.  1.)  KIL 
parallel  to  HB  or  GC :  The  Z2KLCG,  which 
{amistr,  and  E.  xxix.  and  xxxiv.  1.)  is  equiangular 
with  the  ZHABCD^  and  has  its  altitude  equal  Ui 
Ey  is  also  equal  to  the  C2ABCD. 

For,  since  Bl  and  IG  are  complements  about  the 
diameter  HC  oP  the  EJHBCG^  they  are  (E.  xliii.  1.) 
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equal  to  one  another;  ta  each  of  these  equak 
8df  (he  C2LD;  and  it  is  plain  that  the  CnKLCG^ 
CJJBCD. 

93.  Cor.  Hence^  a  rectangle  may  very  readily 
be  found,  which-  shall  be  equal  to  a  given  square, 
and  shall  have  one  of  its  sides  equal  to  a  given 
straight  line. 

Prop.  LXXI. 

94.  Theorem.  If  there  be  any  number  of  recHU- 
neal  figures^  of  which  the  first  is  greater  than  the 
seeondy  the  second  than  the  thirds  and  so  on,  the 
first  of  them  shall  be  equal  to  the  last  together  with 

the  aggregate  of  all  the  differences  of  the  figures. 

First  let  there   be  three  such  given   rectilineal 
figures.     Make  (E.  xlv.  1.)  the  C2FH  equal  to  the 


a 


greatest  of  the  given  figures,  having  its  iFOH 
of  any  given  magnitude;  produce  OH  to  X;  from* 
larcut  off  (E.  ill.  1.)  HI^  GH;  find  (Supp.  Ivii.  l. 
Cer.)  a  triangle  equal  to  the  next  greatest  of  the 
given*  figures^  and  apply  (E.  xliv.  l.)  to  HI  a  paral-^ 
lefogram  equal  to  that  triangle^  having  its  z.IHKss 
tHGFi  Again,  from  IX  cut  off  IM^  GH  or  HI, 
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and,  in  like  manner,  to  /M  apply  a  C3lO,  equal  ta 
the  least  of  the  given  figures,  and  having  its  z  MIN 
=  ^HGF.  Produce  LK  and  ON  to  meet  FG  in  P 
and  Qi  and  let  OQ  meet  KH  in  R. 

Then^  (E.xxxvi.  1.  £.  xxxiv.  1.  and  constr.)  theo 

FH=C2QH+niPR+niFK 

i.  e.  the  □Fi/=  □iVM+  C3PR+  CJFK. 

But  the  □PJ?  is  the  difference  of  the  CJ»  PH  hnd 
QH  or  (E.  xxxvi.  1.)  of  JSYand  NM;  and  the  C2FK 
is  the  difference  of  the  Os  Ffl^  and  PH,  or  of  jKff 
and  KI:  Whence  it  is  manifest  that  the  proposition 
is  true,  when  three  rectilineal  figures  are  taken : 
And  it  may,  in  the  same  manner^  be  proved  to  be 
true,  when  more  than  three  are  taken. 


Prop.  LXXII. 

95.  Problem.  Tojind  a  rectangle ^  which  shall 
have  one  of  Us  sides  equal  to  a  given  finite  straight 
line^  and  which  shall  be  equal  to  the  excess  of  the 
greater  of  two  given  rectilineal  figures  above  the 
less. 

To  the  given  finite  straight  line,  and  on  the  same 
side  of  it,  apply  (E.  xlv.  1.  Cor.)  two  rectangles,  the 
one  equal  to  the  greater  and  the  other  to  the  less, 
of  the  given  rectilineal  figures:  And  it  is  manifest 
that  the  rectangle  which  is  the  difference  of  the  two 
rectangles  so  described,  will  have  one  of. its  sides 
equal  to  the  given  straight  line,  and  will  be  equal 
to  the  excess  of  the  greater  of  the  two  given  figures, 
above  the  less. 


II I  rt   m^^imi^^^^m 
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I 

Prop.  LXXUI. 

96.  Theorem.  If  two  right-angled  trianglea  have 
two  sides  of  the  one  equal  to  two  sides  of  the  other, 
each  to  each,  the  triangles  shall  be  equal,  and  similar 
to  each  other. 

If  the  two  sides  about  the  right  angle  of  the  one 
triangle^  be  equal  to  the  two  sides  about  the  right 
angle  of  the  other^  each  to  each^  it  follows,  (from 
E.  iv.  1.)  that  the  triangles  are  equal  and  similar. 

But,  let  now,  the  hypotenuses  of  the  right  angles^ 
in  the  two  triangles,  be  equal,  and  also  let  one  other 
side,  of  the  one  triangle,  be  equal  to  another  side 
of  the  other ;  therefore  (E.  xlvii.  1 .)  the  squares  of 
the  two  remaining  sides  of  the  one,  will  be  equal 
to  the  squares,  taken  together,  of  the  two  remaining 
sides  of  the  other  triangle ;  from  these  equals  take 
away  the  equal  squares  of  the  two  other  sides^ 
which,  by  the  hypothesis,  are  equal,  and  there  re- 
mains the  square  of  the  third  side,  of  the  one,  equal 
to  the  square  of  the  third  side,  of  the  other  triangle; 
therefore  the  third  side  of  the  one  is  equal  to  the 
third  side  of  the  other;  therefore  (E.  iv.  1.)  the  two 
triangles  are  equiangular^  and  are,  also^  equal  to  one 
another. 

Prop.  LXXIV. 

97.  Problem.  To  find  a  square  which  shall  he 
equal  to  any  number  of  given  squares. 

Firsts  let  there  be  three  given  squares^  and  let 
their  sides  be  equal  to  the  three  straight  lines  A,  B 
andC. 
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I 

Take  any  straight  line  DX,  indefinite  towards  X; 
from  D  draw  (E.  xi.  1.)  DY  perpendicular  to  jOJf, 


and  produce  D  F  iodefiaiteJy  towards  Y:  From  DX 
cut  off  (E.  iii.  1.)  DE^Ay  and  from  DY  cut  off 
DF^B;  and  join  E,  F:  Agw,  from  DY  cut 
off  DH^EP,  and  from  DX  cut  off  DO^^C,  and 
join  Gy  H:  The  square  described  (E.  xlvi.  l.)  upon 
GH  shall  be  equal  to  the  three  given  squares  to  the 
sides  of  which  A,  B  and  C  are  respectively  equaL 

For  (E.  xlvii.  1.  and  c(m8tr.)W^^EB'+DF^; 
i.e.  (comtr.)  Dlt^A'  +  B'; 
.\  {constr.)  BS^+DO^^J'^B'+C' 
i.e.  (E.xlvii.  1.)  GH'^jP^ff+C. 
And  in  the  same  manner,  it  is  evident,  a  square 
may  be  found,  which  shall  be  equal  to  the  aggregate 
of  any  number  of  fi^iven  squares. 

Prop.  LXXV. 

98.  Problem.  Two  uneqfial  square  being  gwen^ 
to  find  a  third  square,  which  shall  be  equal  to  the 
excess  of  the  greater  of  them  above  the  less. 
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Lei  AC  and  CB  pbcod  io  ibe  Mtme  straight  Um, 


be  the  sides  of  the  two  given  squares^  of  which  the 
square  oi  AC  is  the  greater:  From  the  centre  C, 
at  the  distance  CA,  describe  the  circle  ADE,  meeting 

AB,  produced^  in  E;  from  B  draw  (E.  xi.  1.)  BD 
perpendicular  to  AB,  and  let  BD  meet  the  circum- 
ference in  jD:  The  square  of  BD  is  equal  to  the 
excess  of  the  square  oi  AC  above  the  square  of 
BC. 

For  join  2>,  C:  And  since  {constr.)  the  zjB  is  a 
right  angle;  therefore  (E.xlyii.  1.)  CD'=C&+BIt 

i.  e.  (E.  Def.  15.  1.)  AT^^CB'^BD^ 
Whence  it  is  manifest^  that  the  square  of  BD  is 
equal  to  the  excess  of  the  square  of  AC  above  the 
square  of  CB. 


Prop.  LXXVI. 

99.  Theorem.  If  the  side  of  a  square  he  equal 
to  the  diameter  of  another  square,  the  former  square 
shall  he  the  double  of  the  latter. 

For  (E.  Def.  30.  1.  and  E.  xlvii.  1.)  the  square  of 
the  diameter  of  a  square  is  equal  to  the  squares  of 
its  two  sides ;  i.  e.  to  the  double  of  the  square  itself: 
therefore  the  square  of  any  straight  line  which  is 
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equal  to  the  diameter  of  a  square^  is  the  double  of 
that  square. 

Prop.  LXXVIL 

100.  Theorem.  In  any  right-angled  triangle^  the 
square  which  is  described  an  the  side  subtending 
the  right  angle,  as  a  diameter,  is  equal  to  the 
squares  described  upon  the  other  two  sides,  as  dia-- 
meters. 

For,  (Supp.  Ixxvi.  1.)  the  squares  described  on  the 
hypotenuse,  and  on  the  two  sides  of  a  triangle  as 
diameters^  are,  respectively,  the  halves  of  the  squares 
of  those  lines:  But  since  (hyp.)  the  triangle  is 
right  angled^  therefore  (E.  xlvii.  1 .)  the  square  of 
the  hypotenuse  is  equal  to  the  squares  of  the  two 
sides;  therefore  the  square  described  on  the  hy- 
potenuse as  a  diameter,  is  equal  to  the  squares 
described  on  the  other  two  sides  as  diameters. 
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Prop.  I. 

1.  Theorem.  If  two  given  straight  tines  be  di- 
videdf  each  into  any  number  of  parts,  the  rectangle 
contained  by  the  two  straight  lines,  is  equal  to  the 
rectangles  contained  by  the  several  parts  of  the  one 
and  the  several  parts  of  the  other. 

Let  the  g^ven  straight  line  AB  be  divided  into 
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any  parts  in  the  points  E,  F,  and  let  the  given 
straight  line  CD  be  divided  first  into  two  parts  in  the 

point  6:  The  rectangle  contained  by  AB  and  CD 
is  equal  to  rectangles  contained  by  AE  and  CG, 
by  EF  and  CO,  by  FB  and  CG,  by  AE  and  GD, 
by  EF  and  GD,  and  by  FB  and  GD,  taken  to- 
gether. 

From  the  point  A  draw  (£,  xi.  1.)  ,^1¥  perpen- 
dicular to  AB;  from  ^JTcut  off  (B.iii.  1.)  AI^CG, 
and  from  IX  cut  off  ///=  GD,  so  that  ^fi^=  CD  ; 

through  /  and  /f  draw  (£.  xuii.  I.)  IN  and  HK 

parallel  to  AB,  and  through  B,  F,  F^  draw  BK, 

FM,  EL,  parallel  to  AH:  Then  (E.  i.  2.)  the 
rectangle  AN  is  equal  to  the  rectangles  contained 
by  AE  and  CG,  by  JSF  and  CG,  and  by  FB  and 
CG ;  also  the  rectangle  IK  is  equal  to  the  rectangles 
contained  by  HL  and  GD,  by  Lilf  and  GD,  and 
by  iHa:  and.  GD;  but  (E.  xxxiv.  1.)  HL^AE; 
LtM^tiF;  and  MK—FB;  therefore  the  rectangle 
IK  is  equal  to  the  rectangles  contained  by  AB  and 
GDy  by  EF  and  GD,  and  by  FB  and  OD;  but  (he 
two  rectangles  AN  and  /IT  make  up  the  rectangle 
AK,  which  is  contained  by  AB  and  AH  or  CD; 
Hiierefbre  the  rectangle  contained  by  AB  and  CD  is 
equal  to  the  rectangles  contained  by  AE  and  CG^ 
by  JBF  and  CG,  by  FB  and  CG,  by  AE  and  GD, 
by  EF  and  GDy  and  by  FB  and  GD,  taken  to- 
gether. 

And,  in  the.  same  manner,  the  proposition  may 
be  proved  to  be  true,  when  the  given  straight  line 
CD  is  divided  into  more  than  two  parts. 

•<J.  Cor.    If  the  parts  EF,  FB,  Ac,  into  which 
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AB  is  divided^  and  the  parts  CG,  OD^  &c.,  into 
which  CD  is  divided,  be  each  of  them  equal  to  AE, 
it  is  manifest  that  the  rectangle  contained  by  AB  and 
CD  is  equal  to  the  square  of  AE  taken  as  often  at 
is  indicated  by  the  product  of  the  number  of  equal 
parts  in  AB,  multiplied  by  the  number  of  equal  parts 
in  CD. 


Peop.  II. 

3.  Thborem.  |f  a  $traight  line  be  dhided  into 
two  unequal  parts y  in  two  different  points,  the  rect- 
angle contained  by  the  two  parts,  which  are  the 
greatest  and  the  least,  is  less  than  the  rectangle 
contained  by  the  othvr  two  parts;  the  squares  of 
the  two  former  parts,  together,  are  greater  thm 
the  squares  of  the  two  latter,  taken  together;  and 
the  difference  between  the  squares  qf  the  former 
and  the  »quare»  of  the  latter,  is  the  double  qf  the 
difference  between  the  two  rectangles. 

Let  the  given  straight  line  AB  be  divided  into 

S.  g       C     t)    B 

two  unequal  parts^  in  the  point  C,  and  also  in  the 
point  Z):  Then  ADx^DBkACxCB;  but  AD'+ 
DB'>AC*  +  'SC*;  and  the  excess  of  AD'+DB' 
above  AC*  +  CB^  is  the  double  of  the  excess  of 
ACx  CB  above  ADx  DB. 
Pw,  bisect  (E.x.  1.)  AB  in  K:  Therefore, 

ACx  CB+m^  =  AK*l  .£  ^  3  . 
and  ADxDB+DK*=AK*y  ^   '   '    '^ 
But  CK*<  DK* ;  ..ADx  DB<  AC  n  CB. 

e  2 


«  . 
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Again,  because 

AC*+CB*  +2JCxCB  -^B»J  ^*'-  *^'    •'' 
and  that,  as  has  been  shewn  AD  x  DB<  AC  x  GB. 

.'.  AD*+DB'>AC*-ifCB'. 
Lastly,  since 

AI>+DB*+2ADxDB 
^  AC*  +  Cff  +  2AC  X  pB, 
it  is  manifest,  if  from  these  equals  th^re  be  tUien 
AC*^CB'  +  2AD  X  DB,  that  the  excess  of  ADf 
+DB*  above  AC'^CB*U  the  double  of  the  etcem 
of  AC  X  CB  above  AD  x  DB. 


Prop.  III. 

4.  Theorem.  In  my  iwacelea  triangle,  if  a 
gtredght  Une  be  drawn  from  the  -vertex  to  toy  point 
in  the  base,  the  aqufire  ifpon  this  Une,  together  loi^ 
the  rectangle  contained  by  the  segments  of  the  base, 
is  equal  to  the  square  upon  either  of  the  equal  sidesl 


Let  ABC  be  an  isosceles  triangle,  and  let  AQ,  be 

A 


cn)         c 

drawn  from  its  vertex  At  to  any  point  Q,  in  BC  its 

base :  AQ'+'BQ  x  UC^AB*. 
For  bisect  (E.  x.  l.)  BC  in  D,  and  join  A,  D. 

.:  'QD'  +  B9x  QC^  ffBP  {comtr.  and  E.  v.  2.) 


•1     -\         i      l^r^^W^-U  ■   ■   '  <   "i-^i^V^V^^^^I'    ■    ■^■■•^^•^«M^'^^^'^i«"«M^''>^MMOT«^^M 
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To  each  of  these  equals  add  DA^ ; 

..A&+QD*+BQx  QC^Jir+DB^: 

Bat  (canstr.)  BD^DC^  and  DA  is  common  to 
the  AS  ADB,  ADC,  and  {hyp.)  AB^AC;  therefore 
the  z  ADBo  z  ADC;:  emd  therefore  each  of  these 
angles  is  a  right  angle;  therefore  (E.  xlvii.  I.)  AD^ 

+  D0  =  A&',  and  AD^+DB'^AB'; 

.'.  AQ^+BQxQC^AB". 

Prop.  IV. 

5.  Theorem.  7%6  rectangle  contained  by  the 
^ff^ote  and  the  difference  of  two  unequal  straight 
lines  is  equal  to  the  difference  of  (heir  squares. 

Let  AC  atid  CB  be  two  unequc^  straight  lines^ 

A' ' ' 'B 

9 

of  which  CB  is  the  greater;  and  let  them  be 
placed  in  the  same  straight  line  AB;  so  that  AB  is 
the  aggregate  of  AC,  CB,  and  if  (E.  iii.  1.)  CD  be 
cut  off  from  CB  equal  AC,  DB  is  the  difference 
between  AC  and  CB.  Then  since  {constr.  and 
E.  vi.  2.) 

ABxDB+Aa^CB', 

it  is  manifest,  if  from  these  equals  AC^  be  taken^ 

that  AB  X  DB^CBf^AC^; 
i.  e.  the  rectangle  contained  by  the  aggregate  AB, 
of  AC  and  CB,  and  their  difference  DB,  is  equal  to 
the  difference  of  their  squares. 

6.  Cor.  If  there  be  three  straight  lines,  the 
difference  between  the  first  and  second  of  which  is 
equal  to  the  difference  between  the  second  and  third, 
the  rectangle  contained  by  the  first  and  third,  is  less 
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than  the  square  of  th^  second^  by  the  square  of  the 
common  difference  between  the  lines. 

For^  let  AB,  CB,  and  DB  be  the  three  straight 
lines,  having  ^C  the  difference  of  AB  and  CB,  equal 
to  CD  J  the  difference  of  CB  and  DB :  Then^  sinoe 
it  has  been  shewn  that  AB  x  DB^CE'-AC\  it  is 
manifest  that  AB  x  DB  is  less  than  Clf  by  AC^. 

9 

Prop.  V.  * 

7.  Theorem.  The  square  of  the  excess  of  the 
greater  of  two  given  straight  lines  above  the  less^  is 
less  than  the  squares  of  the  two  tineSy  by  twice  the 
rectangle  contained  by  them. 

For  let  AB  and   CB  be  two  straight  lines,  of 


A* g •B 

which  AB  is  the  greater :    Then  is  AC  the  excess  of 

AB  above  CB;  and  since  (E.  vii.  2.)  AC^  +  2ABx 

SC^=  AW+  CB",  it  is  manifest  that  AC*  is  less 
than  AB"  +  CB"  by  2AB  x  BC. 

Prop.  VI. 

8.  Theorem.  The  squcfres  qf  any  two  unequal 
straight  lines  are,  together,  greater  than  twice  the 
rectangle  contained  by  those  lines. 

For  let  AB  and  CB  be  two  straight  lines  of 

A.' g -B 

which  AB  \s  the  greater:    Then  since  (E.  vii.  2.) 

AW+1^=:2AB  X  SU+AC^ 

it  is  manifest  that  AB"  +  CB*  >  2AB  x  BC 
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Prop.  VII. 

9.  Theorem.  If  a  straight  line  he  divided  into 
five  equal  parts^  the  square  of^the  whole  line  is  equal 
to  the  square  of  the  straight  Une,  which  is  made  up  of 
four  of  those  parts,  together  with  the  square  of  the 
straight  line  which  is  made  up  df  three  of  those  parts. 

Let  the  straight  line  AB  be  divided  into  five  equal 
.  C       B       E      jr        « 

parts  by  the  points  C,  D,  E,  F:    Then,  AF^+JB^ 

For  since  {hyp.)  EF^  FB ; 

..4FEx  AF+AE'^AB'  (E.  viii.  3.) 
But,  since  AC  =  CD ^ DE  =^ EF,  aFE=AF ; 

.-.  4FE  X  AF=AF*; 
..AF'  +  AE*=^AB'. 

Prop.  Vlll. 

10.  Problem.  Upon  a  given  straight  Une,  as  an 
hfpUenuse,  to  describe  a  right-angled  triangle,  such 
that  the  hxfpotenvse,  together  with  the  less  of  the  two 
remainxi^  sides,  shall  be  the  double  <ifthe  greater  of 
those  sides. 

Let  AB  be  the  given  straight  line :   Upon  AB,.  as 
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an  hypotenuse,  it  is  required  to  describe  a  right- 
angled  triangle^  having  the  less  of  its  two  remaining 
sides,  together  with  AB^  the  double  of  the  third 
side*. 

Divide  (Sopp.  xlix.  1.)  j^B  into  five  equal  parts  in 
the  points  C,  D,  E,  F;  from  ^  as  a  centre^  atHhe 
distance  AF,  describe  the  circle  FG,  and  from  B  as 
a  centre  at  the  distance  BD,  describe  the  circle  DG 
cutting  FG  in  G;  join  A,  G  and  J3,  G:  The 
A  AGB  is  right-angled  at  G,  and  AB+BG  is  the 
double  of  AG. 

For  (constr.  and  Supp.  vii.  3.) 

AB'^AF^'  +  AE' 

^AF'+BD'  (constr.) 

=  AG^  +  B[G^  (constr.  and  E.  def.  1 5 . 1 .) 
Wherefore  (E.  xlviii.  l.)  the  a  AGB  is  right- 
angled  at  G:  And  since  {constr.)  AB,  and  BG, 
together  contain  eight  of  such  equal  parts  as.  AG 
contains  four^  it  is  manifest  that  AB'{'BG  is  the 
double  of  AG. 

Prop.  IX. 

11.  Theorem.  In  any  triangle,  the  squares  of 
the  two  sides  are^  together,  the  double  of  the  squares 
of  half  the  base,  and  of  the  straight  line  joining  its 
bisection  and  the  opposite  angle. 

Let  ABC  be  any  triangle^  of  which  BC  is  the 
base^  and  AE  the  straight  line  joining  the  vertex  A, 
and  the  bisection  E  of  the  base :   Then> 

A&  +  AC'  =  2AE'  +  ^'EB'. 


*  That  is^  **  Upon  a  given  straight  line,  as  an  hjrpolenuae,  to 
describe  a  right-angled  triangle^  the  sides  of  which  shall  be 
arithmetic  proportionals." 
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For  from  A  draw  (£.  xii.  1 .)  AD  perpendicular  to 
£C>  and  first  let  AD  fell  within  the  base  BC. 


Then,  B/)*  +  /)C*  =  2^+2 -BB*.    (E.ix.  2.) 

Add  to  these  equals  2AD^. 

/.  5J0«+DC«+2^i>*=3^f5*+2jD^  +  2£B». 

i.  e.  AB^+AC^^2AE'+2ER.    (E.  xlviii.  K) 

And^  if  the  perpendicular  AD  fall  without  the 
base  BCy  the  proposition  may,  in  like  manner,  be 
deduced  from  E.  xlvii.  1,  and  E.  x.  2. 

Prop.  X. 

12.  Theorem.  The  squares  of  the  sides  of  amf 
parallelogram  are,  together,  equal  to  the  squares  of 
Us  diameters  taken  together. 

Let  ACBD  be  a  parallelogram,  of  which  AB  and 


CD  are  the  diameters:  JC"  +  C5*+SD* + ^3*  = 

For  (Supp.  xlii.  1.)  ^jBand  CD  bisect  one  another 
inE: 
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.-.  AG^+  CB*+  Biy+  DA"^  2ZB*+  3D^+ 

2jgF+2DJ?»(Supp.ix.  2.)        =    AB'+    CD" 
(E.  iv.  2,  and  Supp.  xlii.  1.) 

Prop.  XI. 

]  3.  Theorem.  If  either  diameter  of  a  parallelo'- 
gram  be  equal  to  one  of  the  9ides  about  the  opposite 
angle  of  the  figure,  its  square  shall  be  less  than  the 
sqtucre  of  the  other  diameter,  by  twice  the  square  of 
the  other  side  about  that  opposite  angle. 

Let  the  diameter  AB  of  the  O  ACBD  be  equal 

A 


B  B 

to  one  of  the  sides^  as  AC,  about  the  opposite  z  ACB; 
and  let  CD  be  the  other  diameter :  Then  CD^  as 
AB*  +  2C&.  _ 

For,  Cir^AB^^2AC^+  2CB  (Supp.  x.  2,  and 
E.  xxxiv.  1  .y 

From  these  equals  take  AB^  which  {hyp.)  is  equal 
to  AC^;  and  there  remains, 

CD'^AC^Jr2CB': 
i.e.  Ch'^AB^+2CB'i 

Wherefore  AB"  is  less  than  CD"  by  2  CJS*. 

Prop.  XII. 

14.    Theorem.    If  two  sides  of  a  trapezium  be 
parallel  to  each  other,  the  squares  of  its  diagonals 
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are^  together^  equal  to  the  aggregate  of  the  squ^ree 
of  its  two  eidesy  which  are  not  panMel,  and  of  twice 
the  rectangle  of  its  parallel  sides. 

Let  ABCD  be  a  trapezium^  having  the  side  AD 


parallel  to  the  side  BCy  and  let  AC  and  BD  be  its 
diameters:    Then, 

A(^  +  BD^^Aff  +  DC'  +  2ADx  SC. 

From  B  and  C,  the  extremities  of  BC,  the  greater 
of  the  two  parallel  sides,  draw  (E.  xii.  1.)  BE  and 
CF^  each  perpendicular  to  AD;  therefore  {hyp. 
and  E.  xxviii.  I .)  the  figure  EBFC  is  a  parallelogram^ 
and  (E.  xxxiv.  l.)  EF^BC. 

Firsts  let  both  the  perpendiculars  BE  and  CF  fall 
without  ADy  so  that,  both  of  them  meet  AD  pro- 
duced. 

..  AC'^DO+AD'+2ADxDPl  ,«     ..  ^  , 

-~>  (E.  XII.  2.) 

znABD'^AB'  +AD^^2ADx  aE)  ^  ' 

:.  Aa+  BDl't^  Aff+  DC+  nAD'-i^QADx  AE 
+fiADxDF. 
But  2AD'  +  2AD  X  AE+2AD  x  DF^2AD  x 
EF  (E.  i.  2.) 

.-.  AC'+BD'^AB'+DC^  +  2ADxEF: 
.-.  AC^'i^BD'zr.AB'+DC^+2AD  x  BC; 
because,  as  hath  been  shewn »  ER^BC. 

And,  in  like  manner,  may  the  proposition  be  de- 
monstrated^ by  the  help  of  E.  xiii.  2.  if  one  of  the 
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perpendiculars  drawn  from  B,  C,  fall  within  jID  the 
less  of  the  two  parallel  sides. 

Prop.  XIII. 

15.  Theorem.  The  square  of  the  base  of  an 
iaoscdes  triangle  is  the  double  of  the  rectangle  con- 
tained  hy  either  side,  and  by  the  straight  line  inter- 
cepted between  the  perpendicular,  let  fall  upon  U 
from  the  opposite  angle,  and  the  extremity  of  the 
base. 

If  the  vertical  angle  of  the  isosceles  triangle  be  a 
right  angle,  the  proof  of  the  proposition  is  manifestly 
dedocible  from  £.  xlvii.  1 . 

But  let  ABC,  be  an  isosceles  triangle,  having  its 


C 

vertical  angle  A,  not  a  right  angle :    Firsts  let  A  be 
an  acute  angle^  and  let  BD  be  the  perpendicular 

drawn  from  B  to  the  opposite  side  AC : 

Then,  BC^^2AC  x  CD. 
For,  since  BD  is  perpendicular  to  AC, 
therefore  (E.  xiii.  2.) 

.-.  13^  +  2  ACx  CD  =  AC^+BC\ 

From  these  equals  take  away  the  equal  squares 
(hyp.)  AB^taind  AC\  and  there  remains  BC'ss2AC 
X  CD. 


^>.    V  ««  <■ 


1 
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Secondly^  if  the  z  ^  be  obtuse,  the  proposition  is 
manifestly  deducibie  from  E*  xii.  3.  and  £.  i.  2. 

Prop.  XIV. 

16.  Theorem.  If  from  atiy  point,  in  the  circum- 
ference of  the  greater  of  two  given  concentric  circles, 
two  straight  lines  he  drawn  to  the  extremities  of  any 
diameter  of  the  less^  their  squares  shall  be,  tqgetherj 
the  double  of  the  squares  of  the  two  semi-diamelers 
of  the  two  given  circles. 

Let  AC  By  PDEf  be  two  circles  having  a  cominon 
centre  K:  and  from  any  point  P,  in  the  circumfer- 


ence of  the  greater,  let  PA,  PB,  be  drawn  to  the 
extremities  A  and  B^  of  any  diameter  AKB,  of  the 

less  circle :  Then  PA^ +PB'^2  KA'  +  aZP,  KA 
being  a  semi-diameter  of  the  less,  and  KP  a  semi- 
diameter  of  the  greater  circle. 

From  P  draw  (E.  xii.  1.)  PF  perpendicular  to 
ABi  and,  first,  let  PF  fell  without  AB.  And,  be- 
cause PF  is  perpendicular  to  AB, 
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..PB'+aSKx  KF^KF'+KI^  (E. xiii.  2.) 


also,  PA'^KP^^KA*'^2KAkKF; 
wherefore,  since  (E.  xv.  Def.  l.)  KB=sKA,  if  to 
the  two  former  equals,  the  two  latter  be  added^  and 
if  the  equal  rectan^^les,  2BKxKF,  mdaKJxKF, 
be  taken  from  the  equal  aggregates,  it  is  manifest  that 

Pjt+PB'^2KA'+2KP^. 
And,  in  like  manner,  the  proposition  may  be  de- 
monstrated, when  the  perpendicular  PF  falls  within 

AB^  the  diameter  of  the  lesser  circle. 


SUPPLEMENT 


TO  THE 


ELEMENTS  OF  EUCLID. 


PART   I. 
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Prov.  I. 

1.  Theorem.  If  too  circles  cut  each  other,  the 
^rtnght  line  joining  their  two  poinU  of  intersection 
is  btsected,  at  right  angks,  by  the  straight  line 
joining  that  eentres. 

Let  the  circle  ABC,  of  which  the  centre  is  K^ 


and  the  circle  ADC^  of  which  the  centre  ib  L^  cut 
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one  another  in  the  points  A,^  C;  and  let  K^  L,  and 
^y  Che  joined :  AC  is  bisected,  at  right  angles,  in 

E,  by  KL. 

For,  join  K^  A,  and  K,  C,  and  L,  A,  and  JL,  C : 
And*  since  (E.  Def.  15. 1.)  KA^KC  and  LA^LC, 
and  that  KL  is  common  to  the  two  as  KAL,  KCL, 
therefore  (E.  viii.  1.)  the  lAKL^  i  CKL.  Again, 
since  AK »  CK^  and  that  KE  is  common  to  the  two 
As  AEK,  CEK,  and,  as  hath  been  shewn,  the 
z  AKE^  I  CKE;  therefore  (E.  iv.  1.)  AE^CE, 
and  the  z  AEK^  z  CEK,  so  that  (E.  Def.  10.  l.) 
each  of  these  angles  is  a  right  angle.  Wherefore, 
KL  bisects  AC  at  right  angles. 

8.  Cor.  Hence,  if  a  trapezium  have  two  of  its 
adjacent  sides  equal  to  one  another,  and  also  its  two 
remaining  sides  equal  to  one  another,  its  diameters 
cut  each  other  at  right  angles^  and  that  which  is  the 
common  base  of  two  isosceles  triangles  is  bisected  by 
the  other. 

Prop.  II. 

3.  Problem.  Through  a  gwen  point  toUhin  a 
cirekf  which  is  not  the  centre,  to  draw  a  chord  which 
nhaU  he  bisected  in  that  point. 

Let  ^  be  a  given  point  vnthin  the  circle  BCD : 


It  is  required  to  draw,  through  A,  a  chord  of  the 
circle  BCD,  which  shall  be  bisected  in  the  point  A. 


•  •'-•1 
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Find  (£.  i.  3.)  the  centre  X  of  the  circle  BCD; 
join  A,  K;  draw  (£.  xl  l.)  tbroagh  J,  the  chord 
BJC  perpendicakr  to  KA:  Then  is  jBC  bisedted 
in  the  given  point  A. 

For  (canstr.)  KA,  which  is  drawn  through  'the 
centre  K,  cuts  BC  at  right  angles  in  A ;  therefore 
(E.iii.3,)  BA^AC.     . 

Prop.  HI. 

4.  Thjborem.  If  two  isoscdes  triangles  he  of 
equal  altUudeSy  and  the  side  of  one  he  equal  to  the 
side  of  the  other y  their  bases  shall  be  equal. 

Let  BKC,  DKE  be  two  isosceles  triangles^  having 


either  of  the  equal  sides,  as  BK^  of  the  one^  equal 
to  either  of  the  equal  sides,  as  DK^  of  the#other^ 
and  havings  also^  their  altitudes^  that  is,  the  perpen- 
diculars drawn  from  the  vertex  to  the  base  in  each, 
equal  to  one  another :  The  base  BC  is  equa}^  also^^ 
to  the  base  DE. 

For  the  triangles  being  supposed  to  be  so  placed: 
as  to  have  their  summits  in  the  same  point  K,  if  they 
whoDy  coincide,  it  is  manifest,  that  BC^DE;  And, 
if  they  do  not  coincide,  since  {hyp.)  KB^KD^KE 
» KC,  a  circle  described  from^  the  centre  K,  at  the 

H 
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distance  KB^  will  pass  thrMig^h  A  E,  and  C.  From 
J^L  as  a  centre^  describe,  tberefore,  the  drde  BDEC; 
and  since  (hjfp.)  the  perpendicular  KA  is  equal  to 
the  perpendicular  KL,  *•.  (E.  xiv.  3.)  BC^DE. 

Prop.  IV. 

5.  Theorem,  -rffiy  two  chords  of  a  circle,  which 
cut  a  diameter  in  the  same  point,  and  at  equal 
angles,  are  equal  to  one  another. 

Let  any  two  chords  AB,  CD  of  the  circle  ADBC 


cut  a  diameter  EF  in  the  same  point  6,  and  make 
with  it  the  /  AQE=^  z  CGE:  Then  JB^CD. 

For,  from  K^  the  centre  of  the  cbcle^  draw 
(£•  xii.  I.)  KL  perpendicular  to  AB,  and  KM  per-^ 
pendicular  to  CD.  And  since  {hyp.  and  E.  xv.  1.) 
the  I  LOK^  I  MQK^  and  (coMMn)  the  angles  at 
L  and  M  are  right  angles^  and  that  KG  h  common 
tb  the  two  AS  KLG,  KMG,  therefore  (£.  xxvi*  l.) 
KL  *=  KM;  therefore  (E.  xir.  3.)  AB  =*  CD. 


I  •  f 


Prop.  V. 
6.   PROniEAt.    Through  a  given  point,  wilMn  a 


1 
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given  ctrcky  to  draw  two  equal  chords,  tnaking  with 
one  another  an  angle  equal  to  a  given  rectilineal 
angle. 

Let  G  be  a  point  in  the  circle  ADBC,  and 


XHY  a  rectilineal  angle :  It  is  required  to  draw 
throagh  O  two  equal  chords  of  the  circle  ADBC, 
which  shall  make  with  one  another  an  angle  =8 
jlXHY. 

Find  the^  centre  K  (EL  i.  3.)  of  the  circle  ADBC, 
and  join  K,  G;  bisect  (E.  ix.  1.)  the   z  XHV  by 

ZB;  at  the  point  6,  in  KG,  make  (E.  xxiii.  1.)  the 
1 9  KGB,  KGD  each  equal  to  the  z  ZHX  or  ZHY, 
and  produce  BG  and  DG  to  meet  the  circumference 
in  A  and  C  respectively. 

Then  (constr.)  the  whole  z  BGD^  z  XHr;  and 
since  (constr.)  the    z  KGB^  z  KGD;   therefore 

(Sopp.  iv.  3.)  AB=^CD. 

Prop.  VI. 

7.  Theorem.  If  the  diameters  of  two  circles  are 
in  the  same  straight  line,  and  have  a  common  ex- 
tremity^  the  two  circles  shall  touch  one  another. 

H  2 
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For  riince  (hyp.)  the  two  diameters  are  .in  the 
same  straight  line^  it  is  manifest  that  a  straight  line 
drawn,  from  their  common  extremity^  perpendicular 
to  either  of  them  will  be  perpendicular  to  the  other, 
and  therefore  (£•  Xvi.  3.  Cor.)  will  touch  both  the 
circles:  *The  circles^  therefore,  (E. iii.  Def.3.)  will 
touch  one  another :  For  it  is  plain  that  they  cannot 
cut  one  another  without  also  cutting  the  straight  line 
that  has  been  shewn  to  be  their  common  tangent; 
which  is  impossible. 


Prop.  VII. 

8.  Problem.  Three  points  being  gioen  in  the 
drcun^ference  of  a  circle,  and  the  middle  paint  being 
equidiHflnt/rom  the  other  tw),  to  describe  two  eqwd 
circles;  foohich  shall  touch  each  other  in  the  middle 
point,  and  which  shall  pass  the  one  through  one  of 
the  extreme  points,  and  the  other  through  the  other 
extreme  point. 

Let  ^,  B,   C,  be  three  points    in  the   circum- 


ference  of  the   circle  -  ABC,  and   let  the  middle 


n 
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pointy  B,  be  equidistant  from  ji  and  C:  It  is  re- 
quired to  describe  two  equal  circles^  the  on6  passing 
through  A  and  the  other  through  C,  which  shall 
touch  one  another  in  B. 
Join  J,  B,  and  B,  C;  find  (E.  i.  3.)  the  centre  K 

of  the  circle;  from  K  draw  (E. xii.  1.)  KD  per- 
pendicular to  ^?5,  and  iO  to  BC;  join  £*,  B;  and 

through  B  draw  (E.  xi.  1.)  FBG  perpendicular  to 
KB  meeting  KD  and  KE,  produced  in  F  and  G 
respectively. 

Then  since  (hyp.)  AB—  BC,  therefore  (E.  xiv.  3.) 
KD^KEv  and  KB  is  common  to  the  two  as  KDB 
and  KEBy  and  {hyp*  constr.  and  E.  iii.  3.)  the  side 
D^=the  side  EB%  therefore  (E.  viii.  1.)  the  z/)£S 
^lEKB. 

And>  since  KB  is  common  to  the  two  as  KBF, 
KBG,  and  the  iFKB^  ^GKB,  and  (constr.)  the 
zKBF=^  aKBG,  therefore  (E.xxvi.  l.)  FB^GB. 
If,  therefore,  from  F  and  G,  as  centres^  at  the  equal 
distances  FB^  GB,  two  equal  circles  be  describedj 
they  will  pass  {constr.  and  Supp.  iii.  1.  Cor.  S.)  the 
one  through  A,  and  the  other  through  C,  aiid 
(Supp.  vi.  3.)  they  will  touch  one  another  in  the. 
point  B. 

Prop.  VIII. 

9.  Problem.  To  draw  a  tangent  to  a  circle, 
which  shall  he  parallel  to  a  given  Jinite  straight 
line. 

9 

Let  ABC  be  a  circle^  and  XY  a  straight  line : 
It  is  required  to  draw  a  straight  line  which  shall 
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G       W 


touch  the  circle  ABC,  and  which  shall  be  parallel 

to  xr. 

Find  (£.  i.  3.)  the  centre  K  of  the  circle  ABC; 
ftma  K  draw  (E.  xii.  i .)  the  diameter  AKC  perpen- 
dicalar  to  XY;  and  from  either  of  the  extremities, 

as  C.  of  AC  draw  (E.  xi.  l.)  ZCW  perpendibuhr 
to  AC. 

Then  since  ZfFC  is  perpendicular  to  AC,  at  its 
extremity  C,  it  touches  (E.  xvi.  3.  Cot.)  the  circle 
ABC:  And  since  {constr.)  the  two  /s  XDC,  DCZ 
are  two  right  angles,  therefore  (E.  xxviii.  1.)  ZlVia 
parallel  to  XY. 

10.  Cor.  Hence  a  tangent  may  be  drawn  to  a 
circle  which  shall  make  with  a  given  straight  line  an 
angle  equal  to  a  given  rectilineal  angle. 

For  let  it  be  required  ia  draw  a  tangent  to  the 
circle  ABC^  which  shall  make  with  a  given  straight 
line  VfFva.  angle  equal  to  a  given  angle:  Take  any 
point  r  in  r»^,'and  ai  th6  point  F,  in  FF,  make 
(E.  xxiii.  1.)  the  z  VYX  equal  to  the  given  angle : 
If,  then,  the  tangent  ZfF  be  drawn  (Supp.  viii.  3.) 
paraUel  to  YX,  it  will  make  (E.xxix.  1.)  the  ^ZIW 
»  X.  XYVy  which  is  equal  to  the  given  angle. 
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Prop.  IX. 

11.  PupBUBf «  .7%^  4iafnet€r  9/  a  circle  having 
htn  producpci  to  a  given  pointy  to  find  in  the  part 
produced,  apokUJromwhich^  if  a  tangent  be  drawn 
to  the  circle,  it  shall  be  equal  to  the  segment  qf  the 
part  produced^  Jhat  is  b^ween  the  given  paint  and 
the  point  found. 

Let  the  diameter  AB  of  the  circle  ABC  be  pro- 
duced to  the  given  point  D:  It  is  required  to  find 
in  BD  a  point  from  which  if  a  tangent  be  drawn  to 
the  circle^  it  shall  be  equal  to  the  part  of  BD  which 
is  between  that  point  and  D. 

Find  the  centre  K  of  the  circle  ABC;  from  K 
draw  (E.  xi.  1.)  KC  perpendicular  to  AB;  join  D, 


C,  and  let  DC  meet  the  circumference  in  E ;  join 
Kj  E ;  from  E  draw  £F  perpendicular  to  KE  and 
let  EF  meet  BD  in  F:  Then  is  F  the  point 
which  was  to  be  found. 
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For  (E.  xiiL  1.)  the  zs  KEC.  KEF,  FED  are  to- 
gether equal  to  two  right  angles;  as  are,  also, 
(E.  xxxii.  1.)  the  three  zs  DCK,  CKD,  and  KDC^ 
of  the  ^DKC:  But  since  (E.  xv.  Def.  1.)  KE^KQ 
therefore  (E.  v.  1.)  the  iKEC^  lKCE;  and 
{conMtr.)  the  z  s  KEF,  CKD  are  equal,  each  of 
them  being  a  right  angle ;  therefore  the  remaining 
^FED  is  equal  to  the  remaining  lKDC  ov  FDE: 
therefore  (E.  vi.  1.)  FE^FD;  and  since  {constr.) 
EF  is  perpendicular  to  the  semi-diameter  KE,  at  its 
extremity  E,  therefore  (E.  xvi.  3.)  FE  touches  the 
circle  ^i3C    q.£.f. 


Prop.  X. 

12.  Problem.  To  describe  a  circle  which  shall 
haoe  a  gioen  semi-diam^er  and  its  centre  in  a  given 
sitraight  line,  and  shall  also  touch  another  straight 
line,  inclined  at  a  given  angle  to  the  former. 

Let  jIX  and   AV  be   two   straight   lines  in- 


clined to  one  another  at  a  given  angle;  and  let  L 
be, a  finite  straight  line:  It  is  required  to  de- 
scribe a  circle^  which  shall  have  its  centre  in  AV, 
and  its  semi-diameter  equal  to  L,  and  which  shall 

touch  AX. 


■■■i«M 


m^r^t^T' 


■^r-w^^ 


■i^- 
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From  the  point  A,  in  AX,  draw  (E«  xi.  1.)  AB 

perpendicular  to  AX,  and  make  AB^L;  through 

B  draw  (E.xxxi.  1.)  jBCparaUel  to  AX,  and  through 

C  draw  CD  parallel  to  AB :  Wherefore,  DB  is  a 

parallelogram;   therefore   (E. xxxiv.  1.)   DC^AB; 

and  since  (canstr.)  the   ^BAD  is  a  right  angle; 

therefore  (E.  xxix.  l.)  the   Z.ADC  is  ako  a  right 

angle:  It  is  manifest,  therefore,  that  a  circle  de* 

scribed  from  C  as  a  centre,  at  the  distance  CD,  will 

(E.  xvi.  3.  CcT.)  touch  AX;  and  its  semi-diameter 

CD  has  been  shewn  to  be  equal  to  AB,  which 

was  made  equal  to  the  given  straight  line  L.    <2.e.f. 


Prop.  XI. 

13.  Problem.    To  describe  a  circle,  the  circum- 
Jerence  of  which  shall  pass  through  a  given  point, 
and  touch  a  given  straight  line  in  another  ^loen 
point. 

Let  £  be  a  point  in  the  straight  line  XV,  and 


let  A  be  any  other  pointy  without  that  line:    It 
is  required  to  describe  a  circle  the  circumference  of 
which  shall  pass  through  A  and  touch  XJT  in  B. 
Prom   B  draw  (E.  xi.  1.)  BC  perpendicular  to 
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XF;  join  A.  B;  bisect  (E.x.  1.)  JB  tD  A  and 

from  D  draw  DK  perpendicular  to  AB;  therefore 
(Supp.  ill;  1 .  Car.  2.)  K  is  equidistant  from  A  and 
B:  It  is  manifest^  therefore,  that  the  circumference 
of  a  circle  described  from  i^  as  a  centre,  at  the  dis* 
tance  KB  will  pass  throug^h  Ai  and  since  BV 
{constr.)  is  perpendicular  to  KB,  the  circle  so  de« 
scribed  will  (E.  xvi.  3.  Cor.)  touch  XY  in  B. 

Prop.  XII. 

14.  Problem.    To  descrU^  a  circle,  the  ctrcmit- 
Jerence  of  which  shall  pass  through  a  given  point, 
and  touch  a  given  circle  in  another  given  point; 
the  two  points  not  fying  in  a  tangent  to  the  circle. 

Let  jB  be  a  point  in  the  circle  AB^  and   C  any 


other  point,  which  is  not  in  a  tangent  to  the  circle 
at  iB:  It  is  required  to  describe  a  circle,  the  cir- 
cumference of  which  shall  pass  through  C  and  touch 
the  circle  AB  in  B. 

Find  (EJ.  3.)  the  centre  JT  of  the  circle  AB; 
join  C,  B  and  K,  B;  bisect  (E.x.  1.)  CB  in  E; 
draw  (E.  xi.  1.)  ED  perpendicular  to  CB,  and  let 
ED  meet  KB,  produced  if  necessary,  in  D :  Then, 
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since  (Sopp.  iii.  1.  Cor.  2)  the  point  D  is  equidistant 
from  B  and  C,  the  circumference  of  a  circle  de- 
scribed from  £>  as  a  centre,  at  the  distance  DB,  will 
pass  through  C,  and  (Supp.  vi.  3.)  it  will  touch  the 
circle  AB  m  B. 

•  • 

Prop.  XIII. 

15.  Problem.  To  describe  a  circle,  which  shall 
touch  a  gioen  straight  line  in  a  given  point,  and 
also  touch  a  given  circle. 

Let  AB  be  a  circle,  and  let  C  be  a  point  in  the 


straight  line  XY:  It  is  required  to  describe  a  circle 
which  shall  touch  XY  in  C,  and  which  shall  also 
touch  the  circle  AB. 

Through  C  draw  (E.  xi.  I .)  ECD  perpendicular 
to  XV;  find  (E.  i.  3.)  the  centre  K  of  the  circle  AB, 
and  draw  any  semi-diameter  of  it  at  KA;  make 
(E.  iii.  1.)  CE^KA,  and  join  E,  K;  at  the  point 
K,  in  EK,  make  (E.  xxiii.  1.)  the  aEKD^  iKED, 

and  let  KD  meet  ECD  in  D :  Then,  since  {constr.) 
the  z  DEK^  z  DKE,  therefore  (E.  vi.  l .)  DE^DK; 
and  CE  =  BK,  for  CE  was  made  equal  to  KA,  and 
(E.  XV.  Def- 1.)  KA^KB;  therefore,  Ihe  remainder  . 
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DC  is  equal  to  the  remainder  DB;  therefore^  a 
circle  described  from  D,  as  a  centre,  at  the  distance 
DC,  will  pass  through  B ;  and  (E.  xvi.  3.  Cb^.  and 
comtT.)  it  will  touch  ^Kin  C,  and  (Snpp.  vi.  3.)  it 
will  also  touch  the  circle  AB  in  B. 

16.  Cor.   It  is  manifest  that,  in  the  same  manner^ 
a  circle  may  be  described  which  shall  touch  a  given . 
circle  in  a  given  point,  and  which  shall^  also^  touch 
another  given  circle. 

For^  if  a  straight  line  be  drawn  at  right  angles 
to  the  diameter  of  the  given  circle  that  passes 
through  the  given  pointy  then  the  solution  of  this 
latter  problem  is»  evidently,  reduced  to  that  of  the 
former. 


Prop;  XIV. 

17.  Problem.  To  describe  two  circles,  each  having 
a  gwen  semi-diameter,  which  shall  touch  the  same 
gioen^  straight  line,  both  on  the  same  side  of  it,  and 
shall  also  tottch  each  other. 

Let  XY  be  a  straight  line^  of  indefinite 
length :  It  is  required  to  describe  two  circles^  each 

C 


having  a  given  semi-diameter^  which  shall  touch  XV, 
and  also  touch  one  another. 
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Take  any  point  A  in  XY\  through  A  draw  (E. 


xi.  1.)  CB  perpendicular  to  XIT,  and  make  AB  equal 
to  the  given  semi-diameter  of  one  of  the  circles,  and 
AC  equal  to  the  given  semi-diameter  of  the  other ; 
from  jB,  as  a  centre^  at  the  distance  jB.^  describe 
the  circle  AF\  from  AB^  produced^  if  necessary, 
cut  off  (E.  iii.  1.)  AD^AC\    through   2>   draw 

(E.  xxxi.  1 .)  DZ  parallel  to  XY-y  from  fi  as  a  centre, 
at  the  distance  BC  describe  a  circle^  and  let  its 
circumference  cut  HZ  in  K\  through  K  draw  KE 
parallel  to  AD,  and  join  K^  B ;  therefore  the  figure 
AEKD  is  a  parallelogram^  and  (E.  zzxiv.  1.)  KE^ 
DA  or  AC;  also  (constr.  and  E.  xv.  Def.  1.)  jBC= 
BK;  and  BA-BF;  therefore  the  remainder  ^Cs 
the  remainder  FK^   and  it  has  been  shewn  that 
AC^KE;   .\  KE^KF;   therefore,   a  circle  de- 
scribed from  jK  as  a  centre,  at  the  distance  KE^  will 
pass  through   F  and  (Supp.  vi.  3.)  will  touch  the 
circle  AF^  which  circle  {constr.  and  £.  xvi.  3.  Car.) 
touches  XV;  and  since  {c<m8tr.)  the  z,DAE  b  a 
right  an^e,  and  that  KE  was  drawn  parallel  to  DA, 
therefore  (E.xxix.  l.)  the  ^KEA  is  a  right  angle; 
therefore  (E.  xvi.  3.  Cor.)  the  circle  EF^  also,  touches 
XY;  and  its  semi-djameter  KE  has  been  shewn  to 
be  equal  to  AD^  which  was  made  equal  to  the  given 
semi-diameter.     q.e.f. 

« 

Prop.  XV. 

18.  Problem.  To  describe  two  equal  circles,  each 
hmifig  its  diameter  equal  to  a  given  straight  Une, 
each  touching  a  given  circle,  and  each  also  passing 
through  a  given  point  without  that  circle:  The  given 
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straight  line  being  greater  than  the  shortest  diHaneey 
between  the  given  paint  and  the  circumference  of  the 
given  circle. 

Let  AB6  be  a  circle^    C  a  point  without  it. 


and  LM  a  given  straight  line  greater  than  the 
shortest  distance  between  C  and  the  circumference 
of  ABO:  It  is  required  to  describe  two  equal 
circles^  each  having  its  diameter  equal  to  LM, 
each  'of  then,  touching  ABG  and  each  passing 
through  C. 

Bisect  (E.  X.  1.)  LM  in  N;  take  any  point  A  in 

JB^;  find  (E.i.  3.)  the  centre  K  of  ABG,  and 
join  K,  A ;  produce  KA  to  D  and  make  AD  s  NL 
or  NM;  from  K  m  n.  centre^  at  the  distance  KD, 
describe  the  circle  DEF,  and  from  the  centre  C  at 
a  distance  equal  to  NL  or  NM,  describe  the  circle 

EF  and  let  ^  cut  iSE)P  in  the  points  E,  and  F; 
join  E,  K,  and  F,  K,  and  let  EK  and  FK  meet 

^iBG  in  the  points  B  and  G;  join^  also,  C,  E  and 
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Then,  it  is,  manifest^  (froni  the  cmatr.  and  E.  xv. 
Def.  1.)  that  EB,  EC,  JF¥7and  F6  are  each  of  them 
equal  to  LN,  the  half  of  the  given  straight  line  LM; 
therefore^  the  two  equal  circles  described  from  the 
centrea  E  and  F,  at  the  eqiial  distances  EC  and 
FC,  will  each  of  them  have  its  dktmeter  equal  to 
LM,  will  each  of  them  pass  through  the  given  point 
C,  and  (Supp.  vi*3.)  will  touch  the  given  circle  ABG 
in  B  and  G. 

19.  CoR.  In  the  same  manner  two  equal  circles 
may  be  described^  each  of  them  touching  two  given 
concentric  circles^  and  each  passing  through  a  given 
point  situated  between  the  circumferences  of  those 
two  given  circles. 

Prop!  XVI. 

20.  Problem.  To  JinA  a  point  in  the  diameter, 
produced,  of  a  given  circle,  from  which,  if  a  tangent 
be  drawn  to  the  circle,  it  shall  be  equal  to  a  given 
straight  line. 

Let  AB  be  a  diameter  of  the  given  circle  ABC, 


ETC 


and    let    L    be    a     finite    straisrht    line:     It    is 
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required  to  find  a  point  in  AB,  produced,  from 
X¥hich  if  a  tangent  be  drawn  to  the  circle  ABC,  it 
shall  be  equal  to  L. 
Produce  AB,  towards  X;  and  from  B  draw  (E. 

xi.  1.)  SB  perpendioilar  to  AB  and  make  BD^L;* 
find  (E.  i.  3*)  the  centre  K  of  the  circle  ABC,  and 

join  if,  Z>;  let  AB  cut  JBC  in  C;  from  KX  cut 
off  (E.  iii.  1.)  KE^KD:  Then  is  E  the  point  which 
was  to  be  found. 

Fori  join  E,  C :  And  since  {constr.  and  E.  xv« 
Def.  1.)  the  two  sides  DK^  KB,  Bte  equal  to  the 
two  sides  jE/iT^  KC,  and  that  the'z  JC  is  common  to 
the  two  AS  DBK,  ECK,  therefore  (E.iv.  1.)  EC=^ 
BD  and  the  ^ECK^  lDBK;  but  {constr.)  BD^ 
L,  and  the  z  DBK  is  a  right  angle ;  therefore  £C=s 
L,  and  the  ^ECK  is  a  right  angle;  therefore  (E.  xyi. 
1 .  Cbf .)  EC  is  a  tangent  to  the  circle  ABC. 


Prop.  XVII. 

81.  Theorem.  If  the  straight  Ime,  drawn  from 
a  point  in  the  produced  diameter  of  a  cirde  to  the 
convex  circumference  be  equal  to  the  half  of  the 
diameter,  the  angle  at  the  centre,  subtended  by  the 
concave  circumference  included  between  the  diameter 
and  the  line  so  drawn,  is  the  triple  of  the  angle,  at 
the  centre,  subtended  by  the  convex  circumference 
included  between  the  same  two  lines. 

Let  CDE  be  a  circle,  of  which  K  is  the 
centre,  and  CDB,  a  produced  diameter ;  and  let  AE, 
which  touches  the  circumference  in  E,  or  SF,  a 


1 


part  of  BFG,  which  cuts  it,  be  •  equal  to  the  »emi- 


diameter  of  the  circle :  TIten  K,  £,  and  K,  F,  and 
K,  G,  having  been  joined,  the  ^EKC^^'SzEKD; 
and  the  z  GKC=^3 1 PKD. 

For,  finit,  since /^£  iouches  the  circle,  the  ^AEK 
(E.  xviii.  3«)  is  a  right  angle;  therefore  (£. xxxii.  1.) 
the  LEAK+  lEKA^^KEA;  and  (Ajip.)  EA=EK^ 
therefore  (g.v.  l.)  tiie  lEAK^  ^EKA;  therefore 
the  i:J?£y^=3z£:^^;  but,(f:.xxxii.  1.)  the  zEKC 
=  z  Jf £^+  z  EKA ;  therefore  the  z  EKC=^3  /  E^^.' 

Secondly,  since  (hyp.  and  E.  v.  1.)  the  j:FBK^ 
iFKB,  and  (E.  xxxii.  1.)  the  ^GFK^  zFKB+ 
L  FBK,  therefore  the  /  GFK=a  t  FKB :  But  (£.  xv. 
Def.  1.)  KF=KG;  therefore  the  iKFG=  lKGF; 
therefore  the  zKGF=2^FKD;  and  (E.xxxii.  1.) 
the  z  GKC=  JL KGB  +  /  GBK  =  / KGF+  ^FKD; 
therefore  the  zGKC-3  zFKD. 

22.  Cor.  Hence,  if-a  straight  line  could  be  drawn 
from  any  point  in' the  curve  of  a  semi-circle,  to  meet 
the  diameter  produced,  so  that  the  part  of  the  line 
without  the  curve  should  be  equal  to  the  semi- 
diameter,  any  angle  might  be  trisected. 

I 
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For^  let  GKC  be  any  g^yen  aog^e ;  from  K  as 
a  centre^  at  any  distance  KC^  describe  the  circle 
CGD,  and  produce  the  diameter  CD:    Then,  if 

from  G,  GFB  could  be  drawn  to  meet  CD  produced 
in  B,  so  that  the  part  of  it,  FB,  without  tfte  circle, 
should  be  equal  to  the  semi-diameter  KC^  it  is  mani- 
fest from  the  proposition,  that  the  ^^  GBC  is  the 
third  part  of  the  /.GKC:  If,  therefore,  at  the  pmnt 

K  in  CK,  the  z  CKH  were  made  (E.  xxiii.  l.)  equal 
to  the  z  CBG,  and  if,  also,  at  the  point  K  in  UK  the 
/  HKI  were  made  equal  to  the  same  z  CBG,  it  is 
plain  that  the  given  z  GKC  would  thereby  be  di- 
Tided  into  three  equal  parts. 

Prop.  XVIIL 

88.  PaoBLEM.  Thrfrttgh  a  given  point,  eitker 
within,  or  wit/unU  a  gioen  dpcte,  to  draw  a  straight 
line}  so  that  the  pan*  of  it  within  the  circle  shall  be 
^uat  to  a  gk>enjinite-  straight  Bne,  which  is  not 
greater  than  the  diamettr. 

Let  A  be  the  given  point,  and  L  the  given  finite 

A 


L 


Straight  line^  not  greater  than  the  diameter  of  FBC 
the  given  circle :  It  it  reqaiiedto  diajiy  throngb  A  a 
straight  line  cutting  FBC,  so  that  the  part  of  it 
within  the  circle  shall  be  equal  to  L. 

Find  (E.  i.  3.)  the  centre  K  of  the  given  circle; 
and  if  jL  be  equal  to  its  d%roeter^  let  A^  K  be  joined, 

and  it  is  manifest  that  AK  produced  will  be  the 
straight  line  which  was  to  be  drawn. 

But  if  L  be  less  than  the  dianketer,  take  any  point 

B  in  POBH;  from  J3  as  a  centre,  at  a  distance 

equal  to  L,  describe  a  circle  cutting^  FOBC  in  C, 
and  join  B,  C;  therefore  (E.  xv.  Def.  1-)  BC^L: 
From  K  draw  (£.  xii.  1 .)  KD  perpendicular  to  BC; 
from  the  centre  K  at  Die  distance  A7>,  describe  the 

circle  JS&;  from  the  points  draw  (E.  xviir3.)  AE 
touching  the  circle  ED  in  E^  and  let  AE,  produced, 
meet  the  circumference  in  Fand  6*:  Then  FG^L. 
For  (E.  XV.  Def.  1.)  KE^KD,  and  since  AE 
toiK^s  the  circle  ED  in  E,  tho^AEK  is  (E.  xviii. 
3.)  a  right  angle/ as  is  also  (cimstf.)  the  /.KDBi 
therefore  (G.  x»v.  a.)  fG^Q^i  h»k  CByf9j^  mad^ 
equal  to  L:  .\  FG^L.  ^ 

Prop.  XIX. 

24.  Thbobem.  Ift  fTQjfi  Mif  tti^  ffmls  in  tk^ 
circu^ereme  of  i^  g9!S0ler  of  tV9o  given  con^entsi^ 
drele^^  two  siraigfa  l^nea  h§  drawn  8a  as,  ta  t^^ 
the  less  circle,  they  shall  he  eqiml  to  one  another ^ 

Let  Fy  G,  be  any  two  points  in  the  circumference 
EFG  of  the  greater  of  two  circles,  EFO,  ABC, 
which  have  a  common  centre  K :  Two  straight  lines 

12 
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drawn  from  F  and  6  so  as  to  touch  the  less  circle 
ABC  shall  be  equal  to  one  another. 


For,  draw  (E.  xyii.  3.)  from  F  and  G,  FC  and  GB 
touching  ABC  in  C  and  B  respectively ;  and  join 
K,  Cand  K,  F  and  K,  G  and  K,  B;  therefore  (E. 
xviii.  3.)  the  zs  KCF  and  KBG  are  right  angles; 
therefore  (E.  xlvii,  1.) 

KF^^KC'^CF'; 
and  KG*:^KB'^BG': 

But  (E.XV.  Def.  1.)  KF^KG,  and  KC^KB-,  there- 
fore KC^+Cr^KB^+BG^;  take  away  the  equal 
squares,  KC^,  and  KB*,  and  there  remains  CF*ss 
B&;  ..CF^BG. 

85,  Cor.  1  •  In  the  same  manner  it  may  be  shewn, 
that  if  two  straight  lines  be  drawn  from  any  the  same 
point  so  as  to  touch  a  given  circle,  they  shall  be 
equal  to  one  another;  and  therefore^  (E.  viii«  1.) 
the  straight  line  joining  that  point  and  the  centre^ 
bisects  the  angle  contained  by  the, two  equal  tan^ 
gents. 

S6.  Cor.  2.  If  two  circles  touch  one  another  and 
also  touch  a  given  straight  line,  which  does  not  pass 
through  their  common  point  of  contact^  a  straight 


BOOK  iir.  117 

line  that  touches  both  the  circles  in  their  common 
point  of  contact  shall  bisect  that  other  tangent 
straieht  line. 

Prop.  XX. 

S7.  Theorem.  If  a  qtiodrUaleral  rectUmeal^gure 
be  described  about  a  circle,  the  angles  subtended, 
at  the  centre  of  the  circle,  by  any  two  opposite  sides 
of  the  ^figure,  are,  together y  equal  to  two  right 
angles. 

Let  the  quadrilateral  figure  ABCD  he  described 

A 


about  the  circle  EFLM,  of  which  the  centre  is  K; 
the  angles  subtended  at  K,  by  the  two  opposite  sides 
ADj  BC,  or  by  AB,  DC,  are  together^  equal  to  two 
right  angles. 

For  join  K,  A,  and  X,  B,  and  K^  C,  and  K,  D : 
Then, .  because  (E.  xxxii.  I.  Car.)  the  four  interior 
^s  A^B,  C,  D,  of  the  figure  ABCD,  are  equal  to 
four  right  angles^  and  that  (Supp.  xiz.3.  Cor.  1.)  they 

are  bisected  by  KA,  KB,  KC  and  KD,  respectively^ 
therefore  the  zs  KAD,  KDA.  KBC,  KCB  are, 
together,  equal  to  two  right  angles ;  but  (E.  xxxii.  l .] 
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those  canglM,  together  with  the  L^\AKD,  BKC, 
being  all  the  aivglesof  the  two  AsjiKD,  BKC,  are 
equal  to  four  right  angles ;  therefore  the  Zs  AKDj 
BKQ  are^  together^  equal  to  two  right  angles; 
therefore  (E.  xv.  1.  Cor.  3.)  the  Zs  AKB,  DKQ 
we,  also^  rtbfcen  together;  equal  to  two  right  angles. 

28.  Cor.  If  two  of  the  sides  as  ^/>,  BC,  bf  the 
qui^drilateral  figure  described  about  the  circle  EPL, 
touch  the  circle  at  the  extremities  of  a  diameter,  the 
angles  subtended  at  the  centre  K,  by  each  of  the  two 
remainihg  sides'/  shi&ll  be  right  angles. 

For  then  since  (E.  xviii.  3.  and  E.  xxviii.  1.)  AD 
is  parallel  to  BC;  therefore  (E.  xxix.  1 .)  the  Z  EAB 
+  /.  ABL  ^  two  right  angles;  and  (Supp.  xix.  3. 
Car.  1.)  the  Z  EAB  is  double  of  the  Z  BAK;  in 
the  same  manner  the  Z  ABL  may  be  shewn  to  be 
double  of  the  Z  ABK;  but  it  has  been  proved  that 
the  L  EAB+  Z  ABL  =  two  right  angles ;  therefore 
the  ZKAB+ZKBA=zfirightnng\e;  .-.  (E.xxxii.  1.) 
the  Z  AKB  is  a  right  angle :  But  (Supp.  xx.  3.)  the 
z  AKB-V  z  DKCss tyro  right  angles;  therefore  the 
z  DKC  IB,  also,  a  right  angle. 

Peop.  XXL 

29.  Theorem.  If  two  given  straight  lines  touch 
acircte,and^any  number  of  other  tangents  be  drawn^ 
att  on  the  tame  Me  of  the  centre,  and  aU  terminated 
hf  the  two  givm  tangents,  the  angles  which  they  sub- 
tend,  at  ike  centre  of  the  circle,  shall  be  equal  to  one 
another. 

Let  the  two  stiaight  line«  AH,  DC  touch   the 
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circle  BFIjM,  and  let  BC  aiid  GH  be  any  other 


tangents  of  the  circle^  both  on  the  same  side  of  the 

centre  K^  and  both  terminated  by  AH  and  DC : 

Then  BC  and  GH  subtend  equal  angles  at  the 
centre. 

For  draw  (E.  xvii.  3.)  any  other  tangent  to  the 
drde^  on  the  contrary  side  of  the  centre,  as  DEA^ 
terminated  in  A  and  Dy  by  AH  and  DC;  and  draw 
KA,  IS,  KB,  and  KC,  KG  and  WD:  And  be- 
cause ABCD,  AHGDj  are  quadrilateral  figures  de- 
scribed about  the  cirde^  therefore  (Supp.  xx.  3.)  the 
z  AKD  +  L  BKC  ss  two  right  angles  ;  and,  the 
/  AKD  +  L  HKO  =  two  right  angles ;  therefore 
the  z  BKC  Si  z  HKG;  i.  e.  the  angle  subtiended  at 
the  centre  by  the  tangent  BC  is  equal  to  the  angle 
subtended  at  the  centre  by  the  tangent  HG. 

30.  CoR.  7he  two  s^^enls^  which  any  two 
tangents,  so  dmwn,  cut  off  from  the  two  gii^n  (an- 
gents,  also  subtend  equal  angles,  at  the  centre  of  the 
circle. 

Let  Aff  and  GCbe  the  segments  cut  off  fwmthe 
tangents  AH  and  2>C,  by  the  two  tangents  BC  and 
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:   They  sabtend  ^ual  /s  BKH,  GKC  at  the 
centre  K. 

For  it  has  been  shevf  n  that  the  /  BKC^  z  HKG; 
from  these  equals  take  away  the  coinmon  /  HKC, 
and  there  remains  the  z  BKH—  z  QKC. 

Prop.  XXII. 

31.  Problem.  To  draw  a  tangent  to  a  given 
circle,  such  that  its  segment,  contained  between  the 
point  of  contact,  and  an  indefinite  straight  line,  gioen 
in  position,  shall  be  equal  to  a  gioen  finite  straight 
line. 

Let  ^BC  be  the  given  circle^  L  a  finite  straight 


line,  and  XY  an  indefinite  straight  line  given  in 
position :  It  is  required  to  draw  a  tangent  to  ABC 
so  that  its  s^ment  between  the  point   of  contact 

and  Xy,  shall  be  equal  to  L. 

Find  the  centre  K  (E.  i.  3.)  of  the  given  circle, 
and  take  any  diameter  of  it,  as  AKD;  in  AD  pro- 
duced find  (Supp.  xyi.  3«)  a  point  E  from  whiicb  if  a 
tangent  be  drawn  to  the  given  circle  ABC  it  sh^l 
be  equd  to  L;  firom  iT  aaa  centre/  at  the  distance 
iui?/ describe  the  circle  EFGy  and  let  it  meet,  or 


o^^mp 
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cat,  Xr  in  F;  from  F  draw  (E.  xvii.  3.)  1^  to  touch 
the  circle  ABC  in  C:  And  .since  (Supp.  xix.  3.) 
FC  is  equal  to  the  tangent  which  can  be  drawn  from 
E,  and  which  (constr.)  is  itself  equal  to  -L,  it  fs 
manifest  that  CF^L;  i.  e.  the  segment  of  the  tan- 
gent between  the  point  of  contact  C  and  XY  is 
equal  to  the  given  straight  line  L. 

Prop.  XXIII. 

32.  Theorem.  J^  a  straight  line  touch  the  tn- 
terior  of  too  coficentric  circles,  and  be  terminated 
bath  ways  by  the  circumference  of  the  outer  circle^ 
it  shall  be  bisected  in  the  paint  of  contact. 

Let  OBC,  EDH  be  two  circles  having  a  common 


centre  K,  and  let  BC  touch  the  interior  circle  EDH 
in  D  :    Then  is  BC  bisected  in  D. 

For  join  Ky  D :  And,  because  BC  touches  EDH 
in  A  the  zs  KDC,  KDB  (E.  xviii.  3.)  are  right 
angles ;  therefore  (E.  iii.  3.)  BC  is  bisected  in  £>. 

Prop.  XXIV. 

33.  Theorem.  If  a  polygon  be  described  about  a 
drclcy  the  straight  lines  joining  the  several  points  of 
contact  mil  contain  a  polygon  of  the  same  number  of 
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angles  as  ihejbrmer ;  and  amf  tmo  adjacent  migles 
of  the  circmnscribei  ^figure  shall  be,  together^  the: 
ffoceUe  vf  that  a$igle,  of  the  inscribed  figure,  which 
Hes  between  them. 

Let  the  sides  of  the  poI}!gon  AFOHB  touch  the 


circle  CLMEDy  in  the  several  points  C,  L,  M,  E 
and  D,  and  let  these  points  be  joined :  Then  it  is 
manifest,  that  the  pofygou  DCLME  has  the  same 
nnmber  of  angles  as  AFGHB ;  and,  further,  any 
two  adjacent  z  s  ^  and  B  of  the  polygon  AFGHB, 
are^  together,  the  double  of  the  intermediate  i  CDE, 
of  the  inscribed  figure. 

For,  find  (E.  i.  3.)  the  centre  K  of  the  circle 
DCLME,  and  join  K,  Cand  Kj  Dwd  K,  E:  The 
four  interior  angles  of  the  quadrilateral  figure  ACKD 
are  (E.  xxzii.  1.  Cor.  1.)  equal  to  four  right  angles ; 
and  (hyp.  and  E.  xviii.  3.)  the  z  s  ACK  and  ADK 
are  right  angles ;  therefore  the  z  DAC+  l  CKDis 
equal  to  two  right  angles,  as  are  ako  (E.  xtxii«  1 .) 
the  three  angles  of  the  isosceles  A  CKD;  /.  z  DAC 
+  z  CKD  =  z  DCK  +  I  CKD  +  i  KDC;  take 
away  the  common  z  CKDy  and  there  remains  the 
z  DAC  equal  <o  the  two  z  s  DCK,  KDC,  m  to  the 
doable  of  the  jl  KDC]  because  (E.  xv.  Def.  1.  and 
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V.  1.)  Itie  4  DCK  ^  L  KDC:  And,  in  ttie  same 
manner^  it  may  be  shewn  that  the  iB\&  the  double 
of  the  /  KDE;  therefore  the  z  j^  +  ^  jB  is  the 
double  of  the  whole  z  CDE. 

Prop.  XXV. 

34.  Theorem.  If  from  any  given  point  y  in  ike 
circumference  of  a  circle^  two  straight  lines  be  drawn 
to  the  extremities  of  a  given  chord,  the  angle  which 
the  one  makes  with  any  perpendicular  to  the  chord, 
shall  he  equal  to  the  angle  which  the  other  makes 
with  the  diameter  of  the  circle  that  passes  through 
the  gioen  point. 

Let  C  be  a  point  in  the  circumference  of  the 


circle  ABFC;  let  ^^  be  a  chord;  let  C,  A  and 
C,  B  he  joined ;  let  -K  be  the  centre  of  the  circle^ 
and  CKF  a  diameter  passing  through  C;  and  let  KD, 
drawn  perpendicular  to  AB,  meet  CB  in  G,  and  CA, 
produced,  in  E:  Then,  the  z  ££0=  z  BCF,  and 
ttH^  }iM0B^  I  BCF. 

For  (E.  gngcii.  l.)    z  ABK  +  z  AKE  =  z  CAK: 
But  {defkonUr.  of  E.  iii.  3.  and  conitr.) 

the  JL  AKE^i  ^AKB; 
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And  (E.  XX.  3.)  the  /  ACB^^  l  AKB; 

/.   I  ACB^  I  AKE. 

Ako  (E.  XY.  Def.  l.  and  E.  v.  1.)    ' 

I  CAK^  L  ACK; 

/.  z  AEK+  L  ACB=  z  ACK. 
Take  from  both  the  z  ACB  and  there  remains 
z  AEK  or  A£C=  z  5CF. 
Again  (E.  xxxii.  1.)  the 

z  EGB=^  z  £CG+  z  CEG: 
And  it  has  been  shewn  that  the  z  CEG^  z  BCF; 
.'.  ^EGB=i  ECB^iBCF, 
i.e.  ^EGB:=^  z  ECF. 

Prop.  XXVI. 

35.  Theorem  .  The  perpendiculars  let  fall  from 
the  three  angles  of  any  triangle  upon  the  opposite 
sides,  inlersect  each  other  in  the  same  point. 

Let  ABC  be  a  triangle ;  the  perpendiculars  let  fall 


from  the  three  ^%  A^B,  C,  on  the  sides  opposite  to 
them,  intersect  each  other  in  the  same  point. 

For  draw  (E.  xii.  1.)  ^D  perpendicular  to  BC; 
about  the  a  ^JBC  describe  (Supp.  v.  l.  Cor.)  the 
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circle  j4BC^  and  produce  AD  to  meet  the  circum- 
ference in  E;  from  DA,  produced  if  necessary,  cut 
off  DF^DE;  join  B,  E  and  C,  E;  also  join  B,  F 
and  C,  F;  and  let  BF  and  CF  produced  meet  AC, 
and  AB,  in  6  and  //  respectively. 

And  since  CD  is  common  to  the  two  as  CDF^ 
CDE,  and  that  {constr.)  DF^  DE,  and  the  z  CDF 
=  z  CZ>£;  therefore  (E. iv.  l.)  the  iFCD^  z  DCE 
or  jBC^;  but  (E.  xxi.  3-)  the  z  BAE=^  z  BCE; 
therefore  the  z  BAE  or  HA E  =:  z  FCD;  and 
(E.  XV.  1.)  the  z  AFH,  of  the  a  y^HF,  is  also  equal 
to  the  z  DFC,  of  the  a  CDF;  therefore  (Supp. 
xxvi,  1.)  the  z  AHF^  z  F/>C,  which  {constr.)  is  a 
right  angle ;  therefore  the  z  C/f .>#  is  a  right  angle ; 
i.e.  CFH  is  perpendicular  to  AB;  and^  in  the  same 

Tnanner,  it  may  be  shewn  that  BFG  is  perpendicular 
to  AC\  Whence  it  is  manifest,  that  the  three  per- 
pendiculars cut  each  other  in  the  common  point  F; 
for  (E.  xvii.  1.)  there  cannot  be  drawn,  from  the 
same  point,  two  different  straight  lines  both  of  them 
perpendicular  to  the  same  straight  line. 

36.  Cor.  The  part  of  any  of  the  three  perpen- 
diculars, let  (all  from  the  three  angles  of  a  triangle, 
on  the  opposite  sides,  that  is  between  their,  common 
intersection  and  the  circumference  of  the  circle  de- 
scribed about  the  triangle,  is  bisected  by  the  side  to 
which  it  is  perpendicular. 

Prop.  XXVIl. 

37.  Problem.  From  either  of  the  two  gioen 
points  in  which  two  given  circles  intersect  each  other, 
to  draw  a  chord  cutting  the  one  circumference,  and 
meeting  the  other,  such  that  the  part  of  it,  contained 


126  SUPPLEMENT   TO    £Ij€L1D'S   ELEMENTS. 

between  the  two  drcumferences^  shall  be  equal  to  a 
given  finite  straight  line. 

Let  the  two  given  circles  ABC,  ABD^  cut  one 

I 


another  in  the  points  A  and  J3,  and  let  ii  be  a  giveo 
finite  straight  line  :  From  either  of  the  two  giye^ 
points^  as  B^  it  is  required  to  draw  a  straight  line 
cutting  either  of  the  circumferences^  as  that  of  ABG, 
and  meeting  the  other  circumference,  so  that  the 
part  of  it  contained  between  the  circumference^ 
shall  be  equal  to  L. 

Take  any  point  C  in  the  circumference  of  ABC, 
and  any  point  D  in  the  circumference  of  ABD;  joia 
A,  B,  and  A,  C,  and  A,  D,  and  B,  Caiwl  B,  D;  ip 
AB,  produced  if  necessary,  take  AF^L;  at  the 
point  A,  in  AF,  make  (E.  xxiii.  I.)  the  ^  FAO^ 
z  ACB,  and  at  the  point  F,  make  the   z  AFG= 

L  ADB,  and  let  AG  and  FG  meet  in  G.     In  the 

circle  ABC  place  Ali^AG;  join  B,  H,  and  pro- 
duce BH  to  meet  the  circumference  of  ADB  in  I>: 

For^  join  A,   I:     And^   since  (E.  xxii.  3.)  the 
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^  AHB  +  /  ACB  s=  two  right  angles ;  and  that 
(E.  xiii.  10  the  xAHB^  z  ^4£r/ttlfV99i  right  angles; 
Cberefare  the  .  2.JHIs»jl  ACB;  biit  (consbt.)  the 
z  ACB^  L  FAG;  therefore  the  z  AHI:=i  /FAG; 
Mi  (comstr.)  the  Z  AFG  »  ZADB,  which  (E.iuu.  30 
^£AIH\  ihere(oK  OmZ  AFG  ^ZAIB;  and 
(coiisirO  the  sid^  ^J^^  of  the  a  HAIj  is  equal  to  the 
side  AG,  of  the  a  ^6F;  therefore  (E.  xxvi.  lO 
m^AF;    and  (ciwis«rO  AF^L;    .\  HI  ^  L. 

Prop.  XXVIII. 

38.  Theorem,  ^iwo  opposkt  angles  of  a  quad- 
rUateralJiguTe  he  together  equal  to  two  right  angles, 
a  circle  may  he  described  about  it. 

Let  any  two  opposite  angles,  as  the  2s  ABC, 


ADC,  of  the  quadrilateral  figure  ^jBCD,  be  together 
eqaal  to  two  right  angles:  A  circle  may  be  de- 
scribed about  the  trapezium  ABCD. 

For,  join  A,  C;  and  (Supp.  v.  1.  Cor.)  about  the 
A  ABC  describe  a  circle :  Its  circumference  shall 
pass  through  the  point  D.  If  not^  let  it  pass  other- 
wise,  so  that,  first,  the  point  D  is  without  the  circle 
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ABC,  described  about  the  a  ABC;  take  any  point 
E  in  the  circumference  of  the  circle  and  within  the 
A  ADC;  and  join  A,  E  and  C,  E:  Then,  since 
ABCE  is  a  quadrilateral  figure  inscribed  in  a  circle 
the  ZABC+Z  AEC^tvfo  right  angles;  and  {hyp.) 
the.  z  ^i3C  +  ^Z)C=  two  right  angles;  therefore  the 
I  AEC  ^  z  ADC,  which  (E.  xxi.  1.)  is  absurd. 
Wherefore  the  point  D  is  not  without  the  circle 
ABC;  and  in  the  same  manner  it  may  be  shewn  that 
the  ppint  D  is  not  within  the  circle  ABC;  diere- 
fore^  the  circumference  of  the  circle  ABC  passes 
through  the  point  D,  and  is^  therefore^  a  circle  de- 
scribed about  the  f<Nir-sided  figure  ABCD. 

Prop.  XXIX. 

39.  Theorem.  A  circle  cannot  be  described  abotU 
a  rhombus f  nor  about  any  other  parallelogram  which 
is  not  rectangular. 

For  (E.  xxxiv.  1.)  the  opposite  angles  of  a  paral- 
lelogram are  equal  to  one  another ;  and  (E.  xxii.  3.) 
if  a  circle  could  be  described  about  it,  the  two  oppo- 
site angles  would^  together,  be  equal  to  two  right 
angles ;  therefore,  since  these  angles  are  equal,  they 
would  be  each  of  them  a  right  angle;  but  (E.  xxxii. 
Def.  ] .)  the  angles  of  a  rhombus,  which  (E.  xxxii* 
Def..  1 .  and  Supp.  xviii.  1 .)  is  a  parallelogram,  are 
not  right  angles;  therefore  a  circle  cannot  be  de- 
scribed about  a  rhombus,  nor  about  any  other  paral- 
lelogram, which  has  not  its  opposite  angles  right 
angles,  that  is  (Supp.  xix.  1.)  which  is  not  rectan- 
gular. 


f 
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40.    TflifiO&EM ..  If  from  am/  point,  in  the  circum- 

^  ference  of  a  given  circle,  straight  lines  he  drawn  Ifi 

the  three  angles  of  an  inscribed  equilateral  triakgle, 

the  greatest  of  them  shall  be  equal  to  the  aggregate 

of  the  two  less. 

Let  the  equilateral  a  ABC  be  inscribed  in  tbe 


circle  ADBC,  and  from  any  point  D  in  the  circuoi- 
ference,  let  there  be  drawn  to  the  three  angular 
points  Af  B,  C,  the  straight  lines  DA,  DB,  DC,  of 
which  DC  is  the  greatest :    Then  DC^  DA  +  DB. 

From  the  centre  A^  at  the  distance  AD,  describe 
a  circle  cutting  DC  in  E,  and  join  A,  E;  therefore 
(£.  zv.  Def.  1.)  AD^AE;  therefore  (E.  v.  l.)  the 
z  ADE^  i  AED;  also  (E.  xxi.  3.)  the  /  ADC  or 
ADE^  ^ABC;  and  (%p.  and  E.  v.  1.)  the  zABC 
s  z  ACB;  iherrfore  (Supp.  xxvi.  1.)  the  ^  DAEt:^ 
I  BAC;  therefore  the  a  ADE  is  equiangular  ; 
therefore  (E.  yi.  l.)  AD^DE. 

Again,  since  (£.  xxii.  3.)  the  Z  ACB  +  ZADB^ 
two  right  angles,  and  (E.  xiii.  1.)  the  ZAED-k- 
^  AEC ^tYfo   right  angles,  and  that  the  /.AED 

K 
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has  been  shewn  to  be  eqHal  to  the  ZACB\  there- 
fore the  z  AEC  s  z  ADBi  also  (E.  xxi.  3.)  the 
z  ACD  or  ACE  =  z  ^JSD;  and  {hyp)  the  side 
^C^  of  the  A  AEC,  is  equal  to  the  side  AB  of  the 
A  ^DU;  therefore  (E.  xxvi.  i.)  EC^DB:  And 
D^  has  been  proved  to  be  equal  to  DE ;  therefore 
DE+EC^DA+DB;  th^i  is,  DC ^ DA  +  DB. 

Prop.  XXXI. 

41.  Theorem.  The  first,  thirds  fifth,  ^c.  angks 
of  any  polygon^  of  an  eoen  number  o/'sufes,  which  is 
inserted  in  a  given  circle,  are  together  equal  to  the 
remaining  angles  of  the  figure  ;  any  angle  whatever 
being  assumed  as  theJirsL 

Let  ABCDEF  be  any  polygon,  of  an  even  num- 


e 


E 


ber  of  sides,  inscribed  in  the  given  circle  ACE: 
Then  A  being  assumed  as  the  first  angle,  the  Z  A-i* 
t  C'¥  /,  E+,  &c.=  zB-f/D+z  F+,&c 

First,  let  the  inscribed  figore  have  six  siddi^  and 
join  J5,  E. 

Then,  since  BAFE  is  a  quadrilateral  figure  in- 
scribed in  a  circle,  therefore  (£.  xxii.  3.)  the 

^BAF+zFEB  ^lEFA  +  zEBAi 

Also,  the  zBCD+  zBED^  iEDC+  jlEBC. 
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Wheiiftfore,  equals  being  added  to  equals,  it  will 
be  mnoifest,  that  the  i  BAF^  i  BCD+  z  FED^ 
z  CBA+  I  BDC^  I  AFE: 

i.e.  the  /^+  zC-h  -1^=  zBh-  ^D+  lF. 

And^  in  a  similar  manner^  the  ptroposition  may  b^ 
deiDonrtmted,  when  the  figure  inscribed  in  the  given 
circle  has  eight,  ten,  twelve,  or  any  other  even  num- 
ber of  sides. 

Prop.  XXXII. 

48.  Pii6blem.  To  nmke  a  trapezium f  abmd  U>hich 
a  chele  may  be  describedj  hamng  its  four  sides  re* 
spectioefy  e^fiuil  to  four  given  straight  lines^  iu)o  of 
which  are  equal  to  each  other,  and  any  three  together 
greater  tkdn  the  fourth;  the  tuw  equal  sides  of  the^ 
trapezium,  also,  being  opposite  to  each  ether. 

Let  ABy  CD,  DE  be  three  straight  lines :    It 

IC 


b  required  to  make  a  trapezium  having  two  of  its 
opposite  sides  eadi  of  them  eq«al  to  AB,  aikd  its  tWa 
other  sides  equal  to  CD  and  CE,  each  to  each^  ab6ift. 
which  a  circle  may  be  described. 

TBkeOHdtkCD;  und  CD  and  C^  birhigfplaced 
in  the  same  straight  line,  so  that  DE  skh])  bi  (heir 

K  2 


1^  SUPPLEMENT   TO    EUCLID's    ELEMENTS. 

difference^  bisect  (E.  x.  1.)  DE  id  F;  prodace  GH, 
both  ways,  and  make  GI  and  HK  each  of  them  eqnal 
to  DF  or  FE;    .-.  IK^CE:    Prom  the  points  G, 

H  draw  (E.  xi.  !•)  GX  and  HY  perpendicular  to 
IK;  from  /and  A.  as  centres^  at  distances  equal  to 
AB,  describe  two  circles,  cutting  GX  and  HY  in  L 
and  M,  respectively;  and  join/,  L  andiT,  M;  there- 
fore (E.  XV.  Def.  1.)  IL=:AB  and  KM^AB;  join 

And,  because  {ctnstr.)  LI^MK,  and  IG^KH^ 
and  that  the  ^s  /6L,  KHM,  are  right  angles^ 
(Snpp.  Ixxiv.  1.)  GL  a  .ffAf;  and,  since  the  angles 
at  G  and  H  are  right  angles,  GL  is  (E.  xxviii.  1.) 
parallel  to  HM;  therefore  (E.  xxxiii.  i.)  LM  is 
parallel  and  equal  to  EH;  but  {constr.)  GH^  CD ; 
therefore  LM^CD. 

Again,  since  GLMH  is  a  parallelogram,  the 
z  GLH-  z  GHM  (E.  xxxiv.  l.)  which  {constr.)  is 
a  right  angle;  also,  since  the  two  sides  IL,  LGj  of 
the  A  LGI,  are  equal  to  the  two  sides  KM,  MH  of 
the  A  MHK,  and  the  base  /6  is  equal  to  the  base 
KH;  therefore  (E.  viii.  1.)  the  ZILG  =  ZKMH; 
but  {con^.  and  E.  xxxii.  1.)  the  Z  HKM+AKMH 
s  a  right  angle;  therefore  the  AHKM,  or  IKMy 
+  ILG  =  a  right  angle ;  to  each  of  these  add  the 
right  A  GLM;  therefore  the  2  IKM^- 1  ILG  + 
JL  GLMss  two  right  angles ;  that  is,  the  z  IKM  + 
jL  jLMsstwo  right  angles;  therefore  (Supp.  xxviii. 
3.)  a  circle  may  be  described  about  (he  trapezium 
ILMK,  which,  as  hath  been  shewn,  has  two  equal 
sides  Lly  MK,  each  of  them  equal  to  AB,  has  its 
side  LM  equal  to  CD,  and  its  remaining  side  IK 
equal  to  CG. 
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Prop.  XXXIII. 

43.  Problem.  Upon  a  given  finite  elraight  Une 
to  describe  a  segment  of  a  circle,  which  shaU  be  stmi- 
lor  to  a  gyoen  s^ment  of  another  circle. 

Let  ACB  be  a  segment  of  a  circle,  and  DE 


a  finite  straight  line :  It  is  required  to  describe 
on  DE  a  segment  of  a  circle,  similar  to  the  segment 
JCB. 

In  ACS  take  any  point  C,  and  join  A,  C,  and  J3, 

C:  At  the  point  D  in  DE  make  (£.  xxiii.  I.)  the 
Z  EDF^Z  BAC;  and,  at  the  point  E,  also,  make 
the  /  DEF^  z  ABC;  therefore  (Supp.  xxvi.  l.) 
the  L  DFE  =  L  ACB:  About  the  A  DFE  de- 
scribe (Supp.  V.  1 .  Cor.)  the  circle  DFE;  therefore 
(E.  xi.  Def.  3.  and  £.  xxl  3.)  the  segment  DFE  is 
similar  to  the  segment  ACB, 

Prop.  XXXIV. 

44.  Theorem.  If  upon  two  opposite  sides  of  an 
oblong,  two  similar  segments  of  circles  be  described, 
the  one  of  them  fying  wholly  within  the  oblongs  and 
the  other  wholly  without  it,  the  figure  contained  by 
the  two  remaining  sides  of  the  oblong  and  the  too 
circular  arches^  shall  be  equal  to  the  oUong. 
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Upon  the  two  opposite  sides  AD,  BC,  of  the 

G 


k  •"•••■ 


B  C 

oblong  j4BCD,  let  there  be  described  two  simibr 
segments  of  circles  AED^  BFC:  the  one,  namely 
BFC,  lying  wholly  within  the  oblong,  and  the  other 
lying  wholly  without  it :    The  figure  contain^  by 

Bl,  AEb,  DC  and  CPh  is  equal  to  the  oblong 
ABCD. 

For  {hyp.  and  E.  xxxiv.  1.)  AD—BC;  therefore 
{hyp.  and  E.  xxiv.  3.)  the  segment  ^£D=:the  seg* 
ment  BFC;  to  each  of  these  equals  add  the  figure 
ADCFB,  and  it  is  manifest  that  the  figure  AEDCFB 
is  equal  to  the  oblong  ABCD. 

45.  Cor.  I.  An  indefinite  number  of  such  mix- 
tilineal  figures  may  be  found  (Supp.  iii.  1.  Cor.  3. 
and  Supp.  xxxiii.  3.)  equal  to  one  another^  and  each 
of  them  equal  to  any  given  oblong. 

46.  Cor.  2.  If  upon  AB  and  DC,  the  two  re- 
mfining  «ides  of  the  oblongs  there  be,  likewise^  de- 
scribed two  similar  segments  Qf  circles  ALB,  DKC, 
it  is  evident  that  the  figure  ALBCDA  is  equal  to  the 
f^x^ABFCDEA;  and  that  the  figure  ^Z.J3FC/CZ>i: 
^ABCD,  ALB  being  supposed  not  to  meet  BFC 
again  lyitbin  ABCP, 
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Prop.  XXXV. 

47.  Theorsm.  The  arches  of  a  cirde  that  are 
intercepted  between  two  parallel  chords  are  equal  to 
one  another. 

Let  AB  and  CG  be  two  parallel  chords  of  the 
circle  ACGB:   Then  is  AC=Bd. 

For  join  C,  B:  And,  because  (hyp.)  CG  is 
parallel  to  AB;  therefore  (E.  xxix.  l.)  the  Z.  GCB 


=  L  CBA;  therefore  (E.  xxvi-  3-)  AC^£g^. 

Prop.  XXXVI. 

48.  Tusorsm.  If  two  chords  of  a  given  circle  in" 
tersect  each  other,  the  an^  of  their  inclination  is 
equal  to  the  half  of  thfi  angle  ctt  the  centre  standing 
upon  the  aggreg^ate,  or  the  difference,  of  the  arches 
intercepted  between  theniy  accordingly  as  they  meet 
within^  or  vdthout  the  circle^ 

First,  let  the  two  chords  AB,  CD^  of  the  cirde 
ACBD,  cut  one  ariother  in  E,  within  the  circle :  The 
.  lDEB  is  equal  to  the  half  of  an  aog^e  at  the 
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centre^    standing  upon   a  circumference  equal  to 


For  through  C  draw  (E.  xxxi.  1.)  CG  parallel  to 

AB;  therefore  BG^^,  and  ^DBd^:»Ad+D^; 
but  (con««r.  and  E.  xxix.  1.)  the  lDEB^  lDCG^ 
which  (E.  XX.  3.)   is  the  half  of  an  angle  at  the 

centre,  standing  upon  DBu, 

Secondly,  >  let  the  two  chords  D^  and  JBC^  meet 
when  produced^  without  the  circle,  in  F\  If,  then^ 
AH  he  drawn  parallel  to  CB^  it  may  be  shewn,  in 
a  similar  manner,  that  the  L  DFB  is  equal  to  the 

half  of  an  angle  at  the  centre  standing  on  Da,  which 

is  the  difference  between  AB  and  AC^ 

Prop.  XXXVII. 

49.'  Theorem.    In  equal  circles  the  greater  angle 
stands  upon  the  greater  circumference ;  whether  the 
angles  compared  be  at  the  centres  or  the  circum- 
ferences. 

For  whether  the  angles  be  at  the  centres,  or 
the  circumferences,  if,  from   the  greater,  an  angle 
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(R  xxtii.  1 .)  be  cut  off  equal  to  the  less,  the  circamference 
on  which  it  stands^  will  evidently  be  part  of  the  cir- 
cumference on  which  the  greater  angle  stands,  and 
will  (E.  xxvi.  3.)  be  equal  to  that  on  which  the  less 
angle  stands ;  the  which  circumference  is^  therefore^ 
less  than  the  other. 

Prop.  XXXVIII. 

fiO.  Theorem.  If  from  any  ghen  point,  without 
a  circle,  there  be  drawn  two  straight  lines  cutting 
the  circle^  then  of  the  circumferences  which  they  in- 
terceptf,  that  which  is  the  nearer  to  the  given  point 
is  less  than  the  other. 

From  the  given  point  B  without  the  circle  FDCG, 


let  there  be  drawn  BFG,  BDC,  cutting  the  circum- 
ference in  the  points  F,  G,  and  D,  Cy  respectively : 

Then  is  /»  <  ^. 

Firsts  let  one  of  the  straight  lines  drawn  from  B, 
as  BC,  pass  through  the  centre  K  of  the  circle: 
Join  K,  F  and  K,  G;  then  (E.  xvi.  1.)  the  exterior 
z  GKC,  of  the  a  GKB,  is  >  /  KGF;  but  (E.  xv. 
Def.  1.  and  E.  v.  l.)  the  /  KGF^  i  KFG;   there- 
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fore  tbe   lGKC  >  l  KFG;   and  (E.  xvi.  1.)  the 

LKFG  >  L  FKB  or  FKD;  much  more,  then,  is 

the  /  GKC  >  lFKD;  tberefoie  (Supp.  xxxvii.  3.) 

But  if  BLM  do  not  pass  through  the  ceDtre,  find 
(E.  i.  3.)  the  centre  K;  join  B,  K;  and  produce  it 
to  meet  the  circumference  in  C:    Then  it  may  be 

shewn,  as  before,  that  FD  <  GC,  and  that  dL  < 

Prop.  XXXIX. 

51.  Theorem.  7%e  straight  Unes  joining  the 
extremities  of  the  chords  of  two  equal  arches  of  the 
same  circle,  totoard  the  same  parts  j  are  paralld  to 
each  other. 


Let  AC,  BG  be  the  chords  of  two  equal  arches 


AC,  BG,  of  the  circle  ABGC;  and  let  A,  B,  and 
C,  G  be  joined  :    Then  CG  is  parallel  to  A3. 

For  join  CB;  sindswce  (hyp.)  AC  =:BG;  thpfp- 
fpre  (E.  wvii.  3)  the  lABC^BCG;  therefore 
(E.  xxvii.  1.)  CG  is  parallel  to  AP. 


BOOK   III.  139; 

Prop.  XL. 

52.  Theorsh.  In  equal  circles^  the  greater  of 
two  circumferences  subtends  the  greater  anglcy  whe- 
ther the  angles  compared  be  at  the  centres  or  the 
circumferences. 

For  if  not,  the  angle  standing  on  the  greater  cir- 
cumference is  equal  to  the  other  angle  or  less  than 
it;  but  it  cannot  be  equal ;  for  then  (E.  xxvi.  3.)  the 
two  circumferences  would  be  equal/ which  is  con- 
trary to  (he  hypothesis :  Neither  can  it  be  less,  for^ 
then^  (Supp.  xxxvii.  3.)  the  greater  circumference 
would  be  less  than  the  .  other,  which  is  absurd. 
Wherefore,  the  greater  of  two  circumferences  sub- 
tends the  greater  angle^  whether  the  two  angles  be 
at  the  centres,  or  circumferences. 

Prop.  XLI. 

53.  Problem.  If'  any  equilateral  rectilineal  Ji- 
gure,  of  an  even  number  of  sides,  be  inscribed  in  a 
given  circle,  to  find  a  curvilineal  figure  that  is  equal 
to  it,  and  that  is  bounded  by  arches  of  circles^  each 
of  which  circles  is  equal  to  the  given  circle. 

Let  ABCDEF  be  an  equilateral  rectilineal  figure. 


ef  an  even  number  of  sides,  inscribed  in  the  given 
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circle  ACE\  It  is  required  to  find  a  curvilineal 
figure  equal  to  it,  and  bounded  by  arches  of  circles 
that  are  equal  to  the  given  circle  ACE. 

On  half  the  number  of  sides  of  the  inscribed  figure, 
taken  contiguous  to  one  another,  as  BC^  CD,  DE, 
describe  (Supp.  xxxviii.  3.)  segments  of  circles, 
BGCj  CHD,  DIE^  each  similar  to  the  segment  cut 
ofi*  from  the  given  circle  by  each  of  the  sides :    The 

eurvilineal  figure  contained  by  BGC,  CHD,  DIE, 

£F,  and  FA,  and  AB,  is  equal  to  the  inscribed  poly- 
gon ABCDBF. 

For,  since  (hyp,)  the  figure   is  equilateral,  (£. 

xxviii.  3.)AB,^BC;  . .  ^iFEDCB^  ^SaFEDC; 

therefore  (E.  xxvii.  3.)  the  angle  in  the  segment  cut 

off  by  AB  is  equal  to  the  angle  in  the  segment  cut 

off  by  BC;  therefore  these  two  segments  (E.  xi. 
Def.  3.)  are  similar,  and  {hyp.  and  E.  xxiv.  3.)  equal 
to  one  another. 

And,  in  the  same  manner,  may  all  the  segments^ 
cut  off  by  the  equal  sides  of  the  inscribed  figure,  be 
shewn  to  be  similar  and  equal  to  one  another,  and  to 
the  segments  BGC,  CHD,  DIE. 

But  the  figure  contained  by  ISA,  AF,  FE]  Elb, 

DHd^  and  CG^,  together  with  the  segments  BGC, 
CHD,  DIEy  makes  up  the  equilateral  rectilineal 
figure  ABCDEF;  and  that  same  figure,  together 
with  the  equal  segments  cut  off  by  BA,  AF,  and  FE^ 

makes  up  the  curvilineal  figure  contained  by  BGC, 
6hD,  ^DIE,  EF,  /^and  AB;  the  which  figure  is. 
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therefore,  equal  to  the  inscribed  rectilineal  figure 
ABCDEF^. 


Prop.  XLII. 

54.  Theorem.  In  equal  circles,  the  greater  chtfrd 
stJftends  the  greater  circumference. 

For  {hyp.  and  E.  xv.  Def.  1.  and  £.  xxv.  1.)  the 
angle  subtended,  at  the  centre,  by  the  greater  chord 
is  greater  than  the  angle  subtended,  at  the  centre, 
by  the  less :  therefore  (Supp.  xxxvii.  3.)  the  cir- 
cumference subtended  by  the  greater  chord  is  greater 
than  the  circumference  subtended  by  the  less. 

Prop.  XLIII. 

55.  Theorem.  If  from  a  given  paint  within  a 
circle^  which  is  not  the  centre,  straight  lines  he 
drawn  to  the  circumference^  making  with  each  other 
equal  angles,  the  two,  which  are  nearer  to  the  di- 
ameter passing  through  the  given  pointy  shall  cut  off 
a  greater  circumference  than  the  two,  which  are 
more  remote. 

From  A,   a   point  within  the   circle  BDC,   let 


*  It  is  easy  to  ahew^  by  the  help>  chiefly,  of  Supp.  vii.  3.,  that 
when  the  equilateral  figure  inscribed  in  the  cirde^  is  a  square, 
the  circumferences  of  the  similar  segments,  described  in  the 
coane  of  the  demonstration,  touch  one  another  in  the  common 
extremity  of  the  two  contiguoua  sides;  and  that  when  the  in- 
scribed polygon  has  any  greater  number  of  sides,  as  six,  eight, 
&c,  the  circumferences  of  any  two  of  the  segments  meeting  one 
another  in. the  common  esctremity  of  two  contiguous  sides,  do 
not  meet  again  within  the  circle. 
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there  be  drawn  to  the  circumference  any  number 


C 


of  straight  lines  AB,  AC,  AD,  &c.  containipg 
equal  /s  BAC,  CAD,  &c.;  and  let  AKM  be 
drawn,  from   A,  through  the  centre  K'.    Then  is 

6B>c$. 

For  produce  DA  and  CA,  to  meet  the  circum- 
ference again,  in  E  and  F;  and  join  S,  F  and  D, 
F:  Then,  since  AD  is  nearer  th&n  AB  is  to  AM, 
therefore  (E.  vii.  3.)  AD>AB;  from  AD  cut  off 
AG^AB,  and  join  C,  G  and  C  5,  and  C,  J»  and 
/>,  Bi  And,  because  C/^  is  common  to  the  two 
AS  CBA,  CGA,  and  AB=AG,  and  that  (hyp.)  the 
/.CAB^  iCAG;  .'.  CG^  CB.  Again,  because 
(E.  xxxii.  1.)  the  /  CGD  =.  /  GC^  +  z  CAG  = 
z^Cfi+  z^y^C,  and  that  (E.  xvi.  1.)  the  iBAC> 
iBFC,  therefore  the  j:CGD>  iFCB  +  zBFC: 
But  (E.  xii.  3.)  the  /  FCB  =  /  FDB,  and  the 
^BFC=.  ^BDC;  therefore  the  zCGD>iFDB^ 
£BDC',  i.  €.  the  z.CGD>^FDC,  much  more 
then  is  the  iCGD>  lEDC  or  iGDC;  therefore 
(E.  xix.  1.)  CD>CG;  but  it  has  been  shewn  that 
CG  =  CB;   .'.  CD>UB;   therefore  (Supp.  xlii.  3.) 

6D>cd. 
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Prop.  XLIV. 

56.  TflKoftSM.  fn  equal  ek^les^  iht  grater  etr- 
tumference  has  the  greater  chord. 

For  (Supp.  xl.  3.)  the  greater  circumference  sub- 
tends the  greater  angle  at  tlie  centre;  therefore 
(E.  XV.  Def.  1.  and  E.  xxiv.  1.)  it  has  the  greater 
choM. 


Prop.  XLV. 

/  b7.  Thsoiibii*  The  strai^  Imejoifiing  amy  6f 
'the  dHgular  points  of  an  e^tUatend  pofygon  m^ 
eeribed  in  a  circle  and  the  eeHtrt,  passes  through  thd 
opposite  angular  point,  or  else  bisects  the  opposite 
side  at  right  angles,  according^  as  the  figure  has 
an  even,  or  an  odd  number  of  sides. 

Pirtt,  tet  the  equilateral  polygon  ABCDBP  in- 


scribed in  the  circle  ACE,  of  which  the  centre  is  K, 
have  an  even  number  of  sides^  and  let  B^  K  be 
joined,  B  being  any  one  of  the  angular  points  of 

the  inscribed  figure  t  Then  SK  parses  thrbtigh  the 
opposite  angular  point  E. 
For,  if  it  be  possible,  let  BK  cut  the  circum- 


144  SUPPLEMENT  TO    EUCU-D'S   ELEMENTS. 

ference  in  any  other  point  L;  therefore  (E.xxviii.  3.) 

BAL  is  the  half  of  the  whole  circumference;  also^ 
since  the  polygon  (hyp.)  is  equilateral^  the  arches 

AB,  IBC,  €d,  ^,  ^,  ^are  (E.  xxviii.  3.)  equal 

to  one  another ;  therefore  BA^  is  the  half  of  the 

whole  circumference;  .'.  BAL=^aAE,  the  less  to 
the  greater^  which  is  absurd :  therefore  BKj  pro- 
duced, passes  through  E. 

But,  secondly,  let  the  equilateral  polygon  ABCDE, 
inscribed  in  the  circle  ACE,  have  an  odd  number 
of  sides,  and  let  any  of  the  angular  points,  as  A^  and 
the  centre  JSC,  be  joined :  Then  AKy  produced,  bisects 
CD,  at  right  angles  in  the  point  F. 

For  join  K,  C  and  K,  D :  And,  because  (hyp.) 
the  sides  of  the  inscribed  polygon  are  equal,  the 
circumferences  which  they  subtend  are  (E.  xxviii.  3.) 
equal;  since,  therefore,  the  polygon  has  an  odd 
number  of  sides^  it  is  manifest  that  the  circumference 
ABC  is  equal  to  the  circumference  AED;  there- 
fore (E.  xxvii.  3.)  the  /:AKC^  zAKD;  therefore 
(E.xiii.  1.)  the  iCKF^cDKF;  and  (E.xv.  Def. 
1.)  CK^DKy  and  KF  is  common  to  the  two  as 
KFC,  KFD;  therefore  (E.iv.  1.)  CF^FD,  and  the 

cKFC:^  A  KFD;  so  that  AKF  bisecU,  at  right  an- 
gles, the  side  CD,  which  is  opposite  to  the  /  BAE. 


Prop.  XLVI. 

58.  Theorem.  The  two  straight  lines  in  a  circle, 
which  join  the  extremities  of  two  parallel  chords^  are 
equal  to  each  other. 
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Let  XE^  CG  be  two  paraliei  chords  of  the  eirde 
AB6C^  and  let  their  extremities  be  joined,  toward 


the  same  parts,  by  CA  and  GR^  and  towards  opposite 
parts  by  CB  and  @]?:  Then  CA^^  GB,  and  CB^ 
GA. 

For,  since  CG  is  parallel  to  AB,  CA^  GB  (Supp^ 
XXXV.  3.);  therefore  (E.xxix.  3.)  CA^GBi  Again, 

since  it  has  been  shewn  that  AC^  BG,  to  each  of 

these  add  cd;  .\  ACb^BGC;  therefore  (R  xxix. 
3.)  GA^CB. 


Prop.  XLVII. 

59.  PaoBtBH.  To  dhide  a  given  cireul(ir  arch 
into  iwa  parts,  so  that  the  aggregate  of  their  ehord$ 
may  be  equal  to  a  gioen  straight  line,  greater  than 
the  chord  of  the  whole  arch,  hut  not  greater  than  the 
doMie  of  the  chord  of  half  the  arch. 

•  .  * 

Let  ACB  be  a  circular  arch,  of  which  AB. 
is  the  chord ;  and  let  L  be  a  finite  straight  line, 
greater  than   AB,  but  not  greater  than  twice  the 

L 
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dimNi  oftbe  bdf  ofAci:   It  it  nqahed  to  4hride 


iJCd  into  two  parts  such  that  the  aggregate  of  Aeir 
chotdk  tfaall  be  equal  UiJL 

Bisect  (E.  XXX.  3.)  ACB  in  C,  and  join  C,  A,  and 
G,  »;  tberefbre  (B.  xxix.  3.)  e7««  CS;  from  the 
centre  C,  at  the  distance  CA,  or  CB,  descrihe  the 
circle  ADB,  which  will,  therefore,  pass  through  both 
A  and  B :  Prom  the  centre  A,  at  a  distance  equal 
to  L,  describe  a  circle,  cutting  the  circle  ADB  in 


D;  draw'  AD,  which  is,  therefore,  equal  to£;  let 
3nJ  cut  Ack  in  £,  and  join  E,  B :  Then  AE+EB 

For  (E.  XX.  a.)  the  /.<1C£  is  the  double  of  the 
kADB;  nid  <E.i^  »})  the  i  ACB  m^  ABB; 
Oflvelbre  the  /.AEB  i>  the  double  of  the  tADB; 
lot  (E.  xxKii.  1.)  the  £AEB^  iEDB  +  zEBD; 
Urardbretbe  /EAB^-^^ADu  equal  to  th«douUe 
of  the  lEDB;  (nm  tkese  equals  take  the  ^EDtB, 
and  there  remains  the  tEBD—  lEDBi  therefore 
(E.TiM.)  £D-MBi  .'.  AE+EB'^AE-\-ED  or 
ADi;  httt  (utiuit,)  AD  sL;  .\AB+EBibL. 


y 


WfOK.  tfi,  L4^. 


.P»o».XLVUI. 

'OO.  Problem.  9^d  rffoMe  a  giteh  cirtuUtrarth 
into  two  pairt8i  so  that  the  excess  hf  the  thotd  nf 
the  one  above  the  ehotd  itf  the  other,  may  ^  equid 
to  a  gwen  straight  iine^  less  than  ths.ehprd.of  the' 
whsie  arch. 

Let   ^CB   be   a  circular  arch,    o^   which    the 


choid  U  AB:,  It  i«  mqiiired  to  fUvjkle  ACB  into 
two  part8,  such  tbut  the  axoess  of  the  cbord  cf  ihe 
one  above  the  ebosd  of  the  otbex  ^tall  be  equal; 
to  a  given  finite  straight  iime  L,  that  is  \esn  thw 
AB. 

Bisect  AB  (E.  x.  i.)  in  D;  dfaw  JJC  (E.  xi.  1.) 
perpendicular  to  DB;  join  A,  C;  bisect  (E«  ix,  1.) 

the  zCAB  by  AX;  Jet  AV  meet  CD  jn  JE;  iin4, 

join  jB>£;  about  tbe  ^AEB  describe .  (Supp,  v.  1. 

C^r.)  ihe  circle  ^£^ ;  fro^i  the  €«f)tre  ^,  nt  i^.4h^. 

tanqs  ai^Z,  describe  a  circle  putting  ABB  in  .F;  4w<r. 

.^[^  wUeh  it^  tiwrafere^  ^qaal  to  L^  and  pM^b^ 

^F  to  meet  ACb  in  (?;  join  G,  B:  Then  is  the 
eKoeae  df  i46  abivM  &j0^e^al  to  L. 
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For  join  C,  B;  and  (eomfr.  and  E.  iv.  1.)  CAss 
CB  and  the  zACD^  iBCD;  also  EA^EB,  and 
the  /^ACB  18  the  double  of  the  ^ACD;  Again, 
from  the  centre  C  at  the  distance  CA^  describe  the 
circle  AHB,   which^    because    CA  m  CB,   passes 

through  B;  produce  AG  to  meet  AHB  in  H;  join 
H,  By  and  F,  Bi  And  since  (E.  xxi.  3.)  the  i.AFB 
=  z  AEB,  therefore  (E.  xiii.  1 .)  the  z  BFH^  z  BEXi 
but  (E.  xxxii.  1.  and  E.  v.  1*)  the  iBEX  is  the 
double  of  the  ^BAE;  therefore  the  jlBFH  is  the 
double  of  the  z  BAE,  and  is  therefore  (constr.)  equal 
to  the  z  CAB  or  CAD;  also  (E.  xx.  3.  and  conslr.) 
the  zACB  is  the  double  of  the  /.AHB;  and  it  is 
also^  as  hath  been  shewn^  the  double  of  the  z  ACD; 
therefore  the  lACD^  LAHB  or  FHB;  and  it 
has  been  proved  that  the  lHFB,  of  the  /^FBH^ 
is  equal  to  the  lCAD  of  the  a  CD  A;  therefore 
(Supp.  xxvi.  1.)  the  lHBF^lCDA,  and  is, 
therefore^  a  right  angle ;  but  (jiemfmstr.  of  Supp. 
xlvii.  3.)  OHmGB;  therefore  (Supp.  xxix.  l.  Cor. 
3.)  GF^GB;  /.  AG^GB^AF:  but  (tcnstr,) 
AF^L;  .\  AG^GB^L. 

Prop.  XLIX. 

61.  Theoreh .  Iffmm  any  pcint^  in  the  diameter 
of  a  •senu'drcle,  there  be  drawn  two  atraigkt  lines 
to  the  circumferencej  one  to  the  biseetion  of  the 
eireumference,  the  other  at  right  angles  to  the 
dimneter,  the  Sfuares  upon  these  two  lines  are, 
together,  the  double  of  the  square  upon  the  semi- 
diameter. 

Let  B  be  any  point  in  the  diameter  AB  of  the 
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semi-circle  ADE;   let  F  be  the  btiectioD  of^  the 

ADS;  and  let  C  be  the  biMctioa 


of  the  diameter:  If  B,  F  be  joined^  and  BD  be 

drawn  perpendicohr  to  AE,  then  BF'  +  BD^ » 

2AC^. 
For  join   C,   F  and   C,    D:    And  since  {hyp.) 

aP^EF;  ••.  (E.xxvii.  3.)  the  ^ACF^  zSCF; 
and  they  are  adjacent  angles ;  therefore  (E.  x.  Def. 
1.)  the  ^  FCE  is  a  right  angle;  therefore  (E.xlvii.  1.) 

BF'='OF^+  CE^;  to  each  of  these  add  BD*;  there* 
fore  BF'+BD'^CF^^CB'+Bir;  but  (hyp.md 
B,xlvii.l.)  Cir+5/y=:Cir;  .\BF^^Bt)^^CF^ 
+  Ciy  or  (E.  XV.  Def.  l.)  2AC^ 


Prop.  L« 

62.  Tbboabm.  If  the  chords  of  two  arches  of  any 
the  same  circle  cut  each  other  at  right  angles,  the 
squares  of  the  four  segments  of  the  chords^  are^ 
together^  equal  to  the  square  of  the  diameter* 

Let  the  two  chords  AB,  CD  of  the  circle  ACD, 
cat  each  other  at  right  angles,  m  E:  The  sqaares 
of  the  segments  of  the  chords  are,  together,  eqna)  to 
the  square  of  the  diameter  of  the  circle. 


ISO 
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Por  find  (B.  i.  3.)  th*  centre  K,  and  fiMn  eitlMr 
XMittity  of  either  of  the  dMrds,  as  B,  dimr  Arotigh 


•  « 


JjT  t)i«  diamttM  BJiiF;  join  B.CwA  C\  F,  and  IT, 
i4  imd  .fjf>  J9.  And  sioce  (canstr.)  FJDB  u  n 
fl^einircircley  tbe  ^  F^J?  is  (C  xxxi.  3.)  a  right  anglei 
a9  189  al9%  (A^)  the  ^  AJB^C;  therefom  (E.xjiyiii.  l.) 
fAh  ymM  to  C/>;  therefore  (Supp.xliv.  3.)  Iv 
»^D.  Again^  bec^^st  FCB  19  a  semi-circle*  the 
zBCF  (£•  xxxi.  3.)  IS  a  rigkt  aag^e;   therefore 

(Kxlvii.  1.)  FB'^FC^CB';  but  FC  has  been 
shewn  to  be  equal  to  AD;  .'.  FB'^AD'^CR;  that 
is^  (Jiyp*  and  £.  xlvii.  K) 

63.  Cor.  If  the  diagonals  of  a  quadi'IlateVah  rec- 
tilineal figure^  inscribed  in  a  circle^  cut  each  other 
at  right  angles,!  the.  aggregate  oiP  the  squares  of  the 
sides  is  (he  double  of  the  square  of  the  diameter  of 
the  oircle. 

Poi:  let  i^e  diagonals  AB  and  CD  of  (be  quadvi- 
latetad  figure  ^C£l>>  inscribed  in  the  cirale  AQBD, 
cut  one  another  at  right  nx^f^  in  Bi  Tbea  it  is 
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frDDi  £.  xMk  1,  that  li^^^'BlS'  »  equri  to 
tile  8q«afw  of  tbe  flegmente  of  tli€  tfi^nals,  that  k^ 
(Sopp*  K  3«>  to  the  square  of  tbe  diameter  of  the 
cifcle:  Likewise  AB^+CB^  may,  in  the  laiBe 
manner,  be  shewn  to  be  eqnal  to  the  sqaare  of  tbe 

diameter;    .-.  ^C'+Cfi'+BS'  +  K?  « twiee  th« 
sqaare  of  the  diameter  of  tbe  circle. 

■ 

Prop.  LI. 
.64.  PaoBLtM.  To  draw  a  atraiglU  Ume,  enttmg 
(toe  GimceMric  eirdes,  the  diam^er  of  the  greater 
^vokkh  dm9  nat  exteed  the  dmtbk  of  the  dianOer  ijf 
ihm.  U»,  «»  that  the  part  of  it  which  Ues  within  the 
pmter  dreU  mt^  be  the  dovble  of  the  pfUt  whkk 
Ues  tnthiu  the  leu. 
Let  ABC,  D£F  be  two  cirelw,  hating  a  common 

L 


centre  K,  the  diameter  of  DBF  being  not  greater 
than  the  double  of  the  diameter  of  ABC;  It  is  re- 
quired  to  draw  a  straight  line  cutting  ABC,  DEF, 
80  that  the  part  of  it  within  DBF  shall  be  the  double 
of  the  part  of  it  within  A  BC. 
Take  any  semi-diameter  as  KA,  of  the  circle 
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ABCi  and  produce  it  to  G,  so  that  AO^AK;  upoa 
AG  as  a  diameter  describe  the  circle  DAHG  cutting 
DEF  in  D  and  H;  join  D,  A,  and  H,  A\  and  pro* 

dofie  i>^  and  HA  to  meet  the  circumferences  again 
in  B,  E,  and  /.  L,  respectively:  Then  DE^aAB; 
BndHL^2AI. 

For  join  JD,  G  and  draw  (B.  xii.  1.)  iC3/ perpen- 
dicular to  AB  :  And  since  {constr)  ADG  is  a  semi- 
circle, the  lADG  (E.  xxxi.  3.)  is  a  right  angle,  as 
IS  (constr.)  the  lKMA;  also  (E.  xv.  1.)  the  ZKAM 
'^ZDAG;  and  {amstr.)  the  side  KA,  of  the  CkKMA^ 
ii  equal  to  the  side  AG^  of  the  a  ADG;  therefore 
(E.xxvLl.)  AD^AM;  r.MD ^2 MA,  hut (eonstr. 
and£.  iii  3.)  DE^2MD  and  AB^2MA;  /.  DB 
^2AB:  And,  in  the  same  manner,  HL  may  be 
shewn  to  be  the  double  of  AL 

Prop.  LII. 

65.  Problem.   To  draw  a  straight  line  which  shall 
touch  two  given  circles. 

Let  ABC,  HFG,  be  two  circles :   It  is  required 


7^ 

• 

^•••" — 

kK 

B 

\a/  \ 

»A 


to  draw  a  straight  line  which  shall  touch  both  the 
circles  ABC,  HFG. 
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Piirst  let  the  two  circles  be  unequal.  Find  (E.  i. 
3.)  the  centres  K  and  L,  of  the  two  circles  ABC^ 
HFG;  join  K,  L;  upon  KL  as  a  diameter  describe 
the  circle  DKC;  from  /IT  as  a  centre  at  a  distance. 
=zKB+LH,  the  aggregate  of  the  semi-diameters  of 

the  two  circles,  describe  a  circle  cutting  KDL  in  />> 

and  draw  KD^  cutting  the  circumference  of  ABC 
in -^;  .-.  KDsiKB  +  LH;  in  like  manner,  by.  the 
help  of  E.  iti.  1/ place,  in  the  semi*circle  KCL^ 
KE=KB^LH,  and  let  KE  produced  meet  the 
circumference  of  ABC  in  C;  from  L  draw  (E.  xxxi. 
1.)  LF  parallel  to  DK,  and  LG  parallel  to  KC; 

lastly,  join  Ay  F,  and  C,  G :  Then  will  IF  and  CG, 
each  of  them,  touch  both  the  circles  ABC,  HFG. 

For  join  D,  L,  and  E,  L :  And  since  (constr.) 
KE=^KC^LG,  it  is  manifest  that  £C=:LG;  and 
(canstr.)  EC  is  parallel  to  LG;  therefore  (E.  xxxiii. 
1 .)  CG  is  parallel  to  LE;  but,  since  KEL  is  a  semi- 
circle, the  /.KEL  is  (E.  xxxi.  3.)  a  right  angle; 
therefore  (E.  xxix.  1.)  the  zs  KCG,  CGL  are  right 
angles;  therefore  (E.  xvi.  3.  Cor.)  CG  touches  both 
the  circles  ABC,  HFG. 

And,  in  the  same  iQanner,  it  may  be  shewn,  that 
AF  touches  both  the  circles  ABC,  HFG. 

Secondly,  if  the  two  given  circles  be  equal  to  one 
another,  a  straight  line  may  be  drawn  which  shall 
touch  them  on  contrary  sides,  in  the  same  manner  as 
when  they  are  unequal :  And,  it  is  manifest  (E.  xxxiii. 
I.E.  xxix.  1.  and  E.  xvi.  3.  Cor.)  that  if  a  semi- 
diameter  in  each  circle  be  drawn  perpendicular  to  the 
straight  line  joining  the  two  centres,  the  straight  line, 
which  joins  the  extremities  of  these  two  semi-diameters, 
.\yijl  touch  both  the  circles  on  the  same  side. 
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Prop.  LI H. 

66*  Theorem.  If  two  straight  lims^  which  touch 
two  .gjmen  circles^  the  one  touching  iotk  the  circles 
<mthe  one  side  of  them,  the  other  on  the  other,  he 
cut  hf  a  third  tangent ,  which  touches  the  two  circks 
•II  contrary  sides  of  thenty  then,  of  the  segments 
into  which  the  tmojsrst  tanjgents  are  thus  dwidei^ 
th^se  ufhich  are  idtemate  are  equal  to  one  another. 

Let   ABE,  ACG  touch  the  two  given  circles 


BCD,  EFG,  ABE  on  the  one  side  of  them,  and 
ACG  on  the  other;  and  let  HLFI> be  dr»WA  (Supp. 


Boa&  IH. 
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ki.  a.)  touching  the  two  circres,  on  contrary  sides 
of  them :  Of  the  seg^ments  into  which  IRL  divides 
JBFand  CG,  BH^TG,  and  ER^CL. 

If  the  two  circles  be  equal  to  one  another,  it  is 
manifest,  from  the  latter  part  of  the  demonstration 
of  Supp.  Hi.  3.,  that  BE  and  CG  will  be  opposite 
sides  of  a  parallelogram,  and  that,  therefore,  (E. 
xxxiv,  1.)  BE^CG:  And,  if  Bf  be  not  parallel  to 
CG,  but  meets  k,  both  the  lines  biing  produced,  in 
A,  then,  since  (Supp.  xix.  3.  Cor.  1.)  AE  —  A^  and 
ABssAU;  a  BE  =  CG,€ls  in  the  former  case. 


Again,  (Supp.  xix- 3.  Cor.  1.)  H8  +  LC^HD+ 
LD;  or  OT;  and  HE^HF+FL^ffE+ZG;  .\ 
UB:k'LC^HE+LG;  aiMl,  as  hath  been  she  wo, 
BE^CG;  ih^iis,  HB+HE^LC+LG;  if,  there- 
fore, these  two  equak  be  added  to  the  equals  HB + 
1X7  and  HE^LG,  it  is  evident  that  ^HB^HE^LC 
^2LG^HE^LCi  take  away  from  both  HE^LC, 
aod  there  remains  2HB^2LG;  .\  HBz=zLG:  And 
it  lyis  been  proved  that  BE^CGi  if,  therefore, 
Itmi:  tbese  equals  there  be  taken  the  equals  HB  and 
XiG^.tbei:^  will  remain  EH^CL. 


Pr».  LIV. 

67.  Problem.  The, perimeter ,  the  vertical  angle, 
and  the  altitude  of  a  triangle  being  given,  to  con- 
strwt  the  triangle. 

Let  XAK  be  a  rectilineal  angle:  It  is  required 
to  d^^cribe  »  tmogle,  wkkh  shrifc  hsve  XAV 
for  its  v6Fjticfd  ioigie,    which   sball  have  a  given 
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perimeter^  and  the   perpendicular  drawn    from  A 


to  the  opposite  side,  equal,  alsoj  to  a  given  straight 
line. 

From  AX  and  AY  cut  off  AB  and  AC,  each  of 
them  equal  to  the  half  of  the  given  perimeter;  from 
B  and  C  draw  (E.  xi.  1.)  BK  and  CK  perpendicular 
to  AB  and  ACy  respectively,  and  join  A,  K;  there- 
fore (constr.  and  Supp.  Ixxiii.  1.)  KB=KC;  from 
the  centre  K,  at  the  distance  KB,  describe  the  circle 
BEC,  which  {canstr.  and  E.  xvi.  3.  Cor.)  will  touch 
^jBand  AC  in  the  points  B  and  C;  from  AX  cut 
off  AD  equal  to  the  given  perpendicular^  and  from 
the  centre  A  at  the  ^distance  AD  describe  the  circle 
DFG. 

Lastly,  draw  (Supp.  lii.  3.)  the  straight  line  LH 
touching  the  circle  BEC  in  E,  and  the  circle  DFG 
in  F:  Then  is  ALH  the  triangle  which  was  to  be 
described. 

For  it  has  the  ^XAY  for  it9' vertical  angle,  and  if 

Aj  F  be  joined^  since  LH  touches  the  circle  DFG 
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in  F,  the  ^B  AFL,  AFH,  are  (E.  xviii.  3.)  right 
angles;  and  (E.  xv.  Def.  1.)  AF^AB  which  was 
made  equal  to  the  given  perpendicolar:  Also  (ooftstr* 
and  Supp.  xiz. 3.  Cwr.  1.)  LE^LB,  and  HE^HC; 
.\  LE+BE,  f.  e.  LH^LB+HC;  to  these  equals 
add  ^^+^^;  ..  AL  +  LH+HA^AL  +  LB+ 
AH+HC;  but  AL  +  LB^AB,  and  AH+HC 
^AC;  .\  AL+LH  ^  HA^AB  -^  AC ;  and  AB 
and  AC  were  made  each  of  them  equal  to  the  half 
of  the  given  perimeter;  therefore  the  aALH  has 
its  perimeter  equal  to  the  given  perimeter;  it  has 
the  given  angle  for  its  vertical  angle^  and^  as  hath 
been  shewn,  it  has  its  perpendicular  AF  equal  to  the* 
given  altitude. 

Prop.  LV. 

68.  Theorem.  If  the  point,  in  which  two  straight 
lines  that  are  perpendicular  to  each  other  meet,  be 
applied  to  the  circumference  of  a  circle  so  that  the 
straight  lines  themsehes  cut  tlie  circumference,  the 
centre  of  the  circle  is  in  the  bisection  of  the  straight 
Une  joining  those  two  intersections. 

For,  the  straight  line,  joining  the  intersections  of 
the  circumference  and  of  the  two  straight  lines  which 
(hyp.)  meet  at  some  point  of  the  circumference,  and 
contain  a  right  angle,  cuts  off  a  semi-circle :  If  not, 
let  it^  if  it  be  possible,  cut  off  a  segment  greater  than 
a  semi-circle;  therefore  (E.xxxi.3.)  the  angle  in 
that  segment  is  less  than  a  right  angle^  which  is  con* 
trary  to  the  supposition :  Neither  can  it  cut  off  a 
segment  less  thun  a  semi-circle ;  for,  then  the  aagle 
in  that  seg^ment  would  be  greater  than  a  right  angle. 
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wbieh  i8^  also,  cocitrwy  to  tkie  suj^HtioD ;  4hei3elbie 
the  straj^t  line  joining  the  iotersocUoBfl  qtiti  off 
ft  temi-circla,  and  iherefem  yamw  tbrnugh  the  ceMve 
of  Ibe  cirdt,  wUdi  4K»At  i%  th«refoie  in  the  hmettiuo 
ofthfttKtte. 

Prop.  LVI. 

69.  Theorem.  Iffrwn  the  extremiiies  ofam^  dir 
mrneteTy  of  a  gwen  circle^  perpendiculors  be  drmm 
to  amf  chord  of  the  drele^  that  ie  notpmtdlel  to  the 
diameter^  the  leee  perpendicular  ^udl  be  equal  to  the 
segmeut  of  the  greater  contained  between  the  cir- 
ewnference  and  the  chord 

From  the  extremities,  j4  and  B,  of  the  diameter 
j4B  of  the  circle  ABDC,  let  there  be  drawn  AE 


and  BF  pwpendicular  to  the  chord  CD,  which  is  not 
parallel  to  AB;  let  AE  and  BF  meet  CD^  pro- 
duced^  in  E  and  F\  and  let  the  greater  XAE  cut 
the  circumference  in  /:  Then  BFssIE. 

For  joiif  jB,  /:  And  since  (Ayp.)  AlCd  is^a  semi- 
circle, therefore  (£.  xxxi.3.)  the  aAIB^  is  a  right 
ang^e;  and  {hfp)  the  i%  lEF,  EFD  are,  also,  right 
an^gfea;  therefore  (E.  xxviii.  i.)  the  figure  lEFB  k 
a  parailebgram;  therefore  (E.  xxxtv.  l.)  BF^IE. 
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And  in  tbe  same  maoiker  nay  the  propoeitUm  be 
proTody  whcB  ttie  chord  CD  cMb  AB  witWe  the 
circle. 

Prop.  LVIL 

70«  Ta&cmAM.  ffj^om  the  extremities  of  any  di- 
mmetety  tif  a  given  circle,  perpendiculare  be  drawn 
to  mngf  chord  of  the  circk,  tkey  shall  meet  the  chord, 
or  the  chard  produced,  m  two  points  which  are  equi^ 
distant  ^om  the  centre. 

From  the  extlremities^  A,  B,  of  the  diameter  AB, 
of  the  circle  ABCD,  of  which  K  is  the  centre,  let 
there  be  drawn  AE,  and  BF,  perpendicular  to  the 


chord  CDy  and  meetii^  CD  ^r  <7A  praduoed  in  E 
and  J^f  respectivdy :  The  points  £  and  F  are  aqoU 
distant  from  K^ 

FWJoin  K,£,  and  K,  F,  and  B^  I;  and  Ont  let 
EFhe  pvallel  to  ABi  Then,  since  (^^0  the  aitgles 
AEF^  EFB  me  right  angles,  therefore  (E.  xxviii  1.) 
EA  is,  also,  parallel  to  FB,  and  AEFB  is  a  paral- 
lelogram ;  therefore  (E.  xxxiv.  1.)  EA^FB,  and  the 
I EAB  s  z  FBA,  each  of  them  bdng  a  right  angle ; 
also  the  side  KA,  of  the  d^EAK,  is  eqinal  io  Ihe  Side 
KB,  of  the  aF/CB;  therefore  (E.  iv.  1.)  EK^FK. 
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■ 

But,  if  EF  be  not  parallel  to  AB,  join  B^  /,  and 
through  K  draw  (E.  xxxi.  1 .)  KHG  parallel  to  AE 
or  BF:  And  since  {Igfp.)  AICD  is  a  semi^cirde; 
therefore  (E.  xxxi.  3.)  the  lAIB  is  a  right  angle^  as 
is,  also^  (%p)  the  lAEF;  therefore  (E.  xxviii.  1.) 
EF  is  parallel  to  IB ;  and  (cotMr.)  the  figures  IG, 
HF,  are  parallelograms;  therefore  (E.  xxxiv.  1.) 
EG^IH,  and  GF^HB;  but  since  KG  (eanstr.) 
is  parallel  to  AE,  and  that  the  angles  AIBj  AEFclW 
right  angles;  therefore  (E.  xxix.  1.)  the  /s  IHK, 
EGH  are  right  angles ;  and  because  KH,  drawn 
from  the  centre  K^  cuts  IB  at  right  angles,  therefore 
(E.iii.3.)  IH^^HB;  .-.  EG^GF;  and  A:G  is 
common  to  the  two  triangles^  KGE,  KGF^  and  the 
/s  KGE,  KGFy  as  hath  been  shewn,  are  right 
angles;  therefore  (E.iv.  1.)  EK:=^FK. 

And  in  the  same  manner  may  the  proposition  be 
proved,  when  the  chord  CD  cuts  the  diameter  AB 
within  the  circle  *. 


Prop.  LVIII. 

71.  Theorem.  If  upon  either  radiust  bounding 
a  quadrantal  circtdar  arch,  as  a  diawHer,  a  semi- 
circle  he  described^  any  chord  of  the  semi-circle, 
drawn  Jrom  the  centre  of  the  quadrant^  shall  be 
equal  to  the  perpendicular  distance  of  the  point, 
m  which  the  chord  produced  meets  the  quadrantal 
arch,  Jrom  the  other  radius. 


^  It  -is  manifest  firom  the  demonttratioii,  and  from  £.  iii.  5., 
that  the  segment  EB  h  equal  to  the  segment  J*D. 
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Let  BDKbe  a  semi-circle^  having  for  its  diameter 


KBj  one  of  the  semi-diameters  \vhich  bound  the 

quadrantal  circular  arch  ACB^  and  from  the  point 
C^  in  which  any  chord  KD,  of  the  semi-circle,  meets, 

when  produced,  ACh,  let  CE  be  drawn  perpen- 
dicular to  KA  the  other  terminating  semi-diameter  of 

ACB:    Then  KD^CE. 

For,  since  (hyp.)  KDB  is  a  semi-circle ;  therefore 
(E.  xai.  3.)  the  z  BDK  is  a  right  angle ;  as  is,  also^ 
{hyp.)  the  z  CEK :  Again,  since  (hyp.)  ACB  is  a 
quadrant  of  the  circumference  of  its  circle ;  therefore 
(£.  zxvii.  3.  and  E.  xv.  1.  Cor.  2.)  the  z  A  KB  is  a 
right  angle ;  therefore  the  z  EKC  +  ^  DKB  s 
a  right  angle ;  also,  since  the  /  CEK  is  a  right 
angle,  therefore  (E  xxxii.  1.)  the  z  EKC+  ^  KCE 
=a  right  angle;  therefore  the  z  EKC+  z  DKB^ 
z  EKC^  z  KCEi  therefore  the  z  DiRTB^  z  A:Ci?; 
and  the  side  KB,  of  the  a  KDB,  is  (E.  xv.  Def.  1.) 
equal  to  the  side  KC,  of  the  a  CBK;  therefore 
(Exxvi.  1.)  KD^CE.  ^ 

Prop.  LIX. 

72.  Th^orbm.  If  the  angle  contained  hy  two 
straight  lines,  one  of  which  cuts  a  circle  Mnd  the 

M 


^ 
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oAer  meets  it ^' be  equml  to  the  angle  in  the  alternate 
segment  of  the  circle^  the  straight  Hne  which  meets, 
shall  touch  the  circle. 

r 

For  if  the  straight  line  which,  in  this  case^  meets 
the  circle,  does  not  touch  it,  from  the  point  in  which 
it  meets  the  circle,  draw  (E.  xvii.  3.)  a  straight  line 
touching  the  circle:  Then  {hyp.  and  E.  xxxii.  3.) 
it  is  manifest  that  the  greater  of  two  angles  is  equal 
to  the  less ;  which  is  absurd. 

Prop.  LX. 

73.  Theorem.  A  straight  line  touching  a  ctr- 
cular  arch  in  the  bisection  of  that  arch,  is  paralld  to 
its  chord. 

For  the  angles^  which  each  half  of  the  arch  sub- 
tends at  the  opposite  extremity  of  the  chords  are 
(E.  xxvii.  3.)  equal  to  one  another ;  and  (£.  xxxii.  3.) 
they  are  also  equal  to  the  angles  which  the  straight 
lines,  joining  the  bisection  of  the  arch  and  the  ex- 
tremities of  the  chord,  make  with  the  straight  line 
that  touches  the  arch  at  its  bisection ;  therefore 
(E.  xxvii.  1.)  the  tangent,  at  that  point  of  bisection, 
is  parallel  to  the  chord. 

Prop.  LXI. 

74;  Problem.  The  base,  the  vertical  angle,  an4 
the  attttode  of  a  triangle  being  gioen^  to  construct 
the  triangle. 

Let  BC  be  the  given  base  of '  a  triangle^  of  which 
th^  vertical  aqgle^  and  the  altitude  are.  alio 
it  is  required  to  construct  the  trlai^le. 
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Upon  BC  describe  (E.  xxxiii.  3.)  a  segment  of  a 
circle  BAC,  capable  of  containing  an  angle  equal  to 


(be  gifen  verticai  angle ;  from  C  draw  (B.  xi.  1.) 
CL  perpendicular  to  BC,  and  make  it  equal  to  the 
given  altitude  of  the  triangle ;  through  L  draw  ZZ7 

parallel  to  BC,  and  let  LA  meet  BAcin  A;  join  JB, 
A  and  C,  A :  Then  is  ABC  the  triangle  which  was 
to  be  constructed. 

For  draw  (E.  xxxi.  1.)  AD  parallel  to  LC;  there- 
fore^  the  figure  ADCL  is  a  parallelogram^  and  (E* 
xxxiv.  1.)  AD^LC:  And  because  AD  is  parallel  to 
LC,  and  {qmstr.)  the  z  LCD  is  a  right  angle ; 
therefore  (E.xxix.  1.)  the  L  ADC  is  a  right  angle; 

t.  e.  AD  is  perpendicular  to  BC,  and  it  has  been  * 
shewn  to  be  equal  to  LC,  which  {ctnMtn)  is  equal  to 
the  given  perpendicular.     Also  {canstr.)  the  L  BAC 
is  equal  to  the  given  vertical  angle ;  .*•  ABC  is  the 
triangle  which  was  to  be  constructed  *• 


*  IftbestmgfatliiiALii  drawn  from  die  extn^^ 
is  made  cqiol  to  the  given  peEpeadicuUr^i  ftU  without  thi^  seg- 
ment BAC,  the  problem  19  numifedtly  in^possible :   If  LA  touch 
the  ctrde  BAV,  £he  problem  has  only  one  solution ;  but  if  LA 
cut  the  segment  BAC,  the  problem  acbnitrof  two  solutions^  ' 

M  2 
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Prop.  LXII. 

75.  Problem  .  To  find  apoint  in  a  gvoen  straight 
Une,  from  which  if  straight  lines  be  drawn  to  two 
given  points,  on  the  same  side  of  the  given  Une,  thof 
shall  contain  an  angle  equal  to  a  gioen  rectilineal 
angle. 

Upon  the  straight  line  joining  the  two  given  points, 
describe  (E.  xxxiii.  3.)  a  segment  of  a  circle,  capable 
of  containing  an  angle  equal  to  the  given  rectilineal 
angle,  and  the  point  in  which  it  meets,  or  cuts,  the 
given  straight  line,  is  evidendy  the  point  which  was 
to  be  found  :  And  if  the  circumference  of  the  seg- 
ment, so  described,,  cut  the  given  straight  line,  it  is 
manifest  that  the  problem  admits  of  two  solutions  : 
But  if  the  circumference  of  the  segment  neither  touch 
nor  cut  the  given  line,  the  problem  is  impossible. 

Prop.  LXIII. 

• 

.  76.  Problem.  The  vertical  angle,  the  base,  and 
the  aggregate  of  the  three  sides  of  a  triangle  being 
given^  to  construct  the  triangle. 

.  JLiet  DE  be  the  given  base :    It  is  required  to  de-> 


scribe  on  DE  a  triangle,  which  shall  have  its  two 
remaining  sides  equal  together,  to  a  given  finite 
straight  line^  and  the  angle  contained  by  them  equal 
to  a  given  rectilineal  angle. 
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'  Upon  DE  describe  (E.  xxjlxu.  3.)  a  segment  of  a 
circle  DFE,  capable  of  containing  an  angle  equal  to 
the  given  rectilineal  angle;  divide  (Supp.  xlvii.  3.) 

uFEj,  in  F,  so  that  the  aggregate  of  the  chords  of 

DFj  EF  shall  be  equal  to  the  aggregate  of  the  twp 
remaining  sides  of  the  triangle;  and  join  D,  Fand 
E,  F;  Then  it  is  manifest  that  DFE  is  the  triangle 
which  was  to  be  constructed. 

Prop.  LXIV. 

77.  Problem.  The  vertical  angle,  the  base,  and 
the  excess  of  the  greater  of  the  two  remaining  sides, 
of  a  triangle,  above  the  less,  being  given,  to  con- 
struct the  triangle. 

Let  AB  be  the  given  base:  It  is  required  to 
describe  on  AB  a  triangle^  which  shall  have  the 
difference  of  its  two  remaining  sides  equal  to  a  given 
finite  straight  line^  and  the  angle  contained  by  them 
equal  to  a  given  rectilineal  angle. 


Upbn  AB  describe  (E.  xxxiit.  3.)  a  segment  of  a 
circle;  capable  of  containing  an  angle  equal  to  the 
given  .  rectilineal  angle ;    divide    (Supp.  xlviii.  3.) 

ACa  in  C,  s;o  that  the  difference  of  the  chords  of 

AC  and  BC  may  be  equal  to  the  excess  of  the 
greater  of  the  two  remaining  sides  of  the  triangle 
above  the .  less ;  and  join  A,  C  and  B,  C :    Then  it 
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IB  /evident  that  ACB  is  the  trian^  which  was  to  be 
ison«tra€ted. 

Prop.  LXV. 

78*   Problem.    From  two  given  points^  in  the  cir- 
cumference of  a  circlcj  to  draw  two  equal  chords  of 
that  circle,  which,  produced  if  necessary,  shall  make 
tcith  one  another  an  angle  equal  to  a  given  recti- 
lineal angle. 

Let  j4  and   B    be  two  points   in   the   circam- 


ference  of  the  circle  AEFB;  and  let  A^  be  a  recti- 
lineal angle :  It  is  required  to  draw,  from  A  and 
Bs  two  equal  chords  of  the  circle  AEFB,  which 
nak^  with  one  another  an  angle  equal  to  the  angle  jK. 

Join  A,  B;  upon  AB  describe  (E.  xxxiii.  a^)  a 
foment  of  a  circle  AGE  capable  of  containing  an 
angle  equal  to  the    L  K,  and  complete  the  cirde 

AGBH;  bisect  (E.  xxx.  3.)  A^  in  G,  and  AMh 

in  H;  draw  AG  and  5&,  cutting  JdB  in  D  and  C^ 


vssHvnw^ 
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ftbo  drkw  AH  and  J^/l,  and  produce  them  to  meet 

AEh  in  Fand  E. 

It  is  manifest,  from  the  construction,  that  the 
LAGB,  which  the  two  chords,  JD,  BC,  make 
with  one  another  when  produced^  =  LK;  also,  since 
(E.  Mil.  3.)  the  lAGB  +  L  AHB  =  two  right 
angles,  and  that  (K  xiii.  1.)  the  LAHE+  lAHB 
ss  two  right  angles ;  therefore  the  L  AHE  = 
L  AGB;  but  (constr.)  the  lAGB  =  L  K;  there- 
fore the  L  AHE,  which  the  two  chords  AF,  BE, 
make  with  one  another,  is  equal  to  the  L  K, 

Again,  join  A,  C^  and  B,  D;  and  since  {constr,) 

Ad^J^,  tiierefore  <E.  xxxvii.  3.)  the  L  GAB:^ 

LGBA;  therefore  (E.  xxvi.  3.)  ^C^::^6dA;  take 

away  the  common  part  jDC,  and  AD^BC;  there- 
fore (E.  xxix.  3.Xii>  =  BC 

Lastly  if  A,  E,  and  J5,  F,  be  joined,  it  may  be 
shewn,   in  the   same  manner,   that  the    z  HAB^ 

/iHBJ,  and  that  (E.  xxvi.  3.)  ^=  ^;  add  to 
these  equals  ^  and  AEF^^Fk;  .-.  (E.  xxix.  3.) 
AF^BE. 

Prop.  LXVI. 

79.  Problem.  In  a  given  parallelogram  to  in- 
scribe a  parallelogram  which  shall  have  one  of  its 
angles  equal  to  a  given  angle,  and  posited  in  a  given 
point  of  one  of  the  sides  of  the  given  parallelogram. 

Let  F  be  a  point  in  the  side  AB  of  the  CD  A  BCD ; 
and   YLX   a   given   rectilineal    angle:    It   is   re- 
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quired  to  inscribe,  in  the  CD  ABCD,  a  parattdogram 


H      Y 


L    Z 


which  shall  have  one  of  its  angles  posited  in  F,  and 
equal  to  the  /  YLX. 

Join  B,  D;  bisect  BD  {E.  x.  1.)  in  A';  draw  FK 
and  produce  it  to  meet  DC  in  H;  therefore  (con8tr, 
E.  xV.  1.  E.  xxix.  I.  and  E.  xxvt.  1.)  DH^BF; 
produce  XL  to  Z;  upon  F/f  describe  (E.  xxxiii.  3.) 
a  segment  of  a  circle  capable  of  containing  an  angle 
equal  to  the  j:  YLZ,  and  let  its  circumference  cut 
^D  in  £;  if  therefore  F,  E  and  H,  E  be  joined,  it 
is  plain  that  the  /  FE//=:  z  YLZ;  from  CJ?cut  off 
CG^AE;  join  F,  G  and  //,  G:  Then  is  FEHG 
the  figure  which  was  to  be  described. 

For  {constr.  and  Supp.  xliii.  1.)  EFGH  is  a 
parallelogram;  therefore  (E.  xxix.  1.)  the  i  HEF+ 
c  EFG  ^  two  right  angles;  also  (E.  iii*  1.)  the 
z  FLZ+ zFLJTs  two  right  angles;  and  it  lias 
been  shewn,  that  the  i  HEF^  z  YLZ\  therefore 
the  L  EFG  SI  L  YLX;  and  it  is  posited  in  the  given 
point  F.     Therefore,  &c. 

Prop.  LXVII. 

80.  Problem.  To  prodiLce  a  given  straight  Une 
so  that  the  rectangle,  under  the  given  straight  line, 
and  the  part  of  it  ffroduced,  shall  be  equal  to  agioen 
square* 


^■«i^ 


^ 
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Let  AD  be  a  finite  straight  line  :    It  is  required 


to  produce  AD^  so  that  the  rectangle  contained  by 
AD  and  the  part  produced  may  be  equal  to  a  given 
square. 

Through  D  draw  any  straight  line  XV,  and  from 
DXand  D¥  cut  off  (E.  iii.  1.)  DE  and  DF  each 
of  them  equal  to  the  side  of  the  given  square ;  de-t 
scribe  (Supp.  v.  1 .  Ccr.)  a  circle  which  shall  pass 
through  the  three  points  A,  E,  andF;  and  produce 
AD  to  meet  the  circumference  in    C:    Then  (E. 

XXXV.  3.)  it  is  manifest  that  the  rectangle  ADy^  DC 

-EDx  DF  or  ED';  but  ED  was  made  equal  to 
the  side  of  the  given  square ;  .*.  AD  has  been  pro- 
duced to  C,  so  that  ADx  DC  is  equal  to  the  given 
square. 

81.  Cor.  By  a  similar  method^  it  is  manifest^  a 
given  straight  line  may  be  produced^  so  that  the 
rectangle  contained  by  the ,  straight  line^  and  the 
part  produced  shall  be  equal  to  a  given  rectangle  : 
That  is,  if  three  straight  lines  be  given,  a  fourth  may 
be  found  so  that  the  rectangle^  contained  by  it  and 
one  of  the  three  given  straight  lines^  shall  be  equal 
to  the  rectangle  contained  by  the  remaining  two. 
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Prop.  LXVIII. 

82.  Theorem.  If  through  any  point  in  the  eom^ 
ifum  chord  of  two  circles,  which  intersect  one  another, 
there  be  drawn  any  two  other  chords,  one  in  each 
circle,  their  four  extremities  shall  all  lie  in  the  cir- 
cumference of  a  circle. 

Let  P  be  any  point  in  AB,  which  is  a  common 
chord  of  the  two  circles  j^BC,  ABD;  and  through 
P  let  there  be  drawn  a  chord  CPE,  of  the  circle 
ABC,  and  FPD  a  chord  of  the  circle  ABD ;  th<i 
four  points  C,  F,  E,  D,  lie  in  the  circumference  of 
a  circle. 

For  describe  (Supp.  v.  1.  Cor,)  a  circle  CFE, 
which  shall  pass  through  the  three  points  C,  F  and 
E;  it  shall^  also,  pass  through  D :    If  not  let  it  cut 


FD  in  some  other  point  as  G. 


Then  (E.  xxxv.  3.)  CFx  PE  «  APxPB;   and 
APaPB^TPxTD;    ..  CPxPEc=.FPxPD; 

but  (E.XXXV.3.)  CPx  PE^FPxFG;  \FPxPD 
^FP  X  PG;  i.  e.  the  greater  rectangle  is  equal  to 
the  less,  which  is  absurd ;  therefore  the  circle  which 
passes  through  C,  F,  E  cannot  pass  otherwise  than 
through  D. 
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Prop.  LXIX. 

^'*^.^  TifEOftEM.  If  through  the  gioem  extremity 
cf  Mny  diameier  ^  a  circle  straight  lines  be  drawn 
to  meet  an  ind^nite  straight  line  without  the  eitclej 
which  is  perpendicular  to  the  diameter  produced,  the 
rectangles  contained  by  the  segments  of  these  Unes 
lying  between  the  given  poimt,  the  point  in  which 
each  of  them  cuts  the  circumference  agatn,  and  the 
indefinUe  line,  shall  be  equal  to  each  other. 

Through  the  extremity  B  of  the  diameter  AB^  of 


the  circle  AQB,  let  there  be  drawn  any  lutrober  of 
straight  lines^  terminated  one  way  by  the  circumfcr^ 
ence,  and  the  other  way  by  the  indefinite  straight 
line  XV,  which  meets  ^t^B,  produced,  at  right  angles 
in.  C:  The  rectangles  contained  by  the  segments 
into  which  the  Unes  so  drawn  are  divided  by  the 
point  B,  shall  be  equal  to  one  another. 

For,  let  PBQ  be  any  of  the  lines  so  drawn  through 
B;  join  j4,  P  and  A,  Q :  And  because  (hyp.)  AQB 
is  a  serai -circle  ;   therefore  (E.  xxxi.  3.)  the  L  AQP 
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is  a  right  angle^  as  is^  also,  {hyp.)  the  lACP^ 
therefore  (Supp.  xxix.  1.  Cor.  3.)  a  circle  described 
upon  AP  as  a  diameter^  will  pass  through  Q  and  C; 

therefore  (E.  xxxv.  3.)  RB  x  BQ^ABxBC;  and, 
in  the  same  manner,  it  may  be  shewn  that  the  rect* 
angle  contained  by  the  segments  of  any  other  straight 
line,  so  drawn  through  B,  is  equal  to  j4B  x  BCj  aiid> 
therefore,  equal  also  to  PB  x  BQ.  AH  such  rect*. 
angles  are,  therefore,  equal  to  one  another. 

84.  Cor.  Hence,  through  a  giten  point,  (0) 
between  an  indefinite  straight  line  (XV)  and  a  line 
of  any  kind  {Vff^^  in  the  same  plane  with  it,  a 
straight  line  may  be  drawn  to  meet  the  two  given 
lines,  so  that  the  rectangle,  contained  by  the  seg- 
ments into  which  it.  is  divided  by  the  given  point, 
shall  be  equal  to  a  given  square. 

For  draw  (E.  xii.  1.)  BC  perpendicular  to  XY, 

and  produce  CB  (Supp.  Ixvii.  3.)  to  A,  so  that  CB  x 

BA  may  be  equal  to  the  given  square ;  upon  AB, 
as  a  diameter,  describe  the  circle  .^JJQ*,  cutting  VfV 
in  Q;  lastly,  draw  QB,  and  produce  it  to  meet  XV 
in  P:  Then  since  (Supp.  Ixix.  3.)  PB  x  J?Q  = 
CB  x  BA,  and  that  {constr,)  CB  x  BA  is  equal  to 
the  given  square  ;  /.  PB  x  BQ  is^  also,  equal  to  the 
given  square. 

Prop.  LXX. 

85.  Problem.  From  the  obtuse  angle  of  an 
obtuse-angled  triangle,  to  draw  a  straight  line  to  the 


*  If  the  circumference  of  the  circle  ABQ,  do  not  cut  FW^ 
the  problem  admits  not  of  a  solution. 
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bascy  the  square  of  which  shall  be  equal  to  the  rect- 
angle contained  by  the  segments,  ifUo  which  it  dinndes 
Ifte  base. 

liCt  BAC  be  An  obtuse-angled  triangle,  obtuse- 


angled  at  A :  It  is  required  to  draw  from  A  to  BC 
a  straight  line^  the  square  of  which  shall  be  equal  to 
the  rectangle  of  the  segments  into  which  it  divides 

BC. 

About  B^C  describe  (Supp.  v.  1.  Cor.)  a  circle 
ABEC,  and  take  its  centre  K;  join  K,  A;  upon 
KA,  as  a  diameter,  describe  the  cirde  ^DiST  cutting 
BCinD;  join^,  i>:    Then  ZD' ^ BD  x  I)C. 

For  produce  AD  to  meet  the  circumference  in  £, 
and  join  K,  D :  And  since  (constr.)  ADK  is  a  semi- 
circle;  therefore  (E.  xxxi.  3.)  the  i  ADK  is  a  right 
angle;  therefore  (E.  iiL  3.)  AD^DE;  but  (E- 
XXXV.  3.)  BD  X  DC^AD  X  DE;  .\  BD  x  /)C= 
ADP. 

86.  Cor,  A  segment  of  a  circle  being  given, 
that  18  less  than  a  semi-circle,  the  method  of  drawing, 
from  any  point  of  its  circumference,  a  chord  of  the 
circle^tbat  shall  be  bisected  by  the, chord  of  the  seg- 
ment; is  shewn  in  the  solution  of  the  above  problem. 
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Prop.  LXXL 

87.  Problem.  To  make  a  rectangle  which  ^hoA 
he  equal  to  a  given  square,  and  shall  have  its  two 
adjacent  sides,  together,  equal  to  a  given  straight 
line ;  the  side  of  the  given  square  being  less  than 
the  half  of  the  given  straight  line. 

Let  AC   be  a  straight   line :    It  is  required  to 


make  a  rectangle,  which  shall  be  equal  to  a  given 
square^  and  vi4iich  shall  have  ite  two  adjaceot.Mfles^ 
together,  eq«al  Co  ^C 

UpoD  jiC,  as  a  diaiMter^  describe  the  civcle^^fiC; 
from  C  draw  (EL  xi.  1.)  'CG  perpendicalar  to  ^t7, 
and  make  CO  equal  to  the  side  of  the  given  square ; 
through  O  dmw,  (E.  xxxi.  l.)  GF  parallel  to  AC^ 
and  through^  F  draw  FDE  parallel  to  CG :  The 
rectangle  JD  x  DC  is  equal  to  the  ^ven  square. 

For  (coiwIrODCGF is  a  parallelogram;  therefore 
(E.  xxxiv.  1.)  i>F=  CG,  and  therefore  (constr.)  DF 
=sthe  side  of  the  given  square:  Againv  because 
{constr.)  DF  ift  parallel  to  CG,  and  the  z  ACG  is 
a  rigbt  angle;  therefore  (E*  xxix.  L)  the  z  CDFin^ 
also,  a  right  angle;  and  (constr.)  ADC  is  the  di- 
ameter of  ihebirele  ABC;  therefbre^  (R  iii.  <^.)  DF^ 
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r:^BE;  bttt  (B.  XXXV-  3.)  ADxDC^DFxDE; 
I  «.)  since  DFt^DB,  AD  x  DC^DF^;  r.  AD  x 
DC  is  equal  to  the  given  square,  and  AD  together 
with  DC  make  np  the  given  straight  line  AC. 

88.  Cor.  1.  If  tike  side  of  the  given  square  be 
greater  than  the  half  of  the  given  straight  fine,  the 
problem  admits  of  no  sofution. 

89.  Cor.  2.  In  the  same  manner,  the  greater 
side  of  a  given  oblong  may  be  divided  into  two  parts, 
so  that  the  rectangle  eontamed  by  them  ^all  be  equal 
tn  the  given  oblong,  a  square  having  first  (E.  xiv.  2.) 
been  found  that  is  equal  to  the  oblong:  But,  in  this 
case,  the  half  the  greater  side  of  the  oblong  must 
exceed  the  double  of  the  leaser  side. 

90.  Cor.  3.  In  the  same  manner,  also^  a  straight 
line  may  be  divided  into  two  parts,  so  that  the  rect- 
angle contained  by  them,  shall  be  equal  to  a  given 
rectangle  ;  if  the  side  of  a  square  which  is  equal  to 
the  given  rectangle,  do  not  exceed  the  half  of  the 
given  straight  line. 

91.  CoE.  4.  If  the  measure  of  the  surface  of  an 
oblong  be  given,  and  if  its  perimeter  be  also  given, 
the  rectangle  itself  may  hence  be  constructed. 

Pju>p.  LXXII. 

92.  Theorem.  If  from  a  given  point  without  a 
drelcy  two  equal  straight  lines  he  drawn  to  the  con- 
vex circumference,  one  of  which  touches  the  circle^ 
the  other  shall  also  touch  it. 

For,  if  not,  draw  (£.  xvtL  3.)  from  the  given  point 
a  straight  line  to  touch  the  circle^  and  (Siipp.  xix.  3. 
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Cor.  1.)  it  will  be  equal  to  the  other  tangent;  and 
thus  more  than  two  equal  straight  lines  can  be  drawn 
from  a  point,  without  a  circle^  to  the  circumference ; 
which  (E.  viii.  3.)  is  absurd ;  therefore  the  straight 
line  which  is  drawn  from  the  same  point,  without  the 
circle^  as  the  tangent^  and  which  is  equal  to  the  tan- 
gent, itself  also  touches  the  circle. 

Prop.  LXXIII. 

93.  Problem.  To  produce  a  given  straight  line, 
80  that  the  rectangle  contained  by  the  whole  line  thus 
produced,  and  the  part  of  it  produced,  shall  be  equal 
to  a  gioen  square. 

Let  AB  be  a  straight  line,  and  L  the  side  of 


£    X 


a  square:  It  is  required  to  produce  AB  so  that 
the  rectangle  contained  under  the  whole  line  pro- 
duced, and  the  part  of  it  produced,  may  be  equal 
to  the  square  of  L. 

Bisect  (E.  X.  1.)  AB  in  K,  and  upon  AB,  as  a 
diameter,  describe  the  circle  ABC;  from  B  draw 
(E.  xi.  1.)  BD  perpendicular  to  AB^  and  make  BD 
=  L;  join  K,  D,  and  let  Kl)  cut  the  circumference 
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in  C;  from  C  draw  CE.  perpendicular  to  K€,  and 
let  CE  meet  JB  produced  In  E.  Then  since  {constr. 
and  E.  xvi.  3.  Cor.)  CE  touches  the  circle,  and  EBA 
cuts  it;  therefore  (E.  xxxvi.  3.)  AE  x'EB^lSC^; 
but^  since  the  /s  KBD,  KCE  are  right  angles,  and 
the  angle  at  K  is  common  to  the  two  as  KBD^  KCE» 
and  that  (E.  xv.  Def:  1.)  the  side  ATI) -the  side  KC; 
therefore  (E.  xxvi.  1.)  EC=BD;  but  (constr.)  BD 
-L;  and  it  has  been  shewn  thdii  AExEB=^EC^; 
.-.  j4E  X  EBzsi  the  square  of  L. 

94.  Coft.  By  the  help  of  this  proposition  and 
(E.  xiv.  2.),  a  given  straight  line  may  be  produced^ 
so  that  the  rectangle  contained  by  the  whole  line  thus 
produced,  and  the  part  of  it  produced,  shall  be  equal 
to  a  given  rectilineal  figure. . 

Prop.  LXXIV. 

95.  Theorem.  If,  from  the  bisection  of  any 
given  arch  of  a  circle,  a  straight  line  he  drawn  cut- 
ting  the  chord  of  that  arch,  or  the  chord  produced, 
and  the  circumference  also  of  the  circle,  the  rectangle 
contained  by  the  two  parts  of  the  straight  line  so 
drawn^  the  one  lying  between  the  point  of  bisection 
and  the  circumference,  the  other  between  the  point  of 
bisection  and  the  chord,  shall  he  equal  to  the  square 
of  the  chord  of  half  the  arch. 

LfCt  AB  be  the  chord  and  let  C  be  the  bisection, 

of  the  arch  JC^  of  the  circle  ADBC;  and^  first,  let 
any  straight  line  CD  be  drawn  cutting  the  chord  in 
E,  and  then  meeting  the  circumference  of  the  circle 

in  />;  also  let  there  be  drawn  CB,  the  chord  of  CB, 

the  half  of  AC^ :    Then  DCxCE^  CB". 

N 
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For  join  C,  A  and  B,  D^  and  about  the  a  DBE 


describe  (Supp.  v.  1.  Cor,)  the  circle  DEB:    And 

because  {hyp.)  AC  =  CB ;  therefore  (E.  xxvii.  3.) 
the  /  ABC=  L  CAB;  and  (E.  xxi.  3.)  the  /  CAB 
=  /  CDB;  therefore  the  a  ABC- a  BDE;  there- 
fore (Supp.  fix.  3.)  the  straight  Ifne  CB  touches  the 

circle  DEB  in  B;  therefore  (E.  xxxvi.  3.)  15C  x 

CE=::CB\ 

Prop.  LXXV. 

96.  Problem.  From  the  bisection  of' a  given  arch 
of  a  circle,  to  draw  a  straight  line,  such  that  the  pari 
of  it  intercepted  between  the  chord,  or  the  chord  pro- 
duced, of  the  gioen  arch  and  the  circumference,  shall 
be  equal  to  a  given  straight  line. 

Let  ACB  be  an  arch  of  the  circle  ADBC;  let 

AB  be  its  chords  and  C  its  bisection^  and  let  LM 
be  a  given  straight  line :    It  is  required  to  draw  from 
C  a  straight  line  such  that  the  part  of  it  between  AB, 
and  the  circumference  ADB  shall  be  equal  to  LM. 
Join  C,  B;  and  produce  (Supp.  Ixxiii.  3.)  LM  to 

JV,  so  that  LN  x  NM=^CS^ ;  from  C  as  a  centre,  at 
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a  distance  equal  to  LriV)  describe  ^  circle  catting 


JDB  in  D;  join  C,  D,  and  let  CD  cut  AB  m  E : 
Then  hED^LM. 

For  (Supp.  Ixxiv.  3.)  SC  x  CE  =  Cff ;  and 
(canstr.)  TNx  NM=  CB";  . .  DCx  CE^LNx  NM; 
but  (con«<r.)  DC^LN;  /.  CEz^NJM;  and  there- 
fore ED=^LM. 

Prop.  LXXVI. 

97.  Problem.  Through  any  given  angle  of  a 
given  equilateral  four-sided  figure,  to  draw  a 
straight  line  terminated .  by  the  sides  produced,  con- 
taining the  angle  opposite  to  the  given  angle,  which 

shall  be  equal  to  a  given  straight  line. 

.  • 

Let  ABCD  be  an  equilieiteral  four-sided  figure,  and 
EF  a  straight  line :  Through  aay  of  the  angular 
points  of  ABCD,  as  C,  it  is  required  to  draw  a 
straight  line^  terminated  by  AB  and  AD  produced, 
Mfhich  shalLbe  equal  to  EF. 

Join  Af  C;  upon  EF  describe  (E.  xxxiii.  3.)  a 

N  2 
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segment  of  a  circle  EKF,  capable  of  containing  an 


angle  equal  to  the  i  BAD  of  the  rhombus,  and  com- 
plete the  circle ;  bisect  (E.  xxx.  3.)  ^G^in  G ;  from 
G  draw  (Supp.  Ixxv.  3.)  GHK  so  that  HK^AC; 
join  E,  K;  in  AB  produced^  take  (E.  iii.  1.)  AL=^ 
KE;  join  L,  C,  and  produce  LC  to  meet  AD  pro- 
duced in  M:   Then  LCM^  EF. 

For  join  A,  F,  and  G,  E,  and  G,  F:  And  because 
(E.  xxxii,  Def.  1.)  BA,  AC  are  equal  to  DA,  AC, 
each  to  each^  and  that  the  base  BC,  of  the  a  ABC, 
is  equal  to  the  base  DC,  of  the  a  ^DC^  therefore 
(E.  viii.  1.)  the  i  BAC^  t  DAC,  and  the  z  JB^^C 
is^  therefore,  the  half  of  the  z  BAD :  Again,  be- 
cause (canstr.)  EG  =  FG;  therefore  (E.  xxvii.  3.) 
the  /  ££^G=  z  FJfG,  and  the  /  EKG  is,  therefore, 
the  half  of  the  /  EKF^  which  {constr.)  is  equal  to 
the  z  Bi^D;  therefore  the  z  £££r=::  z  L^C;  and 
(comtr.)  the  two  sides  EK,  KH  of  the  a  EKH,  are 
equal  to  the  two  sides  LA,  AC,  of  the  a  LAC; 
therefore  (E.  iv.  1,)  LC^EH,  and  the  z  ACL^ 
^KHE;  therefore  (E.  xiii.  1.)  the  ^  KHF  ^ 
z  ACM;  also,  as  hath  been  shewn,  the  z  CAM= 
z  HKF,  and  the  side  iiCff  {constr.)  of  the  a 
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is  equal  to  the  side  AC  of  the  a  ACM;  therefore 
(E.  xxvi.  1.)  CM=HF;  and  it  has  been  proved  that 
LC^EH;  r.LC+CM^EH+HF;  that  is,  LAf = 
EF. 

Peop.  LXXVIL 

98.    Theorem.    If  two  circles  cut  each  other,  and 
Jrom  amf  paint,  in  the  straight  line  produced^  which 
Jems  their  intersections,  two  tangents  he  drawn,  one  to 
each  circle,  th^  shall  he  equal  to  one  another. 

Let  the  two  circles  ACB,  ADB,  cut  one  another 


in  the  points  A  and  B,  and  from  any  point  E  in  AB, 

produced,  let  there  be  drawn  EC  and  ED  touching 
the  circles  ACB,  ADB,  in  the  points  C  and  D  re- 
spectively :    JBC=  ED. 

For  (E.  xxxvi.  a.)  EC'^SKx  EA;  also  ^Zy=: 
BE X  EA;  .-.  EC^ED^;  and  .-.  EC^ED.      , 

99.  Cor.  The  straight  line  AB  which  passes 
through  the  intersections  of  two  circles  ACB,  ADB, 
that  cut  one  another,  bisects  the  straight  line  HL*, 
which  touches  both  the  circles. 


*  See  the  diagram  to  the  next  Propodtioii. 
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Prop,  LXXVUI. 


100.  Theorem.  If  two  circles  cut  each  ether ^  and 
^  two  tangents  drawn^  one  to  each  circle^  from  aty 
point  without  them,  he  equal,  the  etraight  line,  joining 
the  intersections  of  the  cirdes,  shall,  tfU  be  produced, 
pass  through  the  common  extremity  of  the  equal  tan-^ 
gents. 

Let  the  two  circles  ACB,  ADB,  cut  one  another 


G 

in  A  and  B,  and  from  any  point  JS,  without  the  cir- 
cles, let  there  be  drawn  EC  touching  the  circle  ACB9 


and  ED  toaching  the  circle  ADB:    U  EC^ 
the  points  E,  A,  and  B,  we  in  the  same  straight  line* 

For  join  E,  A;  then  shall  EA  produced  pass 
through  B;  if  not,  let  it  pass  otherwise,  as  EAFG: 
Then  (E.  xxxvi.  3.)  FExEA^EC^;  also  GExEA 
=£jy;  and  (hyp.)  EC^^ED';  .-.  FExBA^GE 
X  EA;  .\  FE  ^  GE;  i,  e.  the  less  of  two  straight 
lines  is  equal  to  the  greater,  which  is  impbssible; 
/.  EA,  produced,  cannot  pass  otherwise  than  throu^ 
B;  so  that- the  three  points  E,  A,  and  B  are  in  the 
same  straight  line. 
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Prop.  LXXIX. 

101.  Problem.  Two  circles  being  given,  neither 
i(J[^  which  lies  within  the  ether,  to  draw  a  straight  line, 
stich  that  the  tangents,  to  the  two  circles,  drawn  from 
any  point  of  the  line,  shall  be  equal  to  one  another. 

Let  ABC,    DEF,   be   two   circles^    neither    of 


which  lies  within  the  other  :  It  is  required  to  draw 
a  straight  line^  such  that  the  tangents  to  the  two 
circles^  drawn  from  any  point  of  the  line^  shall  be 
equal  to  one  another. 

Find  (E.  i.  3.)  the  centres  K  and  L,  of  the  two 

given  circles^  and   draw  ATL;  draw  (Supp.  Hi.  3.) 

BF  touching  the  two  circles^  on  the  same  side^  in  B 
and  F;  bisect  (E.  xviii.  1.)  iBF  in  G;  and  through 

G  draw  (E.  xii.  1.)  XY  perpendicular  to  KL:  The 
tangents  drawn  to  the  two  circles  ABCy  DEF,  from 
any  point  in  XY  are  equal  to  one  another. 

For  take  any  point  P  in  XY,  and  draw  (E.  xvii.  3.) 

from  P  the  straight  lines  PA  and  PD^  touching  the 
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circles  in  A  and  D  respectively ;  and  draw  PK,  AK^ 
M,  KG,  LG,  LD  and  IP. 

And  because  {constr.)  the  angles  at  H  are .  right 
angles;   therefore  (E,  xlvii.  1.)  PK^+ LG^=^77I, 

+HK'+LH'^HG';  and  IPD  +  KU^^the  mme 
four  squares;  .-.  PK^  +  LG'  =  PU  +  KG^i  but 
{constr.  and  E.  xviii.  3.)  the  z  s  PAK,  KBG,  GFL, 
and  LDP,  are  right  angles  ;  /.  (E.  xlvii.  1.)  PA'*  + 

LG':=PA'+AK'+LF'+FG';  and  PU+KG'^ 
Piy+LF'  ^  AK^+'GP,  because  (constr.)  GF^ 

GB;  and  DL^LF,  and  KB^^KA;  .-.  PA'  +  AK^ 
+  LF'+FG^^Piy+LF^+AK^  +  FG';  takeaway, 
therefore,  from  both,  the  squares  of  AK,  of  LF  and 
of  FG,  and  there  remains  PA^  =  PD"" ;  .\  PA  «  PD. 

102.  CoR.  1.  The  difference  of  the  squares  of 
the  distances  of  any  point  P  in  the  line  XV  so  drawn, 
from  the  centres  K  and  L,  of  the  two  given  circles, 
is  equal  to  the  difference  of  the  squares  of  the  two 
semi-diameters  of  the  circles. 

103.  CoR.  3.  If  from  any  point  P  in  the  straight 
line  XV,  so  drawn,  any  two  straight  lines  be  drawn, 
PCM,  PEN,  the  one  of  them  cutting  the  one  of 
the  given  circles,  the  other  the  other,  the  rectangles, 

WP  X  PC,  NP  X  PE,  contained  by  the  whole 
lines  and  the  parts  of  them  without  the  circles,  shall 
be  equal  to  one  another. 

For  draw  (E.  xvii.  3.)  from  P,  PA  toucbing  the 
circle  ABC,  and  PD  touching  the  circle  ADE: 
Then  (E.  xxxvi.  3.)  MP  x  PC=PA';  and  NP  x 
PE,  PD";  but  (Sapp.  Ixxix.  3.)  PA^^PD";  .-.  MP 
X  PC=^NP  X  PE. 
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Prop.  LXXX. 

104.  Problem.  To  find  a  point  from  which  if 
Btrcdght  lines  he  drawn  to  touch  three  given  circles^ 
none  of  which  lies  within  another,  the  tangents  so 
drawn  shall  be  equal  to  one  another. 

Draw  (Supp.  Ixxix.  3.)  the  straight  line  which  is 
the  locus  of  equal  tangents  drawn  to  two  of  these 
given  circles ;  draw  likewise^  the  straight  line^  which 
is  the  locus  of  equal  tangents  drawn  to  the  remain- 
ing circle  and  to  either  of  the  two  circles  first  taken : 
It  iff  manifest  that  the  intersection  of  the  two  straight 
lines,  so  drawn^  will  be  the  point  which  was  to  be 
found. 

105.  Cor.  If  from  the  point,  thus  found,  any 
number  of  straight  lines  be  drawn  cutting  the  three 
given  circles,  the  rectangles  contained  by  the  whole 
lines^  so  drawn,  and  the  parts  of  them  without  the 
circles,  shall  (E.xxxvi.  3.  and  Supp.  Ixxx.  3.)  be 
equal  to  one  another. 


Prop.  LXXXI. 

106.  Problem.  To  divide  a  given  straight  Une 
into  two  parts,  so  that  the  square  of  the  one  shall  be 
equal  to  t/ie  rectangle  contained  by  the  other  and 
a  given  straight  Une. 

Let  AB  and  L  be  two  finite  straight  lines: 
It  is  required  to  divide  AB  into  two  parts,  so  that 
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the  square  of  the  one  shall  be  equal  to  the  rectangle 


D 

A 

g__ 

a        F 

c 

« 

B 

« 

L 

£ 

contauted  by  the  other  and  by  the  given  line  L. 

From  B  draw  (E.  xi.  1.)  jBC perpendicular  to  AB; 
make  BC=L, and  (E. xxxi.  1.)  complete  ihedABCD; 
produce  (Supp.  Ixxiii.  3.  Cor.)  CB  to  E,  so  that  CE 
X  EB  may  be  equal  to  AB  x  JJi  lastly  upon  BE 
describe  (E.  xlvi.  1.)  the  square  EFGB:  Then,  AB 
IS  divided  in  G,  so  BG^  —  AGx  L, 

For  produce  FG  to  H;  then  {constr.)  the  rect- 
angle CExEB,  ^ABxL;  but  CF is  the  rectangle 
CExEB,  because  EF^EB;  and  CA  is  the  rect- 
angle ABxLy  because  CB  was  made  equal  to  L; 
therefore  the  rectangle  CF=s  CA ;  take  away  the 
common  part  CG,  and  there  remains  BF=HA; 
and  BF  is  the  square  of  BG,  and  HA^^AGxL, 

because  {constr.  and  E.  xxiv.  1.)  AD^BC,  which 
was  made  equal  to  L. 


Prop.  LXXXII. 

107.    Theorem.    If  a  given  circle  he  cut  by  any 
number  of  circles,  which  all  pass  through  the  same 


«r 
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twogwen  points  without  the  given  drcle^  the  straight 
UneSy  joining  the  paints  of  each  of  these  intersections, 
are  e&her  all  paraUel,  or  all  meet  when  produced  in 
the  same  point. 

Let  CDF  be  the  given  circle ;  and,  first,  let  the 


circle  ACDB,  which  passes  through  the  two  given 
points  A  and  B^  cut  the  circle  CDF  in  C  and  D; 

let  the  straight  line  joining  C,  Z>;  be  parallel  to  AB\ 
then  shall  the  straight  line  joining  the  points,  in 
which  any  other  circle  that  passes  through  A,  B; 

cuts  the  circle  CDF,  be  parallel  to  AB  and  CD. 
For,  find  (E.  i.  3.)  the  centre  K  of  the  circle  CDF, 

and  from  K  draw  (E.  xiu  1.)  KEX  perpendicular  to 

CD;  therefore  (E.  iii.  3.)  ICX  bisects  CD  at  right 
angles;  therefore  (£.  i.  3.  Cor.)  the  centre  of  the 
circle  ACDB  is  in  KX,  which  (hyp.  and  E.  xxix.  1.) 
cuts  AB  at  right  angles,  and  therefore  bisects  it; 
the  centres^  therefore,  of  all  the  circles  that  pass 
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through  A  and  B  are  (Supp.  iii.  1.  Cor.  3.)  iq  KX; 
therefore  (Supp.  i.  3.)  KX  cutn  all  the  straight  lines> 
which  join  the  intersections  of  these  circles,  with  the 
given  circle  CDF,  at  right  angles;  therefore  (£* 
xxviii.  I.)  the  straight  lines  joining  the  several  pairs 
of  intersections  are  parallel  to  one  another  and  to 
AB. 

But^  secondly,  let  the  circle  GLMH,  which  passes 
through  the  two  given  points  G,  H^  cut  the  given 
circle  CDF  in  L  and  M;  and  let  the  straight  line 
joining  L  and  M  be  not  parallel  to  AB\  produce^ 

therefore,  LM  to  meet  GH  produced  in  N;  and  let 
any  other  circle  GIFH^  passing  through  G  and  H, 
cut  the  circle  CDF  in  I  and  F;  then  are  the  points 
/,  Fand  iVin  the  same  straight  line. 

For  join  N^  F,  and  if  NF,  produced,  do  not  pass 
through  /,  let  it^  if  it  be  possible,  pass  otherwise,  as 

NFPQ:  Then  (E.xxxvi.  3,  Cor.)  PNxNF^GN 

xNH;  also  QNxNF^^LNxNM,  and  LNxJVM^ 
GNxNH;  .-.  QNxNF^GNxNH;  also  PNx 
NF^GNxNH;  .-.  QNxNF^PNxNF;  /,  QN 
3s  PIV;  that  is  the  less  is  equal  to  the  greater,  which 
is  impossible;  /.  NF,  when  produced,  cannot  pass 
otherwise  than  through  the  point  /,  so  that  the 
three  points  /,  F  and  N  are  in  the  same  straight 
line. 

Prop.  LXXXIII. 

a 

108.  Theorem.  If  a  perpendicular  be  let  fall 
from  the  right  angle,  of  a  right-angled  triangle,  on 
the  hypotenuse,  the  rectangle  contained  by  the  Ay- 
potenuse,  and  either  of  the  segments,  into  which  it  is 
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dhided  by  the  perpendicular^  is  equal  to  the  square 
of  Ike  side  adjacent  to  that  segment. 

Let  the  iBAC^  of  the  a  ABC,  be  a  right  angle, 

A 


and  from  A  let  AD  be  drawn  perpendicular  to  the 
hypotenuse  jBC:  Then  CBxBD=^lf&,  and  BCx 

cn=^Ac\ 

For  if  upoh  AC,  as  a  diameter,  a  circle  be  de- 
scribed, it  will  pass  (Supp.  xxix.  1.  Cor.  2.)  through 
the  point  D,  because  (hyp.)  the  z  ADC  is  a  right 
angle;  and  (E.  xvi.  3.  Cor.)  it  will  touch  AB  in  A, 
because  the  z  CAB  is  a  right  angle ;  therefore  (B. 
xxxvi.  3.)  CBxBD^AB". 

And,  in  the  same  manner,  it  may  be  shewn  that 
BCx  CD^AC\ 


Prop.  LXXXIV. 

109.  Theorem.  To  draw  a  tangent  to  a  circle^ 
such,  that  the  part  of  it  intercepted  between  two 
straight  lines,  given  in  position,  but  of  indefinite 
kng^h,  shall  be  equul  to  a  given  Jinite  straight  line : 

Ist,  When  the  indefinite  straight  lines  both  pass 
through  the  centre  of  the  circle. 

2dly,  H^hen  thejf  are  parallel  to  one  another. 
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3dly^  IVhen  th^  are  not  parallel,  but  are  equi- 
distant from  the  centre. 


Let  AB  be  a  given  circle^  and  CD  a  given  straight 


line ;  and  first  let  J^Q  and  KR  be  two  given  straight 
lines,  of  indefinite  lengthy  passing  through  the  centre 
K  of  the  circle :  It  is  required  to  draw  a  straight 
line^  touching  the  circle  j^B,  so  that,  the  part  of  it 
intercepted  between  KQ  and  KR,  shall  be  equal  to 
CD. 

Upon  CD  describe  (Supp.lxi.  3.)  a  ^CED,  having 
its  vertical  z  CED  equal  to  the  given  z  QKR,  and 
its  altitude  EH^  KB,  the  semi-diameter  of  the  given 

circle ;  from  KQ  cut  off  KF—EC;  and  from  F  draw 

(E.  xvii.  3-)  the  tangent  FB6  to  the  given  circle: 

Then,  the  tangent  FG:=:^CD. 

For  let  FG  touch  the  circle  in  B,  and  join  K,  B; 
And  since  (E«  xviii.  3.)  the  jlKBF  is  a  right  angle^ 
as  is  also  {constr.)  the  lEHC,  and  that  (con^fr.) 
EC^KF,  and  EH^KB,  therefore  (Supp. Ixxiii.  I.) 
the  ^ECH=:  zKFB;  but  (constr,)  the  /iCED^ 
^zFKG;  and  the  side  EC  of  the  aECD,  is 
equal  to  the  side  AT,  of  the  aKFG;  therefore  (E. 
xxvi.  10  FG^CD. 
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Secondly,  Jet  AB  be  the  given  circle,  and  PQ, 


C 


RSj  two  indefinite  but  parallel  straight  lines:  It  is 
required  to  draw  a  tangent  to  the  circle  AB^  such 

that  the  part  of  it  intercepted  between  PQ  and  RS 
shall  be  equal  to  the  given  straight  line  CD. 

Take  any  point  E  in  either  of  the  two  parallel 
straight  lines,  as  PQ,  and  from  the  centre  E,  at  a 
distance  equal  to  CD,  describe  a  circle  cutting  RS 
in  F;  join  E,  F;  /.  EF=  CD;  lastly,  draw  (Supp. 
viii.  3.)  the  straight  line  GH,  touching  the  circle 
AB,  and  parallel  to  EF;  since,  therefore,  EGHF 
is  a  parallelogram,  GH  (E.  xxxiv.  1.)  =^EF;  and 
EF  was  made  equal  to  CD ;  therefore  the  tangent 
GH^  CD. 

Thirdly,  let  the  two  indefinite  straight  lines  PQ, 
PR,  which  meet  in  P,  be  equidistant  from  the  centre 
K,  of  the  circle  AB :  It  is  required  to  draw  a  straight 
line  touching  the  circle  AB,  so  that  the  part  of  it 

intercepted  between'  PQ  and  PR  shall  be  equal 
to  the  given  straight  line  CD. 
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Join  P,  K;  upon  CD  describe  (E.  xxxiii.  3.) 
segment  of  a  circle  CED,  capable  of  containing  an 

E 
^"  JH 


angle  equal  to  the  given  z  QPR,  and  complete  the 

circle  CEDG;  from  D  draw  (E.xi-  1.)  DR  per- 
pendicular to  CDf  and  make  DH^KB  the  semi- 
diameter  of  the  given  circle  AB;  through  H  draw 
(E.  xxxi.  1.)  /T/F parallel  to  DC;  bisect  (E.xxx,  3.) 

FGI'm  G;  from  G  draw  (Supp.  Ixxv.  3.)  GLE,  so 
that  LE^KP;  join  E,  Cand  £,  D;  from  PQ  cut 

off  P3&=£C;  and  from  ilf  draw  (E.xvii.  3.)  MSN 
touching  the  circle  in  B:  The  tangent  MN^CD. 

For  join  C,  L,  and  D,  L,  and  K,  M,  and  JT,  iV, 
VindK,  B;  and  draw  (E.  xii.  1.)  LT  perpendicular 
to  CD;  /.  LTDHn  a  parallelogram,  and  (E.xxxiv. 
1.)  LT=:HD;  and  fl^D  (constr.)  ^KB;  /.  /.(T^ 
JSTjB:    Again,  because  {constr.  and  Supp.  xxxv.  3.) 

6G^Dd,  therefore  (E- xxvii.  3.)  the  iCBG^ 
iDEG;  therefore  the  iCEL  is  the  half  of  the 
z  CED;  and  because  (hyp.)  PQ  and  PR  are  equi- 
distant from  the  centre  AT  of  the  circle  JB,  therefore 
the    ^QPK,  or  MPK,  is  the  half  of  the  zQPi?, 


mn 
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which  (canstr.)  is  equal  to  the  iCED;  therefore 
the  iMPK^  iCEL,  and  the  two  sides  MP,  PK, 
of  the  aPKM,  are  equal  {canstr.)  to  the  two  sides 
CE,  EL  of  the  aELC,  each  to  each;  therefore 
(E.iv.  1.)  KM=^LC,  and  the  aPMR^^iECL; 
and  because  in  the  two  right-angled  As  KBM,  LTQ 
KM=LC,  and  KB^LT;  therefore  (Supp.Ixxiv,  1.) 
the  /,KMB^  iLCT;  and  it  has  been  shewn  that 
the  iPMK^  lECL;  therefore  the  whole  iPMN 
is  equal  to  the  whole  z  ECD ;  also  {constr.)  the 
z  MPN=  I CED,  and  the  side  PM,  of  the  APil/iV, 
is  equal  to  the  side  EC,  of  the  a  ECD:  therefore 
(E.xxvi.  1.)  MN^CD. 


Prop.  LXXXV. 

110.  Theorem.  If  from  the  intersection  of  any 
two  tangents  to  a  circle^  any  straight  One  be  drawn, 
cutting  the  chard  which  joins  the  too  points  of  con^ 
tact  and  again  meeting  the  circumference,  it  shall, 
he  divided  by  the  drcun^erence  and  the  chord  into 
three  segments,  such,  that  the  rectangle  contained 
by  the  whole  line  and  the  middle  part,  shall  be 
equal  to  the  rectangle  contained  by  the  extreme 
parts. 

From  the  intersection  A  of  two  straight  lines 
AB  and  AC  which  touch  the  circle  BCR  in  the 
points  B  and  C,  let  there  be  drawn  any  straig^ht 
line  APR,  cutting  the  circumference  of  the  circle 

inPandiJ,and5^in  Q:  Then  17? xiPQ  =  3Px 

an: 

o 
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For  gince  (Supp^  xix.  3.  Cor.  1.)  AB=sAC,  the 
^ABC  is  isosceles,  and 


therefore  (Supp. iii.  2.)  3?Q«+JJQxQ*D=^B»; 
and  (E. XXXV. 3.)  BQ^QC^PQxQR-, 
also  (E.xxxvi.  3.)  ABT^APy^AR; 
.-.  AQ^-\-P9^QR^APy<^ARi 
i.e.  (E.i.  3.>  AQxAP+AQxPg+PQx 

QR^AP  xAQ+APxQR; 

FrooB  these  equals  teke  away  the  comnsMi  recteng 
A^xAP,  andthete  remains 

AQxPQ+QRxPQ:c:APxQR; 
I  e.  (E.i.  3.)  ARxPQ=>iAPxQR. 


Prop.  LXXXVI. 

111.  Pboblem.  To  make  a  reettmgle  wlU^  thaU 
he  equal  to  a  gwen  sqvun'e,  and  have  tke  d^erence 
'teiween  its  two  at^aeeiU  sides  equal  to  a  given 
ttrai^  2me> 

Let  AC  be  the  side  of  a  square,  and  let  L  be 
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a  finite  straigfht  Ime :  It  is  reqaired  to  dlescribe  a 
rectangle  wbifeh  ehall  be  equal  to  the  square  of  ^C> 
and  eiifill  htve  Uie  differeitce  betWeeti  Its  two  ai^etfi^ 
sides.  eqCial  tb' £r. 

Describe  a  ciit^le  CBOF  witU  a  dfaindier  not  less 


L 


than  L,  and  haying  its  centre  in  a  perpendicular  to 
AUat  the  point  C;  the  circle  CBGF  is,  therefore, 
(C.  xvi.  3.)  touched  by  AC  in  C;  firom  the  centre 
Cj  at  a  distance  =>  Ly  describe  a  circle  cutting  the 

circumference  of  CBGF  in  B  and  draw  CB;  .*.  CB 

sX;  from  the  centre  K  of  the  circle  CBGF,  draw 

(E.  xii.  1.)  KD  perpendicular  to  BC;  and  from  K^ 
as  a  centre^  at  the  distance  KD,  describe  the  circle 
DEH,  which  therefore  (£.  xvi.  3.)  touches  £Cin  D; 
lastly,  from  A  draw  (£.  xvii.  3.)  a  straight  line  AFG 
touching  the  cirde  DEH  in  E,  and  let  AG  cut  the 
circumference  of  CBFG  in  F  and  G :  Then  is  the 

rectangle  contained  by  ^A  and  'AF  thut  which  wat 
be  desiitibed. 

09 


196  SUPPLEMENT  TO    EDCLID'S    ELEMENTS. 

For  join  Kj  E;  therefore  (con^fr.  and  E.  xviii.  3.) 

the  angles  at  E  are  right  angles;  «\  GF,  wbieh  is 
the  difference  of  Gji  and  AF,  is  (E.  xiv.  3.)  equal  to 
BC,  which  was  made  equal  to  L ;  .%  OF=^L ;  also, 
since  AC  tpucbes  the  circle  CBGF,  therefore  (E. 
xxxvi.3.)  GAxAF=^AC\ 

1 12.  Cor.  Hence,  and  from  E.  xiv.  2.  a  rectangle 
may  be  found  which  shall  be  equal  to  a  given  rect- 
angle^ and  which  shall  have  the  difference  between 
its  two  adjacent  sides  equal  to  a  given  straight  line. 

Prop.  LXXXVII. 

113.  Problem.  From  a  given  point  toilkout  a 
circle,  to  draw  a  straight  line  cutting  the  circle,  bo 
that  the  rectangle  contained  hy  the  part  of  it  tmthoiU, 
and  the  part  toithin,  the  circle,  shall  be  equal  to  a 
given  square. 

Let  ABC  be  a  circle,  D  a  point  without  the  circle. 


and  La    finite  straight  line :    It  is  required  to 
draw,    fi^m  D,  a  straight  line  cutting' the  circle 
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ABCy  so  that  the  rectangle  contained  by  the  part 
of  it  without^  and  the  part  of  it  within^  the  circle^ 
8hall  be  equal  to  the  square  of  L. 

Find  (E.  i.  3.)  the  centre  K  of  the  circle  ABC; 
take  any  diameter  AKB^  and  produce  it  (Supp.  Ixvii. 

3.)  to  E,  so  that  mB  x  BE^ihe  square  of  L;  from 
the  centre  K,  at  the  distance  KE,  describe  the  circle 
EFO;  from  D  draw  (E.  xvii.  3.)  the  straight  lin^ 
DF  touching  the  circle  EFG  in  jF;  join  K^  F,  and 

let\KFcut  the  circumference  of  ABC  in  C;  lastly, 

draw  />C,  and  produce  it  to  meet  the  circumference 

of  ABC  again  in  M:  Then  shall  DC  x  CM  be 
equal  to  the  square  of  L. 

For,  produce  CK  to  meet  the  circumference  of 
ABC  again  in  H;  then  (E.  xv.  Def.  1.)  IIC=AB, 
and  CF^BE;  /.  HC  x  CF  ^  AB  x  BE;  but 
(Supp.  lxix.3.)  DC  X  CM=HC  x  CF,  and  (constr.) 
ABxBE:=^  the  square  of  L;  .\  DC  x  CM  ^  the 
square  of  L. 

Prop.  LXXXVIII. 

114.  Problem.  To  describe  a  circle  which  %haU 
touch  a  gvoen  straight  tine,  and  pass  through  two 
given  points,  both  on  the  same  side  of  the  given  Hnei 
and  in  the  same  plane  with  it. 

Let  CD  be  a  straight  line,  and  A,  B,  two  points 
without  it,  both  on  the  same  side  of  CD;  it  is  re- 
quired to  draw  a  circle  through  ^and  B,  which  shall 
touch  CD. 

Join  A,  B;  and  first,  let  AB  be  parallel  to  CD: 
Bisect  (E.  x;  1.)  AB  in  L;  through  L  draw  (El  xi.  l.) 
LH  perpendicular  to  AB  or  CD;  join  A,  H;  al  the 
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point  A^  ia  HA,  make  (E.  xxiii.  1.)  the  angle  jEf^iST 


equi^l  to  the  angle  AHK,  and  join  K^  B;  then  (E. 
vi.  1.)  KH  is  equal  to  KA^  and  (E.  iv.  1.)  KA  is 
equal  to  KB;  from  the  centre  K^  at  the  distance 
KAj  or  KB  J  or  KH,  describe  the  circle  AHB;  it 
shall  pass  through  the  three  points  A,  H,  and  B,  and 
(E.  xvi.  3.  Car^  shall  touch  CD  in  H 
But  if  AB  be  not  parallel  to  CD,  let  AB,  pro- 


duced, meet  CD  in  the  point  D.  Upon  ^jB  as  a 
^idtineter  describe  the  circle  ABE^  and  from  D  diaw 
(!l^«.  xvii«  3.)  .^.  straight  line  DM  touching  it  in  £; 
^m  DQ  cn^l  off  Z>^  (E.  iii.  l.)  equal  to  DE,  and 
describe  (E.  v.  4.)  the  circle  AHB  passing  through 
the  three  ppints  A,  H,  and  B.    The  circle  AHB, 

•  _  _ 

which  passes  through  A  and  B,  touches  CD  in  H 

For  (E.  xxxvi.  3.)  the  rectangle  contained  by  AD 
and  DB  is  equal  to  the  square  of  DE,  and,  therefore^ 
is  equal  also  to  the  square  of  DH,  because  DH  was 
made  equal  to  DE;  wherefore  (f!.  xxxvii.  3.)  the 
circle  AHB  touches  CD  in  H, 
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115.  Con*  AB  subtends  a  greater  angle  at  the 
point  H,  in  the  straight  line  CD,  than  at  any  other 
point  whatever  in  CD. 

For^  let  P  be  any  other  point  in  CD;  P  is  without 

the  circle  AHB;  join  A,  P,  and  B,  P;  let  5P  cut 
the  circle  in  Q;  also  join  A,  Q.  The  angle  .^££03  is 
equal  (E.  xxi.  3.)  to  the  angle  AQB;  but  the  ex- 
terior angle  AQB  is  greater  (E.  xvi.  l.)  than  the 
interior  opposite  angle  ^PB;  wherefore^  also^  AHB 
is  greater  than  APB. 

Prop.  LXXXIX. 

116.  Probum.  To  describe  a  circk  vohich  shall 
have  its  centre  in  a  given  etraight  Une,  which  shall 
pass  through  a  given  point,  and  shall,  also,  touch 
another  given  s^aighl  Une. 

Let  ^  be  a  point,  between  two  straight  lines  given 


in  position;  and  first  let  the  two  straight  lines  PQ, 
RSj  betwcOT  which  A  is  posited,  be  parallel  to  one 
another :  It  is  required  to  describe  a  circle,  which 
shall  have  it»  centre  in  RS,  which  shall  pass  thrpugh 

the  given  point  A,  and  touch  PQ^ 

Through  A  draw  (E.  xii.  !•)  BAC  perpendicular 
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to  PQ;  from  j4,  as  a  centre^  at  a  distance  equal  to 
CB,  describe  a  circle,  and  let  it  cut  RS  in  K;  from 
K  draw  KE  (E.  xxxi.  1.)  parallel  to  CB;  therefore 
the  figure  EC  is  a  parallelogram,  and,  therefore, 
(E.  xxxiv.  1.  and  £•  xxix.  1.)  KE^lOBy  and  the 

z  KEB  is  a  right  angle ;  also,  since  {canstrJ)  KAss, 
CB,  and  that  CJS,  as  hath  been  shewn,  is  equal  to 
KE;  /.  KE:^KA;  and  therefore  a  circle  described 
from  K  as  a  centre^  at  the  distance  KE,  will  pass 
through  E  and  A;  and,  because  the  z  KEB  is  a 
right  angle,  it  will  (£.  xvi.  3.)  touch  PQ  in  E. 

Secondly,  let  iiC  be  a  given  point  in  the  given 
straight  line  RQ  which  meets  another  given  straight 
line  PQ  in.  Q;  and  let  it  be  required  to  describe  a 

circle  which,  having  its  centre  in  RQ,  shall  pass 
through  K,  and  which  shall  touch  PQ. 

From  K  draw  (E.  xii.  1.)  KC  perpendicular  to 
PQ;  bisect  (E.  ix.  1.)  the  z  CKQ  by  KB,  and  from 
B  draw  (E.  xi.  1.)  BE  perpendicular  to  PQ;  there* 

fore  (E.  xxviii.  l.)  BE  is  parallel  to  CK;  therefore 
(E.  xxix.  1.)  the  z  CKB=  z  KBE;  but  {canatr.)  the 
z  EKB^  z  CKB;  therefore  the  z  EKB^  z  KBE; 
therefore  (E.  vi.  1 .)  EK^  EB;  and  therefore  a  circle 
described  from  the  centre  E,  at  the  distance  EK,  will 
pass  through  B,  and  (E.  xvi.  3.)  touch  PQin  B,  be- 
cause  {constr.)  the  z  EBQ  is  a  right  an^e. 

Lastly,  let  the  given  point  A  be  between  two  given 
straight  lines  PQ  and  RQ  which  meet  in  Q;  and  let 
it  be  required  to  describe  a  circle  which  shall  have  its 
centre  in  RQ,  which  shall  pass  through  A^  and  touch 
PQ.  

Fi*om  A  draw  (E.  xii.L)  AN  perpendicular  to  RQ, 
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and  produce  AN  to  /,  so  that  NI^NA;  describe 


« 

(Supp.  Uxxviii.  3.)  a  circle  which  sbali  pass  through 
A  and  /and  touch  PQ;  and  since  RQ  bisects  AlBt 
right  angles,  the  centre  of  the  circle  will  (E.  i.  3. 
Car.)  be  in  RQ. 

Prop.  XC. 

117.  Problem.  To  describe  a  circle  which  shall 
touch  two  given  straight  lines,  and  pass  through  a 
given  point  between  them. 

Let  ^  be  a  pointy  between  two  straight  lines  PQ, 
TV,  and,  first,  let  PQ  be  parallel  to  TF:  It  is  re- 
quired to  describe  a  circle,  which  shall  pass  through 

A  and  touch  both  TQ  and  TV. 

Through  A  draw  (B.  xii.  1 .)  BAD  perpendicular 
U)  PQ^and  therefore  (B.  xxix.  1.)  also  perpendicular 
to  Tr;  bisect  (E.  x   I.)  BD  in  C,  and  through  C 
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draw  (E.  xxxi.  1.)  AGS  parallel  to  PQ,  and  therefore 


(E.  XXX.  I.)  also  parallel  to  TV;  lastly,  describe 
(Sapp.  Ixxxix.  3.)  a  circle  which  shall  have  ito  centre 
in  RS,  shall  pass  through  J,  and  touch  PQ:  It  will 
also,  since  its  semi -diameter  is  equal  to  CB  or  CD, 

touch  TF. 

Secondly,  let  the  given  point  A  be  between  two 
straight  lines  TO,  and  PQ,  which  meet  in  Q: 


bisect  (E.  ix.  l.)  the   /  TQP  by  RQ.  and  since 
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(^.  xxvi.  1 .)  the  perpendicular  distances  of  any  point 
in  RQ,  from  TO,  and  PQ,  are  equal  to  one  another^ 
it  is  manifest,  that^  if  (Supp.  Ixxxix.  3.)  a  circle  be 
described  having  its  centre  in  RQ,  passing  through 
A,  and  touching  either  of  the  two  lines  TO,  PQ,  it 
will  touch  the  other  also. 

Prop.  XCL 

118.  Problem.  To  describe  a  circle  which  shall 
touch  two  given  straight  lines,  and  also  touch  a  given 
circle  J  which  does  not  tie  whoUy  without  the  two  given 
straight  lines. 


Let  PB  and   TD  be  two  ^  straight  lines^   and 

H 


1(^  HG  be  a  circle,  which  does  not  lie  wholly  without 
PB  and  TD:  It  is  required  to  describe  a  cirde 
which  shall  touch  both  PB  and  TD.  and  which  shall 
also  touch  the  circle  GH. 

Find  (E.  i.  3.)  the  centre  L  of  the  circle  GH; 

jQrom  D  draw  (E.  xi.  1.)  DX  perpendicular  to  TD, 
and  make  it  equal  to  the  semi-diameter  of  JIG; 

through  X  draw  (E.  xxxi.  1.)  -Y/^  parallel  to  TD; 
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also^  as  in  Supp.  xc.  3.  draw  HK,  equidistant  from 


PB  and  TD;  describe  (Supp.  Ixxxix.  3.)  a  circle 
which  shall  have  its  centre  in  RK^  which  shall  pass 

through  Lf  and  touch  ff^X;  let  K  be  the  centre  of 
the  circle,  so  described^  and  let  it  touch  ff^X  in  X; 

join  K,  AT  and  K,  L ;  and  let  jOf  and  KL  cut  TD,  and 
the  circumference  of  GH,  in  F  and  G,  respectively  : 
Then,  since  (E.  xviii.  3.)  the  z  KMfV  is  a  right 
angle,  and  that  {canstr.)  WX  is  parallel  to  TD; 
therefore  the  z  KFT  is  also  a  right  angle ;  and, 
because  {tonftr.)  MD  is  a  parallelogram,  (E.  xxxiv. 

K)  MF^XD;  but  (canstr.)  XD^LG;  /.  MF^ 
LG;  and  (constr.  and  E«  xt.  Def.  1.)  KM^KL; 

.\  KF^  KG,  and  a  circle  described  from  the  centre 
K,  at  the  distance  KF^  will  (E.  xvi.  3.  Car.)  touch 
TD  in  F,  will  pass  through  G,  and  (Supp.  vi.  3.) 
will  touch  the  circle  HG  in  G. 
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Prop*  XCII. 

1 19«  Problem.  To  describe  a  circle  which  shaU 
touch  both  a  gicen  circle^  and  a  given  straight  Itne, 
and  which  shall,  also^  pass,  first,  through  a  gkoea 
point  without  the  given  circle;  andj  secondly, 
through  a  given  point  within  the  circle. 

Let  BCHhe  a  circle,  PQ  a  straight  line,  and  first 

B 


let  the  given  point  A  be  without  the  circle :    It  is 
required  to  describe  a  circle  which  shall  pass  trough 

j4,  and  which  shall  touch  both  PQ  and  the  circle 
BCH. 

Find  (E.  i.  3.)  the  centre  K  of  the  circle  BCH, 
and  draw  (E.  xii.  1.)  the  diameter  BDA^C  perpen* 
dicular  to  PQ;  join  C,  A*,  and  produce  CA  to  E 
(Supp.  Ixvii.  3.   Cor.)  or  divide  it  (Supp.  Ixxi.  3. 

Cor.  3.)  'so  that  l^x  CJ=5C"x  ICD;   describe 


♦  If  AC^>  BCxCD,  then  U2  must  be  divided  into  two 
parts,  8o  that  the  rectangle  contained  by  AC  and  the  segment 
toward  C  shall  be  equal  to  SCxCD.  Also,  in  this  application 
<^  Supp.  Ixvii.  3,  CA  must  first  be  produced,  so  that  the  rectangle 
contained  by  CA  and  the  pari  produced,  shall  be  of  the  given 
magnitude ;  and  then  from  the  whole  line,  CE  must  be  cut  off 
equal  to  the  part  produced. 


S06  SUPPLEMENT  TO    EUCUD'S   ELEMENTS. 

(Supp.  luxviii.  3.)  a  circle  AEF,  which  shall  pass 
through  j4  and  £,  and  touch  PQ:  It  shall  also 
toiieh.  the  circle  BCH. 

For,  let  the  circle  ^EF  touch  PQ  in  F;  find  its 
centre  G;  and  draw  the  diameter  F6L,  which 
{consir.  E.  xviii.  3.  and  E.  xxviii.  1.)  is  parallel  to 
BC;  join,  J8,  F,  and  C,  F;  and  let  ^cut  the  cir- 
cumference of  BCH  in  H;  join,  also,  jB,  H  and  F, 

/f  and  if,  ^;  and  let  Kll  meet  FL  in  G;  upon  BF 
as  a  diameter,  describe  the  circle  BDHFy  which,  be- 
cause the  isBDF,  BHF  (constr.  and  E.  xxxi-  3.) 
are  right  angles,  will  pass  (Supp.  xxix  1.  Cor*  2.) 
through  D  and  H;  therefore  (E.  xxxvi.  3.  Cor.)  BC 
X  CD^FCxCH;  but  (constr.)  BC  x  CD^ECx 
CA;  .-.  FCxCH^EC  X  CA,  and,  therefore,  the 
point  H  is  in  the  circumference  of  the  circle  AEF; 
otherwise  (E.  xxxvi.  3.  Cor.)  the  greater  of  two 
rectangles  would  be  equal  to  the  less.  The  point  is, 
therefore,  common  to  both  the  circles  AEF,  BCH. 

And,  since  (constr.)  FZJ  is  parallel  to  BC,  there- 
fore (E.  xxix.  1.)  the  z  GFH=  z  HCB;  but,  since 
{constr .  and  E.  xxxi.  3.)  {he  z  B/TCisa  right  angle, 
the  z  HCB^  z  CBH  =  (E.  xxxii.  l.)  a  right  angle; 
therefore  the  z  GFH+  ^KBH=sl  right  angle ;  that 
is,  (E.  XV.  Def.  1.  and  E.  v.  1.)  the  z  GFH+  z  KHB 
=  a  right  angle;  and  (constr.  and  E.  xxxi.  3.)  the 
z  BHF\s  a  right  angle;  therefore  (E.  xiii.  l.)  the 
z  KHB-h  z  GHF  :^  a  right  an^;  therefore,  the 
z  GF/f=  z  GHF,  and  (E.  vi.  i.)  GF^C^jff:  BBt 
G  is  in  the  diameter  of  the  circle  AEF;  therefore 
(E.  vii.  3.)  G  is  the  centre  of  the  circle  AEF,  which 
therefore  (Supp.  vi.  3.)  touches  tlie  circle  JSCfiT  in  H. 


"T^^     »'     /^ 


BOOK  HI.  ^7 

And,  ia  a  similar  manner^  the  problem  may  be 
solved,  whea  it  admits  of  a  solution,  if  the  g^iveti  point 
be  within  ihe.^vencirde:  It  i s  maaifeat^  however, 
tbat»  in  this  latter-ease^  the  given  straiglrt  line  whichf 
is  to  be  touched  cannot  lie  wholly  without  the  ^ven 
circle. 

Pnop.  XCIII 

120.  Problem.  In  a  straight  line  of  md^nite 
length,  hut  gwen  in  position,  which  ctUs  a  given 
circle,  tojind  a  point,  from  which  if  a  straight  line 
be  drawn  to  touch  the  circle^  it  sImU  be  equal  to  a 
given  finite  straight  line. 

Let   LM  be    a    finite    straight   line,   PJB   a 


M 


straight  line  given  in  position,  but  indefrnite  in 
length,  cutting  the  given  cincle  ABG  in  J  and  B:  It 
is  required  to  find  a  point  in  PB,  from  which;  if  a 
tangent  be  drawn  to  the  circle  ABC,  it  shall  be  equal 
toZ.. 
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Prodncc  (Supp.  Ixxiii.  3.)  AB  to  D  so  that  AD  x 
DB  =  LHP ;  and  from  the  centre  D,  at  a  distance  s 
LM^  describe  a  circle  cutting  the  circumference  of 

the  circle  of  ABC  in  C;  drawl5r;  /.  DC^LM; 
therefore  but  (constr.)  AD  x  DB^  LM*;  .'.  AD  x 
DB^DCT;  .-.  (E.  xxxvii.  3-)  DC  touches  the  circle 
ABC,  in  C;  and  (canstr.)  it  is  equal  to  LM,  and  is 
drawn  from  a  point  D  in  Uie  given  indefinite  straight 
line  PAB. 

Prop.  XCIV; 

121.  Problem.  To  describe  a  circle  that  shall 
touch  a  given  straight  Itne,  and  that  shall  also  touch 
two  given  circles. 

Let  AB  and  CD  be  the  two  given  circles^  and  PQ 


the  given  straight  line ;  and  first,  let  neither  of  the 
two  given  circles  lie  within  the  other :  It  is  required 
to  describe  a  circle  which  shall  touch  both  the  given 

circles  AB  and  CD,  and  which  shall  also  touch  TQ. 
Find  (E.  i.  3.)  the  centres  K  and  L  of  the  circles 
AB  and  CD;  and  if  the  circles  be  unequal,  let  CD 
be  the  greater;  from  any  semi-diameter,  as  LC,  of 
the  greater,  cut  off  CF  equal  to  a  semi-diameter  of 
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the  less  circle ;  from  the  centre  L,  at  the  distance  LF 
describe  the  circle  FGE;  from  any  point  P,  in  PQ, 
draw  (E.XU  l.)  PR  perpendicular. to  PQ,  and  make 
PR  also  equal  to  the  semi-diameter  of  the  less  circle 
AB;  through  £  draw  (E.  xxxi.  1.)  R8  parallel  to 
PQ;  describe  (Supp.  xcii«  3.)  a  circle  KHG^  passing; 
through  the  point  Ky  touching  RS,  in  H,  and  touch- 
ing the  circle  EGF,  in  G;  let  /  be  the  ^centre  of  the 
circle  KHG;  join  JSC,  /,  and  L,  /,  and  /,  H;  there- 
fore (E.  xviii.  3.)  the  z  IHR  is  a  right  angle^  and 
/.  (canstr.  and  E.  xxix.  1.)  the  exterior  z  IMP  is, 
also^  a  right  angle ;  and  the  figure  PH  is  a  parallel- 
ogram; therefore  (E.  xxxi  v.  1.)  MH  ^  PR;  and 
(amstr.)  PR^ KB  or  T)G;  .\  MH^KB  or  DG; 

.\  IBj  IM  and  ID  are  all  equal;  and  (E.  xvi. 3. 
Cor.  and  Supp.  vi.  3«)  a  circle  described  from  the 
centre  I,  at  the  distance  IM,  will  touch  PQ  in  M, 
the  circle  AB  in  K,  and  the  circle  CD  in  C. 

But  if  the  two  circles  AB,  CD,  be  equal  to  one 
another^  find,  as  before,  their  centres  K,  and  L,  and 
draw  R8  at  a  perpendicular  distance  from  PQ  equal 
to  the  semi-diameter  of  AB  or  CD :  Then,  if  (Supp* 
Ixxxviii.  3.)  a  circle  be  described  passing  through  K 
and  L,  and  touching  RS,  it  is  evident,  that  its  centre 
will  be  the  centre  of  the  circle  which  is  to  be  de- 
scribed, and  its  semi-diameter  will  be  found,  as  in  the 
former  case,  by  joining  that  centre  and  the  centre  of 
either  of  the  two  equal  and  given  circles. 

And,  in  a  similar  manner,  the  problem  may  be 
solved,  when  it  admits  of  a  solution,  if  the  two  given 
circles  do  not  lie  without  one  another. 
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Pkop.  XCV. 

122.  PnoBLBM.  To  desenbe  a  evrtJte  uhkh  akM 
Unuik  a  gioen  drde,  tmd  fMms  througk  two  given 
ptmls,  either  both  wUhout  the  circle,  or  both  toitkiH 

Let  ^,  B,  be  two  points,  and  CDE  b  circle  :    It 


^^         •• 


V 


is  required  to  describe  a  circle  which  ahtll  past 
thr6ugh  A  and  B,  and  which  dnJI  ako  touch  Uie 
circle  CDE. 

-  Firsts  let  the  two  given  points,  A  and  B,  be  wfA- 
'«ut  the  circle  CDE :  And  if  A  and  B  be  equally 
distant  from  the  centre  of  CDE,  it  is  inanifest  (Suf^i. 
Ti.  3.)  that  a  oirde  described  (Supp.  v.  1.  Cor.)  so  as 
to  pass  through  the  two  given  points,  and  through 
the  extremity  of  a  diameter  of  the  given  circle  drawn 
perpendicular  to  the  straight  line  Joining  those  points, 
will  touch  the  given  circle. 
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Bot  if  the  pointy  A  and  JSt  be  not  equally  distant 
itsm  the  centre  of  the  circle  CDE,  take  any  poi»t  F, 
without  the  circumference  of  CDE,  and  thro^igh  v4^ 
B  and  F^  describe  (Supp.  v.  2.  Cor^  the  circle  AFB\ 
draw  (Supp.  Ixxix.  3.)  HX,  so  that  the  straight  fines 
which  are  drawn  from  any  point  of  it,  touching  the 
two  circles  CDE^  AQB^  shall  be  equal  to  one  another^ 

and  let  BA^  produced^  meet  HX  in  if;  from  H  draw 
(E.  xvii.  3.)  SC  and  SD,  touching  the  circle  CDE 
in  C  and  D;  lastly,  describe  (Supp.  v.  1.  Cot>i  two 
circles^  the  one  passing  through  B^  A^  and  C,  and 
the  other  through  B,  A,  D;  the  circles  so  described 
shall  touch  the  given  circle  CDE,  in  the  points  C  and 
D,  respectively. 

For,  from  H  draw  (E.  xvii.  3.)  HG,  touching  the 
circle  AGB  in  G :  Then  (E.  xxxvi.  3.)  BH  x  HA 
^B&;  but  {cmstr.)  HG^HCi  :.  BH  x  HA^ 
HC^l  .\  (E.  xxxvii.  3.)  HC  touches  the  circle  de- 
scribed  through  B,  A  and  C;  and  {cansir.)  it  also 
touches  the  circle  CDE;  /.  (E.  iii.  Def.  3.)  the 
ctrele  BAC  which  passes  through  A  and  B,  touches 
the  circle  CDE  in  O. 

In  the  same  manner  it  may  be  shewn,  that  the 
cipde  described  so  as  to  pass  through  Ay  B  and  />, 
loaches  the  circle  CDE  in  D:  And  by  a  like  con*^ 
structioil  may  the  problem  foe  solved,  when  the  two 
given  points  are  both  within  the  given  circle. 

• 

Prop,  XCyi. 

J  23.  Probibii.  Te^nd  a  point  in  a  straight 
line^  given  in  position,  Jrpni  which  if  two  straight 
linen  be  dravm  to  two  gix?€n  points^  without  the  given 
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Une^  th^  9haU  have,  Jirst,  their  d^erence^  and, 
Becandfyf  their  aggregate,  equal  to  a  given  finUe 
straight  line. 


Let  Af  B  he  two  points^  XY  a  straight  line  of 


indefinite  lengthy  but  gpven  in  position ;  and  let  C 
be  a  finite  straight  iine  :  It  is  required  to  find 
a  point  in  XY,  from  which  if  two  straight  lines  be 
drawn  to  A  and  B,  they  shall  have,  first,  their  differ- 
ence equal  to  C. 

From  A  draw  (E.  xi.  1.)  .^IS^  perpendicular  to  XF; 

#  _        

produce  AD  to  E,  and  make  DE «;  AD ;  from  the 
centre  B,  at  a  distance  equal  to  C,  describe  the  circle 
FG;  also,  describe  (Supp.  xcv.  3.)  a  circle  EAF, 
which  shall  pass  through  E  and  A,  and  which  shall 
touch  the  circle  GF,  in  F;  let  K  be  the  centre  of 
the  circle  EAF,  which  centre  (E.  i.  3.  Car.)  is  in 
XY:  Then  is  K  the  point  which  was  to  be  found. 
For  join  K,  A  and  K,  B;  therefore  (E.  xi.  3.  or 

£.  xii.  3.)  KB  passes  through  the  point  of  contact  F; 
and  (E.  xv.  Def.  1.)  KA^KF;  .'.  KB-KA^BF; 
and  (comtr.)  BF^C;  /.  KB^KA^  C. 

And,  by  a  like  construction,  may  a  point  be  foumi 
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in  JIT F^  from  which  if  two  straight  lines  be  drawti^ 
to  A  and  B^  their  aggregate  shall  be  equal  to  a  given 
straight  line. 

But,  in  this  case,  the  two  points  A  and  E  must 
fall  within  the  circle  described  from  the  centre  B, 
at  a  distance  equal  to  that  given  line ;  otherwise,  the 
problem  is  impossible. 

124.  CoE.  1.  Let  ^JS  be  (E.  x.  l.)  bisected  in 
/,  let  (E.xii.  1.)  KM  be  drawn  perpendicular  to 
ABj  and  let  the  circumference  EAF  cut  AB  in  A 
and  Ry  and  BK  produced  in  H\  Then  it  is  manifest, 
{wMir.  and   E.iii.3.)   that  2lM^BR;    and   (E. 

xuvi.  3.  Car.)  ABx  BR^  HFx  BF;  i.e.  2ABx 

W^HBxBF,  or  HFxBF+BF'  (E.iii.3.) 
Let  now  IN  be  taken  in  IM  (Supp.  Ixvii.  3.)  so 

that  2ABxJN^BF^;  therefore,  if  2 ABx  IN  be 
taken  from  2  AB  x  IM,  and  if  BF^  be  taken  from 

HFxBF+BF^,  there  will  remain  2AB>^7JM^ 
HFx  BF  or  2  AKxBF;  ..  ABxNM^AKxBF. 
126.  Cor.  3.  There  is  only  one  point  K,  in  KX", 
from  which  if  straight  lines  be  drawn  to  A  and  B, 
their  difference  shall  be  equal  to  the  given  line  C. 

Prop.  XCVII. 

126.  Problem.  Tke  base  and  the  aUiiiule  of  a 
triangle  being  given,  together  with  the  aggregate,  or 
the  difference^  of  the  two  remaining  sides,  to  con- 
struct the  triangle. 

Let  BC  be  the   base  of  a  triangle^  and    BE, 

0 

drawn  perpendicular  to  BC,  equal  to  its  altitude: 
It  is  required  to  construct  a  triangle^  which  shall 
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have  BC  for  its  base^  ltd  altitude  equal  to  BE  audi 

E —^-^ 


firsts  the  aggregate  of  its  two  remaining  sides  of  a 
given  length. 

Through  E  draw  (E.  xxxi.  1.)  ^F  parallel  to  BC; 
find  (Supp.  xcvi.  3.)  a  point  ji  from  which,  if  ^JB 
and  AC  be  drawn,  thleir  aggregate  sfaaH  be  equal  to 
the  given  aggregate ;  if»  tbei^fore^  Ay  B  and  A,  C 
he  joined^  it  is  maoifest  that  ABC  is  the  triangle, 
which  was  to  be  described. 

And^  in  the  same  manner^  by  the  help  of  Supp* 
xcvi.  3.,  may  the  problem  be  solved  if  the  difference, 
instead  of  the  aggregate  of  the  two  sides  of  the  tri- 
angle, be  given. 


Prop.  XCVIII. 

1^7.  Problem.  Three  points  being  given,  to  find 
a  Jburthy  from  which  if  straight  lines  be  dravm 
to  the  other  three,  two  of  them  shall  be  equal,  and 
the  d^erencB  hetudein  either  of  these  and  the  third 
shdU  be  equai  to  a  given  straight  line. 

Let  A,  B  and  L  be  three  points,  and  M  a  finite 
straight  line :  It  is  required  to  find  a  fourth  point, 
from  which>  if  three  straight  lints  be  drawn  to  td, 
j#,  and  M,  two  of  them  shall  be  equals  and  the 
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4ffference  lietweeu  either  of  ftese  md  the  third 
shall  be  equal  to  j^ 


From  L  as  a  centre,  at  a  distance  equal  to  M, 
describe  the  circle  CDE;  describe  (Supp.  xc?.  3.)  a 
cirde  C^B,  which  shall  pass  through  A  and  By  and 
which  shall  touch  the  circle  CDE;  and  let  K  be  the 
centre  of  the  circle  CAB :  Then  is  JfT  the  point 
which  was  to  be  found.  ' 

For  join  K,  L;  therefore,  (E.  xi.  3.  or  E.  xii.  3.) 

KLj  produced,  passes  through  the  point  C,  in  which' 
the  two  circles  CDE,  CAB  touch  one  another;  join. 
oko,  Kj  2^  and  K,  B;  therefore  (E.xv.  Def.  1.)  KA, 
KB  and  KC  are  equal  to  one  another;  and  KL=i 

ICC-LC;  but  (constr.)  LC^M)  therefore  KL  is 
equal  to  the  difference  between  KC  and  Jf,  that  is, 

lo  the  difference  between  KA,  or  KB  and  M. 

Prop.  XCIX. 

128.  Problem.  To  de^ribe  a  circle  that  shall 
touch  three  given  circles,  qf  which  two  are  equal  to 
one  another. 
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Let  AB,  CD,  EF  be  three  circles^  of  which 
the  two  AB  and  CD  are  equal  to  one  another :  It  is 


required  to  describe  a  circle  which  shall  touch  the 
three  given  circles  AB,  CD,  and  EF. 

Find  (E.  i.  3.)  the  centres  G,  H  and  /  of  the 
three  given  circles;  find^  also,  (Supp^xcviii.  3.)  a 
point  K,  the  distances  of  which  from  G  and  Hy  shall 
be  equal  to  one  another^  and  shall  either  of  them 
differ  from  the  distance  between  the  points  K  and  /, 
by  the  semi-diameter  of  the  given  circle  EF;  if^  then, 

GK,  HR  and  TK  be  drawn,  it  is  manifest  that  KB, 
KD,  and  KF,  are  all  equal  to  one  another^  and, 
therefore^  that  a  circle,  BDF,  described  from  the 
centre  K  at  the  distance  KB,  will  pass  through  B, 
D  and  F,  and  (Supp.  vi.  3.)  will  touch  the  circles 
AB,  CD,  and  EF  in  the  poinU  B,  D  and  F,  re- 
spectively. 

Paop.  C. 

129.   Problem.    To  find  a  poinl,  m  the  drcum- 
ference  of  a  given  circle,  from  which  if  two  straight 


'a^^'^^Hm^m^m^mmi^fw^mmimmmmm^^m^>^fm''m^mt^l^m^i^mi^'^i'^'»v'^m^l^mmi'»*imm'r 
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limes  be  drawn  to  two  given  pomto,  zoUhmU  the 
drcie,  the  chord  joining  the  intersedione  of  the  lines 
so  drawn  and  the  circumference,  shall  he  parotid  to 
the  straight  line  joining  the  two  gix>€n  points. 

Let  CDE  be  a  circle,  and  A,  JB,  two  points  with- 
A  _B 


out  k:  It  is  required  to  find  a  point  in  the  circum- 
ference of  CDE,  from  which  if  two  straight  lines 
be  drawn  to  A  and  B,  the  chord  joining  their  in- 
tersections with  the  circumference  of  CDE  shall  be 

parallel  to  JB. 

Find  (E.  i.  3.)  the  centre  K  of  the  circle  CDE; 
find,  also^  (Supp.  xcviii.  3.)  a  point  L,  the  distances 
of  which  from  Jl  and  JB,  shall  be  equal  to  one  an- 
other, and  shall,  either  of  them,  differ  from  the 
distance  between  L  and  K,  by  the  semi-diameter 
of  the  given  circle  CDE ;  join  L,  A  and  L,  6  and 
L,  JK,  and  produce  LK  to  meet  the  circumference  of 
CDE,  in  D :  Then  is  D  the  point  which  was  to  be 
found.  

For  (constr.)  LD  is  equal  to  LA  or  £B;  and 
a  circle  ADB,  described  from  L  as  a  centre,  at  the 
distance  LA,  will  (Supp.  vi.  3.)  touch  CDE  in  D, 
and  will  pass  through  B;  draw  DA  and  DB,  cutting 
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the  circumference  of  CDE  in  C  and  E;  joio,  like- 
wise^ Q  Ef  and  K^  C  and  A*,  E:  And  since  (comfr.) 
the  ^CKE  is  an  angle  at  the  centre,  and  the 
z  CDE  is  an  ang^  at  the  drcumference  of  the 
circle  CDE,  the  z  CKE  is  (E.  xx.  3.)  the  double  of 
the  z  CDE;  in  the  same  manner,  it  may  be  shewn 
that  (he  lALB  is  the  double  of  the  lADB  or 
CDE;  therefore  the  l  CKE  z:^  l  ALB;  therefore 
(E.  xxxii.  1.  and  E.  v.  1.)  the  zs  KEC,  LB  A,  at 
the  bases  of  the  isosceles  as  CKE,  ALB,  are  equal 
to  one-  another:  Again^  since  (E.  xv.  Def.  1.)  the 
AS  EKD,  BLD  are  isosceles,  the  iKDE^iKED, 
and  the  zL2>jB  or  KDE:=zjlLBD;  therefore  the 
z  KED  =  z  LBD ;  and  it  has  been  shewn  that  the 
i,KEC^  iLBA;   therefore  the  whole    iCED^ 

the  whole  /,ABD;  therefore  (Kxxviii.  1.)  C£  is 
parallel  to  AB. 


"^ 
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Prop.  I. 

1.  Thborem.  If  an  equilateral  tria^igie  be  de- 
scribed about  a  given  circle,  the  straight  Unesjmming 
the  points  of  contiwt  shall  contain  another  equilateral 
triangle ;  and  the  side  of  the  circumscribed  triangle 
is  the  double  of  the  side  rf  the  inscribed  triat^gle  so 
contained. 

Let  ABC  be  a  cirde :  About  it^describe  (£.  i.  1. 
and  £.  iii.  4.)  the  equilateral  a  DEF,  the  sides 
of  which  touch  the  circle  in  the  points  A,  B  and 

Cj   respectively;    draw  AB,  BC  and  CA:    Then 

is  ABC  an  equilateral  triangle,  and  any  side,  as  EF, 
of  the  ^DEFj  is  the  double  of  any  aide^  as  AC,  of 
the  a^ABC. 
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For  (conslr.  E.  ?.  1 .  Cor.  £.  xuii.  l .)  each  of  the 


IS  D,  E,  F,  is  the  third  of  two  right  angles ;  there* 
fore  (Sapp.  xix.  1.  E.  v.  1.  E.  xxxii.  1.)  each  of  the 
angles  of  the  as  DAC,  EAB,  FBC,  is  the  third  of 
two  right  angles,  and  they  are  all  equal  to  one 
another;  therefore  (E.  xxxii.  3.)  the  A^BCis  equi- 
angular; and,  therefore,  (E.n,  I.  Cor,)  it  is  also 
equilateral. 

Again,  since  it  has  been  shewn  thftt  AB^UCy 

therefore  (E.  xxviii.  3.)  AB^/iC;  therefore  (Supp. 

Ix.3.)  DE  is  parallel  to  CB;  and  in  the  same  manner 

it  may  be  shewn,  that  EF  is  parallel  to  AC,  and  DF 
parallel  to  AB;  therefore  the  figures  ACBE;  ACFB 
are  parallelograms;  therefore  (E.xxxiv.  1.)  AC^s 

EB;  also  AC^'BF;  .\  EB^BF,  that  is  EF,  is  the 
double  oi  AC. 

2.  Cor.  1.    If  i^  be  the  centre  of  the  circle,  and 
if  Kj  and  any  angular  point  of  the  circumscribed 

equilateral  triangle,  as  Z>,  be  joined,  DK  is  bisected 

in  6,  by  the  arch  AGC,  and  KG  is  bisected  ia 


^■i 
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H^  by  the  side  AC  of  the  inscribed  equilateral  tri- 
angle. 

For  draw  'AG,  AK,  CG,  VK,  and  produce  DK 

to  meet\EF:  Then  since  (Supp.  xix.  3.  Car.  I.)  DA 

=  TJC,  and  (E.xv.  Def.  1.)  AK^:^  CK,  therefore 
(Supp.  i.  3.  Cor.)  DK  and  AC  bisect  one  another  at 
right  angles  in  H\  and  the  ^ADK==^  zCDK;  also 

lE^^TD;  /.  (E.iv.  I.)  DK  produced  bisects  EF, 
and  therefore  passes  through  the  point  of  contact 
B. 

Again  (E.  xxxii,3.)  the  iEAB=^  ^AGB  or  AGK, 
and  (E.  V.  1.)  the  iKAG^lAGK;  therefore  (E. 
xxxii.  1.)  the  angles  of  the  aAKG  are  equal  to  the 
angles  of  the  aABE^  which  in  the  proposition  was 
shewn  to  be  equilateral  and  therefore  equiangular; 
therefore  (E.vi*  1.  Cor.)  the  aAKG  is  equilateral ; 

therefore  AG^AK;  and  in  the  same  manner,  it 
may  be  shewn  that  CG^CK;  /.  (Supp.i.  3.  Cor.) 
H&^HK;  and  it  lias  been  shewn  that  HD=^HB; 
from  these'  equals  take  the  equals  HG  and  HK^  and 

there  remains  GD  equal  to  KB  or  KG;  :\  AGC 
bisects  DK  in  6,  and  ^C  bisects  KG  in  H*. 

3.  Cor.  3.  A  straight  line  which  touches  a  circle, 
at  the  extremity  of  a  diameter  drawn  from  the  point 
of  contact  of  any  side  of  an  equilateral  triangle 
described  about  the  circle^  and  which  is  terminated 
by  the  two  remaining  sides^  is  the  side  of  an  equi- 


*  From  this  corolkry  may  be  derived  an  easy  practical  method 
of  inacribing  an  equilateral  triangle  in  a  given  circle,  and  of  de- 
scribing an  equilateral  triangle  about  a  given  circle. 
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lateral  and  eqoiangobr  hemgon  described  about  the 
circle. 

For,  from  the  pokit  B,  in  which  |be  side  EF^  of 
the  equilateral  a  DEF,  touches  the  circle  ABC^  let 
the  diameter  EG  be  drawn,  which^  as  hath  been 

shewn^  passes  through  D,  and  draw  (E.  xvii.  1.)  LM 
touching  the  circle  in  G;  draw^  also^  AG  and  CG: 
Then^  since  it  has  been  proved  {Cor.  1.)  that  jiG 
and  CG  are  each  of  them  equal  to  the  semi-diameter 
of  the  circle,  therefore  (E.  xv.  4.)  they  are  the  sides 
of  an  equilateral  and  equiangular  hexagon  inscribed 
in  the  circle :  And  if  two  other  tangents  be  drawn 
at  the  extremities  of  the  diameters  which  pass  through 
the  two  points  A  and  C,  the  remaining  points  of 
contact  may,  in  the  same  manner,  be  shewn  to  be 
the  remaining  angular  points  of  the  inscribed  hex- 
agon of  which  AG  and  GC  are  sides :  And  in  the 
same  manner  as  the  pentagon  described  about  a 
circle  is  proved,  in  E.  xii.  4.  to  be  equilateral  and 
equiangular,  may  the  hes^igon  thus  described  aboat 
the  circle  ABC  be  shewn  to  be  equilateral  and  equi^ 
angular. 

4.  Cor.  3.  An  equilateral  triangle  inscribed  in 
a  given  circle  is  a  fourth  part  of  the  equilateral  tri- 
angle described  about  that  circle. 


Prop.  II. 

5.  Theorem.  If  a  triangle  be  described  about 
a  given  circle^  the  rectangle,  contained  6y  the  peri- 
meter of  the  triangle  and  the  senjdrdiameter  of  the 
circle  shidl  be  double  of  the  triangle. 


'"■•i 
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Let  FE0   be  a  circle:    Describe  (E.  iii«  4.) 


^ny  triangle,  ABC,  the  sides  of  wbicb  tooch  the 
circle  in  the  points  F,  £,  G:  The  rectangle  con- 
tained by  the  semi-diameter  of  the  citcle,  and  the 
perimeter  of  the  aABCj  is  double  of  the  A  ABC. 
For  take  D  the  centre  of  the  circle  FEG,  and 

draw    SF,  2K7,  WE,  DJ,  DF  and  SC:    Then 

(E.  xli.  1.)  the  rectangle  contained  hy'DF  and  AB 
is  doable  of  the   ^ADB,  the  rectangle  contained 

by  DE  and  SC  is  doable  of  the  aBDC,  and  the 

rectangle  contained  by  DG  and  AC  is  double  of 
the  aADC;  but  (E- xv.  Def.  1.)  DF,  DE  and 
DG  are  equal  to  one  another;    if»  therefore,  AB, 

BC,  and  CA,  be  supposed  to  be  placed  in  the  same 
straight  line^  the  rectangle  contained  by  their  ag- 
gregate and  a  semi-diameter  of  the  circle  FEG,  is 
(E.  i,  2.)  double  of  the  three  As  ADB,  BDC,  CD  A, 
that  is^  of  the  whole  a  ABC. 

6.  CoR.  1.  If  any  number  of  triangles  with  equal 
perimeters  be  described  about  a  given  circle,  they 
shall  be  equal  to  one  another. 

7.  Cor.  3.  In  the  same  manner  it  may  be  shewn 
that  the  rectangle  contained  by  the  perimeter  of 
any  rectilineal  figure,  described  about  a  given  cir- 
cle, and  the  Hemi-diameter  of  the  circle  if;  double 
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of  the  rectilineal  figure:  And,  therefore^  all  rec- 
tilineal figures  described  about  the  same  circle  that 
have  equal  perimeten,  are  equal  to  one  another. 


Prop.  III. 

8.  Problem.  Three  straight  lines  being  given, 
which,  when  produced^  do  not  all  three  meet  in  the 
$ame  point,  and  of  which  the  middle  Une  is  not 
parallel  to  eilher  of  the  others^  to  describe  a  circle 
which  shall  touch  each  of  them. 

Let  PQ,  RS,  TV,  be  three  straight  lines, 
which,  when  produced,  do  not  all  meet  in  the  same 
point :  It  is  required  to  describe  a  circle  which  shall 
touch  TQ,  RS  and  TF. 

Let  PQ  and  its  cut  T^  in  ^,  and  B;  bisect 
(E.ix.  1.)  the   /s  PAB,  ABR,  QAB,  ABS,  by 


AC,  BC,  AD  and  VD,  and  let  AC  and  BC  meet 
in  C,  and  AD  and  BD  in  D ;  from  C  and  D.  draw 

(E.  xii.  1.)  CE  and  />7  perpendicular  to  AB:  Then 
shall  H  circle  described  from   the  centre  C,  at  the 
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distance  CE,  touch  AB  and  AP  and  BR ;  and  a 
circle  described  from  the  centre  D,  at  the  dislance 
DF,  shall  touch  AB  and  !^  and  'SS. 
Pot  draw  (E.  xii.  1.)  from  C,  CG  perpendicular  to 

AP,  and  CJ7  perpendicular  to  BR,  and  join  C,  A 
and  C,  JB:  And  because  {constr.)  the  lEAC^ 
L  GAC,  and  the  angles  at  E  and  6  are  right  angles^ 
and  that  ^C  is  common  to  the  two  triangles  A  EC, 

AGQ  therefore  (E.  xxvi.  l.)CG^  CE;  and  in  the 
same  manner  it  may  be  shewn  that  CE^CH;  there- 
fore CE,  CG,  and  CH  are  equal  to  one  another; 
and  therefore  a  circle  described  from  the  centre  C 
at  the  distance  CE  will  pass  through  G  and  H,  and 
[canstr.  and  E.  xvi.  3.  Cor.)  will  touch  AB  in  Ey  AP 
in  G,  and  BR  in  H. 

In  the  same  manner  it  may  be  proved  that  a  circle 
described  from  the  centre  D,  at  the  distance  DF, 
will  touch  AB,  AQ  and  BS. 

9.  Cob.  The  four  points  A^  C,  B  and  D  are  in 
the  circumference  of  a  circle. 

For  join  C,D:  The  two  zs  CAB,  DAE,  to- 
gether, are  {constr.)  the  half  of  the  two  z  s  PAB, 
QAB  taken  together;  that  is  the  whole  lCAD  is 
(E.xiii.  1.)  the  half  of  two  right  angles;  therefore 
the  /.CAD  is  aright  angle:  In  the  same  manner 
it  may  be  shewn  that  the  z  CBD  is  a  right  angle ; 
therefore  (Supp.xxix.  1.  Cor.  2.)  a  circle  described 
upon  ZHj  as  a  diameter^  will  pass  through  A  and 
B. 

Prop,  IV. 

10.  Theorem.    The  three  straight  lines,  w/uch 

Q 
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bisect  the  three  angles  of  a  triangley  meet  in  tkesame 
paint. 

_  « 

Let  ABC  be  a     triangle:    The  three    straight 


lines  which  bisect  its  angles^  meet  in  the  same 
point. 

For  (E.  ix.  1.)  bisect  the  zs  ABC,  ACB,  by  BD 
and  CDy  which  meet  in  D,  and  join  A,  D ;  also 
from  D  drew  (E.  xri.  1.)  DE  perpendicubr  to  JBC, 
Z>F  perpendicular  to  i^£,  and  -DG  perpendicolar  to 
AKJ:  Then  it  may  be  shewn  as  in  the  next  preceding 
proposition^  that  DF=iDG;  and  DA  is  common  to 
the  two   right-angled   as  AFD,  AGD;  therefore 

(Supp.lxxiv-  1.)  the  ^FAD^/^GAD;  /.  ZiB  bi- 
sects the  lBAC,  and  the  three  straight  lines  which 
bisect  the  three  angles  of  the.  aABC  meet  in  the 
same  point  D. 

Prop.  V. 

.  11.  Thbokem.  If  a  circle  be  inscribed  in  a 
right-angled  tfiangle,  the  excess  of  the  two  sides, 
containing  the  right  angle,  above  the  third  side,  is 
equal  tb  the  diameter  of  the  inscribed  circle. 

Let  ABC  be  a  triangle  having  one  of  \W  zs  BAC. 


BOOK  IV.  227 

a  lif^t  angle;  and  let.<E.  iv.  3.)  the  circle  FBG,  of 

A 


which  D  is  the  centre^  be  inscribed  in  it  The  ex- 
cess of  AB+AC  above  BC  is  equal  to  the  diameter 
of  the  circle  F£G. 

For  join  the  centre  Z),  and  the  points  of  contact 
E^  Fi  and  G;  join,  Itlso,  D^  A:  Then  since  (Supp. 

xix.  3.  Cor.  I.)  BE^BF,  and  CE^CG,  it  is  evident 
that  AF+AG^  or  2AF,  is  the  excess  ofAB+Jc 
above  BC:  Again^  since  AF^i  AG,  and  FB  =  GD, 

and  AP  is  common  to  the  two  as  AFD^  AGD, 
therefore  (E.viii.  1.)  the  /-FAD^  z  GAD;  hut  {hyp.) 
the  ^FAG  is  a  right  angle;  therefore  the  ^FAD 
is  half  of  a  right  angle;  aIso  {constr.  and  E.  xviii.  3.) 
the  ^AFDm  a  right  angle;  therefore  (E.xxxii.  1.) 
the  ^ FDA  is  half  of  a  right  angle;  therefore  the 
tFAT^^iFDA;  therefore  (E.vi.  l.)  AF^FD,  a 
semi-diameter  of  thfe  circle  FJBG;  .*.  ^AF^  which 
was  shewn  to  be  the  iexce^s  of  AB-^-AC  above  BC, 
is  equal  to  the  diameter  of  FEG: 

Prop.  Vl. 

12*  Thedrem*  The  straight  line  bisetting  a$^ 
atigle  of  a  triangle,  inscribed  in  a  given  circle,  ^uts 
the  circumfefrence^  in  a  "point  which  is  equidistant 

Q2 
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jrom  the  extremities  of  the  Me  epposile  to  the  bi- 
sected angle,  and  Jrom  the  centre  of  a  circle  inscribed 
in  the  triangle. 

Let  KEF  be  a  triangle  inscribed  in  the  circle 
KE6F,  and  let  'KG,  which  bisects  the  ^EKF,  meet 


the  circumference  in  G :  The  point  G  is  equidistant 
from  E  and  F,  and  from  the  centre  of  the  circle 
inscribed  in  the  a  KEF. 

For,  join  G,  E,  and  G,  F;  draw  (E.ix.  1.)  'EI 
bisecting  the  ^KEF;  therefore  (E.iv.  4.)  /is  the 
centre  of  the  circle  inscribed  in  the  rnKEFi  And 
since  {hyp.)  the  ZEKG^ZFKG,  therefore  (E.xxvi-3.) 

^sGF,  and  therefore  (E.xxix.S,)  TiB^GF: 
Again,  because  (E.  xxi.  3.)  the  z  GEF^  l  GKF, 
therefore  (constr.)  the  two  zs  GEH,  HEI,  that  is, 
the  z  GEI,  are  equal  to  half  of  the  two  z  s  EKF, 
FEK;  also  the  exterior  ^EIG,  of  the  ^EIK,  is 
(E.  xxxii.  1.)  equal  to  the  two  ^s  IKE,  KEI,  that 
18  {constr.)  to  half  of  the  two  i^FKE,  KEF;  there- 
fore the  ^EIG^  jlGEI;  therefore  (E.vi.  1.)  GE 

saGi;  aiid  it  has  been  shewn  that  GE=GF;  there- 
fore G  is  equidistant  from  E^  and  F,  and  from  the 
centre  /of  the  circle  inscribed  in  the  a  KEF. 
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Prop.  VII. 

13.  Problem.  In  a  given  circle,  to  inscribe  three 
equal  circles,  toi$ching  each  other  and  the  ghen 
circle. 

Let  ABC  be  the  given  circle:  It  is  required  to 


inscribe  it  in   three  equal  circles^  touching   each 
other,  and  also  touching  ABC. 

About  the  circle  ^fiC  describe  (E.  i.  1.  and  E.  iii. 
4.)  the  equilateral  ^DEF,  the  sides  of  which  touch 
the  circle  in  the  points  A,  B  and  C:  Take  the  centre 

K,  and  draw  KD,  KE  and  KF :  It  is  manifest^ 
from  the  demonstration  of  E.  iv.  4.,  and  of  Supp.  i. 
4.  Cor.  I.,  that,  if  a  circle  be  inscribed  in  each  of 
the  equal  as  DKEy  EKF,  FKD,  these  inscribed 
circles  will  be  equals  and  will  touch  one  another. 

Prop.VUI. 

14.   Problem.     To  inscribe  three  circles  in  an 
equilateral  triangky  touching  each  other,  and  each 
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ofthein  touching  two  of  the  three  sides  of  the  trtF- 
angle. 

Let  ABC  be  an  equilateral  trian^e.    It  is  re- 


quired to  inscriliie  in  the  a  ABC,  three  circles  that 
touch  one  anotherj^  and  two  sides  of  the  triangle. 

Bisect  {E.n.  l.)  the  vertical  /.BAC  by  AD; 
therefore  (E.iv.  1.)  the  two  as  ADB,  ADC,  are 
right-angled  at  Z>;  in  the  aADB  inscribe  (E.  iv.  4.) 
the  circle  /6;  and  in  the  a  ^DC  inscribe  the  circle 
IH :  Then^  it  is  manitest^  from  the  deoionstratiou  of 
£•  iv.  4,  that  the  two  circles  IG  and  IH  touch  AD 
in  the  same  point  /« ctnd  therefore  touch  one  another 
in  that  point,  and  that  they  are  equal  to  one  ^another; 

take  their  centres  £  and.  F,  and  idraw  ^F,  which 
(E.xii.3.}  passes  through  /;  and  since  the  two 
circles  are  equal,  EF  is  bisected  in  /;  join,  also» 

By  G,  and  F,Ji;.Wi  is  (E.  xviii.  3.  and  lE.  xxviii. 
1.)  parallel  to  TB;  atid  l^^WB,  thertfore  (E. 
xxxiii.  1.)  EF  is  parallel  to  BC,  and  (E.xxix.  l.) 
the  LsAIE,  AIF,  Hve  right  angles;  if,  therefore, 
from  the  centre  JS,  at  ih^  distance  JBF,  a  circle.be 

described,  (^mg  M in  JK^vsA  ilK,  Fbe  joined,  ^ 


BOOK  IV.  231 


(E.  IT.  1 .)  «»  KE9  and  the  a  KEF  is  equilateral; 
and  its    jlEKF,  which  (E.  xxxii.  1.)  is  equal  to 

the  z  BAC\  is  bisected  by  AKI;  therefore  the 
iEKI^lBAD;  therefore  (E.  xxviii.  1.)  KE  is 
parallel  to  ABi  join  E,  N,  and  draw   (E.  xii.  1.) 

KL  perpendicular  to  -ABy  and  therefore  (E.  xxviii* 
1,)  parallel  to  EN;  .\  KLNE  is  a  parallelogram^ 

and  (E.xxxiv-  l.>  KL^EN,  or  W,  or  the  half  of 

EK;  and  if  KM  .be  drawn  perpendicular  to  AC,  it 
is  equal  {constr.  and  E.  xxvi.  1.)  to  KL.  It  is  evi- 
dent, :thbrefoi^,  that  a  circle,  LAf,  described  from  the 
centre  &*;  ^  ^e  distance  iSsX,  01*  KM,i  will  (E.  xvii 


3.  CcT.  and  Supp.  vi.  3.)  touch  AB  and  AC^  and 
each  of  the  circles  GI,  and  HI :  And  thus  will 
three  circles  have  been  inscribed  in  the  equilateral 
jikABC  touching  one  another^  and  each  of  them 
touching  two  sides  of  the  triangle. 


Prop.  IX. 

15.  Theorem.  The  squarcy  inscribed  in  a  drcUy 
is  equal  to  the  half  of  the  square  upon  its  dia- 

« 

meter. 

Let  ABCD  be  a  circle :  Inscrtbe  in  it  /(E.  vi.  4.) 
by  drawing  the  diameters  ACy  and  BD  perpendicular 
to  one  another^  the  square  ABCD^  and  describe 
about  it  (E.  vii.  4.)  the  square  EFGH:  And  since 
(£.  xK.  1.)  the  aBAD  is  half  of  the  cdEBDH,  and 
the  A  BCD  is  half  of  the  a  BFGD,  the  two  a» 
BAD,  BCD  are,  together,  half  of  the  .two  CZJS 
EBDH,  BFGDi    that    is,    the    inscribed    square 
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ABCD  18  half  of  the  circamicribed  square  EFGH, 


which  is  equal  to  the  sqaare  upon  the  diameter, 
because  (E.  xxxi? .  1  •)  its  side  FG  equal  the  diameter 
BD  of  the  circle^ 


Prop.  X. 

16.  Problem,  hi  a  given  circle,  to  inscribe  a 
rectangle  equal  to  a  ghen  rectilineal  ^figure,  not 
exceeding  the  half  of  the  square  upon  the  diameter. 

Let  A  be  the  given  rectilineal  figure,  and  BCD 


the  given  circle:  It  is  required  to  inscribe,  in  the 
circle  BCD,  a  rectangle  equal  to  the  figure  /t. 

Draw  any  diameter  CD  of  the  given  circle ;  find 
(Supp.  iv.  1.  Cor.)  a  triangle  equal  to  A;   and  to 
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CD  apply  (E.xHv.  1.)  a  cdCDEF,  equal  to  that 
triang'le,  and,  therefore,  equal  to  the  given  figure  A; 
let  the  Side  EF  of  the  C3  CDEF  cut  the  circum- 
ference of  the  given  circle  CBD  in  B;  dravr  the 
diameter  BKGj  and  join  C,  B,  and  B,  D^  and.C,  G 
and  D,  G :  And,  since  (E.  xxxi.  3.)  each  of  the 
zs  CBD,  BDG.  DGC,  GCB,  are  right  angles, 
therefore  (Supp.  xxxvi.  l.)  BDGC  is  a  rectangular 
parallelogram;  and  therefore  (E.  xxxiv«l.)  it  is 
double  of  the  a  CBD;  also  (E.xli.  I.)  the  cjEDCF 
is  double  of  the  aCBD;  therefore  the  rectangle 
CBDG=cdEFCD,  which  has  been  shewn  to  be 
equal  to  A;  therefore  the  rectangle  CBDG^A. 

Prop.  XL 

17.  Theorem.  If  from  aiy  paint,  in  the  eireum^ 
ference  of  a  gioen  circle,  straight  lines  he  drawn 
to  the  four  angular  points  of  on  inscribed  square, 
the  aggregate  of  the  squares  of  the  four  lines,  so 
drawn,  shall  be  the  double  of  the  square  of  the 
diameter. 

Let  ABCD  be  a  circle ;  inscribe  in  it  (E.  vi.  4.) 


the    square    BADC,    and    from    any    point   Pj 
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in  *  the  circomferencey  let  there   be  drawn   to  tii« 

angular  points  A,  B,  C,  A  ^,  Pfi,  PCand  PiDs 
Then  PA'+PB'  +  PC'-^  PIT  sbaU  be  double  of 
the  sqnare  ;of  tb$  diameter. 

For  let  £^  be  the  centre  of  the  cirde,  and  AKC^ 

DKB  the  two  diameters  perpendicular  to  one  an- 
other^ by  joining  the  extremities  of  which  (E.  vi.  4.) 
the  square  was  insdWbed  in  the  circle:  Then  erince 
(E.  xxxi.'S;)  the   zs  APC,  BPD^xe  right  angles, 

therefore  (E.xlvii.  1.)  PA'^^PC^^HG*,  and  PV 

^Piy^DB"  or  AC;  .\  PA'  +  PS'  +  PC^  +  PIT 

=  2AC\ 

■ 

Prop,  XII. 

18.  Problem.  In  a  given  circle^  to  inscribe  four 
circles  equal  to  ^^  each  other ^  and  in  mnUual  contact 
V9ith  each  other  and  the  given  eirok. 

l»et  ABCD  be  the  given  circle :  It  is  required 


to  inscribe  in  it  four  equal  circles   touching  one 
another,  and  the  circle  ABCD. 

About  the  circle  ABCD  describe  (E.  vii.  4.)  the 
square  EFGH,  and  draw  its  diagonals  EGy  HFy 
which  cut  one  'anolheir  in  the  centre  K,   ho   thai 
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(E.xxvi.  1.)  the  fourAajEi^F,  FKG.GKH,  HKE, 
have  their  sides  and  angles  respectively:  equal  to  one 
another :  li  is-  manifest,  therefore,  Trom  the  demon*- 
stmtion  of.  Ekiy..4*,jtbat]f  a  circle . b^. intcnbe^  m 
each  of  the  four  equal  triangles,  the  circles  so  de-( 
scribed,  iviH  be  equals  and  will  touch  one  another; 
and  the  given  circle  ^iBCX). 

19.  Cor.  In  the  same  manner,  four  equal  cirdes 
may  be  inscribed  in  a  ^iven  square,  touching  each 
other  and  the  sides  of  the  square. 

proi^.  xin. 

20.  Problem.  To  inscribe  a  circle  in  a  given 
trapezium,  of  whick  two  opposite  sides  are,  together, 
equal  to  the  other  two  sides  taken  together. 

.  Let  ABCD  be  the  given  trapezium^  having  the 
two  sides  AD  and  BC  equal,  together^  to  the  two 


remaining  opposite  sides  AB  and  DC:  It  is  required 
to  inscribe  a  circle  in  the  trapezium  ABCD. 
Bisect  (E.  ix.  1.)  each  of  the  zs  BAD,  ADC,  by 

AK'tmA  DKy  which  meet  in  K ;  from  K  draw  (E. 
xii.  1.)  KB  perpendicular  to  AD,  KF  perpendicular 
U^AB,  KL  perpendicular  to  BC,  and  JfiV  perpen- 
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dicttlar  to  CD\  Then  {demonstr.  of  Supp.  iii.  4.) 
KE,  KFj  and  KN  are  equal  to  one  another ;  as  are, 

also,  JFand  AE,  and  IDE  and  TiN;  and  KL  is 
equal  to  KF or  KN:  For  if  KL  be  not  equal  to  KF 
or  KN^  it  is  either  greater  or  less ;  if  it  be  possible^ 
let  KL>KF or  KN;  and  join  K,  ^,and  K,  />,  and 
K,  C,  and  K,  B:  Then  {constr.  and  E.  xlvii.  I.) 
K&^KF'^BF';  and,  likewise,  KB'^KU  +  WL* 
/.  ifF*  +  flF'  =  ifL^  +  BU;  but  A^L«  >  KF^; 
.\  BU  <  BF^,  and  BL  <  BF:    In  the  same  manner 

it  may  be  shewn  that  XC<  CN;  .\  BL  +  LQ  or 
Wo,  <  BF+CN;  add  M)  to  5C,  and  AF+DN, 
which  =  ^A  to -BF+CiV;  .\AD+BC<AB+DC\ 
which  is  contrary  to  the  supposition;  .\  iCL  is  not 
>  KF;  and  in  a  similar  manner  it  may  be  shewn 
that  KL  is  not  <  KF;  /.  KL  ^  KF,  or  KN, 
or  JTF:  From  A,  therefore,  as  a  centre,  at  the 
distance  KF,  describe  a  circle  EFLN,  and  it  will 
pass  through  the  points  L,  G,  and  E,  and  (E.  xvi.  3. 

Car.)  will  touch  AB^  BC,  CD  and  DA,  respectively^ 
in  the  points  F,  L,  N,  and  £. 

21 .  Cor.  If  two  opposite  sides  of  a  trapezium  be 
together  equal  to  the  other  two  sides,  taken  together^ 
the  four  straight  lines,  which  bisect  the  four  angles 
of  the  figure,  all  of  them  meet  in  the  same  point. 

Prop.  XIV. 

22.  Problem.  Upon  a  given  ^nite  straight  line, 
to  describe  an  equilateral  and  equiangular  decagon. 

Let  AB  be  the  given  straight  line :  It  is  required 
to  describe  upon  it  an  equilateral  and  equiangular 
decagon. 
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Describe  (E.  x.  4.)  the  a  PQR,  having  each  of 

Efi- c  p 

^^  Mr 
•#   ". 
•7 
•7 
t y«----. -jJ? 

•A      ..• 
I-C  yfVi  

a  R 

the    zs  PQRl  PRO,  double  of  the   z  P;  at  the 

points  A  and  B,  in  AB,  make  (E.  xxiii.  1.)  the 
1 8  jB^liir,  ^jBJ^,  each  of  them  equal  to  the  /  PQR, 
or  PRQ;  /.  (Supp.  xxvi.  1.)  the  z  JKB^  i  QPR, 
and  the  z  s  iT^^B,  JTfi^^  are  each  of  them  the  double 
of  the  z  AKB^  which  angle  is,  therefore,  the  fifth 
part  of  two  right  angles ;  from  the  centre  K,  at  the 
distance  KA  or  KB,    describe  the  circle  ABCD, 

cutting  Jf]^ and  BK,  produced,  in  C  and  D;  bisect 
(E.  ix.  I.)  the  z  DKA  by  'EKF,  which  (E.  xv.  1.) 
also  bisects  the  z  CKB;  again  bisect  the  zs  DKE, 

EKA,  by  GKHy  LKM,  which  also  bisect  the  angles 
FKB,  CKF;  lasUy,  draw  BH,  TiF,  FM,  MC, 
CD,  DG,  GF,  el  and  LJ:  The  ten-sided  figure 
ABHFMCDGEL  is  an  equilateral  and  equiangular 
decagon. 

For  the  z  A  KB  has  been  shewn  to  be  the  fifth 
part  of  two  right  angles;  therefore  (E.  xiii.  i.)  it  is 
the  fifth  part  of  the  zs  AKB,  AKD;  therefore  the 
z  AKD  ^4  z  AKB:  therefore  {constr.)  the  angles 
BKA,  AKL,  LKE,  EKG,  GKD,  and  (E,  xv.  l.) 
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their  vertical  angles  are  equal  to  one  another;  there- 
fore (£.  xxvi.  3.  and  E.  xxix.  3.)  the  ten-sided  figure 
is  equilateraf^  and  since  [constr.  and  E.  xxxii.  I.) 
the  isosceles  triangles,  into  which  it  is  divided  by  the 
straight  lines  drawn  from  JiT  to  its  angular  points, 
have  the  angles  at  their  bases  all  equal,  the  figure  is 
also  equiangular. 

23.  Cor.  1*  It  is  manifest  from  this  proposition, 
and  from  E.  x.  4.,  thatif  the  semi-diameter  of  a  circle 
be  divided  into  two  parts/ so  that  the  rectangle  con- 
tained by  the  whole  and  the  lesser  part  may  be  equal 
to  the  square  of  the  greater  part^  the  greatef  segment 
shall  be  equal  to  the  side  of  an  equilateral  and  equi- 
angular decagon  inscribed  in  the  circle ;  and  thus 
may  such  a  decagoif  be  inscribed  in  a  given  circle. 

24.  Cor.  2.  In  the  solution  of  the  proposition,  is 
shewn  the  method  of  describing,  upon  a  given  finite 
straight  line  as  a  base,  an  isosceles  triangle,  having 
each  of  the  angles  at  the  base  double  of  the  third 
angle. 

25.  Cor.  3.  The  figure  ABHFMCDGEL  being 
an  equilateral  and  equiangular  decagon^  if  the  points 

A,  H,  and  H,  M,  and  My  D,  and  />,  E,  and  E^A, 
be  joined,  it  may  be  shewn^  from  E.  iv.  1.,  that  the 
figure  AHMDE  is  an  equilateral  and  equiangular 
pentagon. 

In  the  same  manner,  if  an  equilateral  and  equi-* 
angular  rectilineal  figure  of  any  even  number  of  sides 
be  givei),  such  a  figure^  having  half  that  number  of 
sides,  may  be  constructed :  Also,  if  a  circle  be  de- 
scribed about  the  given  figure,  which  can  always  be 
done  by  the  method  used  in  E.  xiv.  4.,  and,  each  of 
the  equal  angles  of  the  figure  having  (E.  ix.  1 .)  been 


'-^m 


BOOK  IV; 


it39 


bisected,  if  the  poititd  in  which  the  circumference  i» 
met  by  the  bisecting  lines^  lind  the' angular  points  of 
the  given  figure*  be  joined,  a  figure  of  twice  as  many 
sides  "as  the  given- figure  will  have  b^en  constructed, 
which  (£.  xxvi.  3.,  and  E.  xxix.  3.)>  is  equilateral, 
and,  therefore,  equiangular :  For  in  the  same  man- 
ner, that  an  equilateral  pentagon,  inscribed  in  a 
circle,  is  shewn  (E.  xi.  2.)  to  be  equiangular,  may 
any  other  equilateral  rectilineal  figure,  inscribed  in  a 
circle,  be  shewn  to  be  equiangular. 

Thus,  by  the  help  of  E.  ix.  1,  E.  ii.  4,  E.  vi.  4, 
E.  xi.  4,  and  E.  xvi.  4.,  equilateral  and  equiangular 
figures  may  be  inscribed  in  a  given  circle,  of  three, 
six,  twelve,  &c.,  equal  sides ;  of  four,  eight,  sixteen, 
&c.  equal  sides ;  of  five,  ten,  twenty,  &c.  equal  sides ; 
and  of  fifteen,  thirty,  sixty,  &c.  equal  sides. 

Prop.  XV. 

26.  Problem.  Upon  a  gwenjinite  straight  Ivne^ 
to  describe  an  equilateral  and  equiangtdar  pentagon. 

If  upon  the  given  finite  straight  line  an  isosceles 
triangle  be  described  (Supp.  xiv.  4.  Cor.  2.)  having 
each  of  the  angles  at  the  base  double  of  the  third 
angle,  and  if,  also,  a  circle  be  described  (E.  v.  4.) 
about  that  triangle,  it  will  be  manifest,  that  the  equi- 
lateral and  equiangular  pentagon  inscribed  in  the 
circle,  according  to  the  method  used  in  E.  xi.  4.,  is 
the  figure  which  was  to  be  constructed. 

Prop.  XVI. 

27.  Theorem.  T^he  angle  of  a  regular  peMagon 
exceeds  a  inght  angle  hy  one-fifth  part  of  a  right 
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angle  ;  and  is  three  times  as  great  as  the  angle  con^ 
tamed  by  amf  two  sides  of  the  ^figure,  which  are  not 
adjacent  to  each  other,  produced  so  as  to  meet. 

Let  ABDCE  be  the  given  equilateral  and  equi- 


angular pentagon,  and  let  any  two  of  its  sides^  as 
EA,  DB,  be  produced,  so  as  to  meet  in  ^:  Any  of 
its  angles  exceeds  a  right  angle  by  one-fifth  part  of  a 
right  angle,  and  is  three  times  as  great  as  the  angle 
AHB. 
About  the  pentagon  ABDCE  describe  (E.  xiv.  4.) 

the  circle  AECDB;  bisect  (E.  xxx.  3.)  AB,  in  G,  and 
join  C,  A  and  C,  B,  and  C,  Gand  E,  G  and  E,  B :  And 

since  (A^<  and  E.  xxviii.  3.)  the  circumferences  CE, 

fA,  Cd,  D^/Hve  equal,  (JEd^6D^;  .\  ^Efi 

is  the  semi-circumference  of  the  circle^  and  (E. 
XXXI.  3.)  the  z  CEG  is  a  right  angle;  also  (E.  xxi. 
3.)  the  z  AEG==  z  ACG;  and  it  is  manifest  from 
the  demonstration  of  E.  xi.  4.  E.  xxxii.  1.,  that  the 
z  ACB  is  the  fifth   part  of  two  right  angles ;  and 
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therefore  that  its  half^  namely  the  /  AEG,  is  [the 
fifth  part  of  a  right  angle ;  therefore  the  z  AEG, 
which  is  the  excess  of  the  z  CEA  above  a  right 
angle^  is  the  fifth  part  of  a  right  angle. 

Again^  tlie  two  opposite  zs  AEC,  CBA,  of  the 
trapezium  AECB  are  (E*  xxii.  3.)  together  equal  to 
two  right  angles;  and  (E.  xxvii.  3.)  the  z  CBAss 
z  BCE;    therefore  the    z  AEC  +  z  ECB  =  two 

right  angles,  and  therefore  (E.  xxviii.  J.)    CB  is 

parallel  to  EA  or  EH;  therefore  (E.  xxix.  3.)  the 
z  EHD^A  CBD,  which,  since  (E.  xxvii,  3.)  the 
three  z  s .  CBD,  CBE,  and  EBA,  are  equal  to  one 
another^  is  a  third  part  of  the  z  ABD  of  the  penta- 
gon ABDCK 

38.  Cor.  It  is  manifest  from  the  demonstration^ 
that  the  straight  line  joining  the  extremities  of  the 
first  and  second  side  of  an  equilateral  and  equiangular 
pentagon  is  parallel  to  the  fourth  side  of  the  figure; 
the  sides  being  taken  in  order  from  any  one  of  them 
assumed  as  the  first. 

Prop.  XVII. 

29.  Theorem.  The  square  of  the  side  of  a  re- 
gular  pentagon,  inscribed  in  a  gioen  circle^  is  equal 
to  the  square  of  the  side  of  a  regular  decagon^  to* 
gether  with  the  square  of  the  side  of  the  regular 
hexagon^  both  inscribed  in  that  given  circle. 

.  Let  AECB  be  the  given  circle,  of  which  K  is  the 
centre,  and  AB  the  side  of  a  regular  decagon  in^ 
scribed . (Supp.  xiv.  4.  Cor.  1.)  in  it:  Place,  in  the 
circle,  BC:^AB,  and  join  A,  C;  therefore  (Supp. 
xiv.  4.  Cor,  3.)  A€  h  the  side  of  a  regular  pentagon 

inscribed  in  the  circle,  and  if  KA,  KB.  and  AC  be 

R 
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drawn,  any  one  of  these  lines,  as  KAy  is  (£.  xv.  4.) 


the  side  of  a  regnlar  hexagon  inscribed  in  the  circle: 

Then  JC^^KA^+AB". 

For,  in  KA  take  KD^AB,  draw  BD  and  pro- 
duce it  to  meet  the  circumference  in  E;  also,  draw 

We,  KC,  CE  and  CD:  Then,  it  is  manifest  from 
Supp.  xiv.  4.  Car.  1.  and  E.  x.  4.,  that  the  z  KBD 
a  /  A  KB;  but  {constr.  and  £.  viii.  1.)  the  ^  AKB 
«  z  BKC;  therefore  the  z  I>B«^  or  EBK^  z  JBATC; 

therefore  (E.  xxvii.  1.)  IsS  is  parallel  io  KC: 
Again,  (E.  xx.  3.)  the  lBKA  or  EKD^2^EBA; 
but  (E.  xxxii*  1 :)  the  exterior  z  £Z)JS^  is  equal  to  the 
^DKB^  LKBDy  that  is,  (constr:)  to  twic^  the 
LKBEi  OF  to  t^ice  the    lEBA;  therefore  the 

L  EKD  =  L  EDK;  :.  ED  =  IS/f;  and  (E.  xv. 
Def.  1.)  EK^KC;  r.ED^  KC,  and  it  has  been 
shewn  that  ED  is  parallel  to   KC;  therefore  (E. 

xxxiii.  1.)  EK  is  equal  and  parallel  to  DC^  and  tht 
figure  EKCD  is  a  rhombus ;  therefore  (Supp.  xlv.  1 .) 
KD  is  bisected  at  right  angles  in  H,  by  CE :  And 
since  KD  is  bisected  in  /Tand  produced  to  A,  there- 
fore (E.  vi.  2.) 
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xAD+DH*  =  AH*; 


but  (cofMtr.  and  Supp.  xiv.  4.  C&r^  l .) 

and  (E.  xlvii.  l.) 

iW* + HQ. =DC\  or  ^C,  or  K^  ;■ 
and  ^i??H-HC»=^C?»; 

30.    Cob.    Hence,   if  JBC  be   a  given  circle^ 


and  AC,  BK  two  diameters  drawn  (£•  xi.  1.)  at 
right  angles  to  one  another,  if  KC  be  (£.  x.  1 .)  bi- 
sected in  D,  and  if  from  DA  there  be  cut  off  DE^ 

DB,  EK  is  the  side  of  a  regular  decagon  inscribed  in 
the  circle  ABC,  KB  is  the  side  of  a  regular  hexagon 

inscribed  in  it^  and  EB  is  the  side  of  a  regular  pen- 
tagon inscribed  in  it. 

For  (E.  xi.  2.)  EK\%  equal  to  that  part  of  KB, 
the  square  of  which  equals  the  rectangle  contained 
by  KB  and  the  remaining  part  of  KB\  therefore 
(3upp.  xiv.  4.  Cor.  1.)  EK  is  the  side  of  a  regular 
decagon;  and  KB  ij£».  xv.  4.)  is  the  side  of  the 
regular  hexagon^  inscribed  in  the  circle  ABC;  since, 

r2 
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therefore,  (constr.  and  E.  xlvii.  1.)  EB*=EK*  + 
KJD^,  EB  is  (Supp.  xvii.  4.)  the  side  of  a  regular 
pentagon  inseribed  in  the  circle  ABC*. 

r 

Prop.  XVIII. 

31 .  Problem.  Upon  a  given  ^finite  straight  tike, 
to  describe  an  equilateral  and  equiangular  hexagon. 

Upon  the  given  straight  line,  as  a  base,  describe 
(E.i.  1.)  an  equilateral  triangle;  from  its  vertex  as 
a  centre,  at  the  distance  of  either  of  its  sides,  describe 
a  circle :  Then,  if  a  regolar  hexagon  be  inscribed  in 
the  circle  by  the  method  used  in  E.  xv.  4.,  taking 
either  extremity  of  the  base  of  the  equilateral  tri- 
angle, for  the  centre  of  the  circle  to  be  next  described, 
it  is  manifest  that  the  given  straight  line  will  be  one 
of  its  sides.  ^' 

Prop,  XIX. 

32.  Problem.  A  circle  being  given,  to  dencrihe 
six  other  circles^  each  of  them  equal  to  it^  and  in 
contact  with  each  other  and  with  the  gioen  cirde. 

9 
t 

Let  IGH  be  the  given  circle :  It  is  required  to 
describe  six  other  circles,  equal  each  of  them  to  the 
circle  IGH,  and  touching  that  circle  and  each  other. 

Find  (E.  i.  3.)  the  centre  K,  of  the  circle  IGH\ 

take  any  of  its  semi-diameters,  a^  i^G;  produce  KG 

*  This  corollary  furnishes  the  best  practical  method  of  deter- 
uining  the  sides  of  a  regular  pentagon,  and  of  a  regular  decagon, 
to  be  inscribed'  in  a  given  circle ;  and  thus  makes  it  easier  to 
describe  a  regular  pentagon,  or  a  regular  decagon,  on  a  givw 
Hnite  straight  line. 
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to  A,  and  make  Gj4  =  OK ;  from  the  centre  K,  at 
the  distance  KA,  describe  (he  circle  A  BCD;  and  in 
the  circle  ABCD  inscribe  (E.  xv.  4.)  the  equilateral 
and^equiangular  hexagon  ABFCDE;  bisect  (E.x.  1.) 
the  side  AB  of  the  hexagon  in  L :    Then  since  (E. 

X¥.  4.)  AB^KAor'KB,  and  {canstr.)  AG  znd  BH 
are,  each  of  them,  the  half  of  KA  or  KB;  /.  AG 

and  BU  are  each  of  them  equal  to  AL  or  BL :  If, 
therefore^  from  the  centres  A  and  B,  at  the  distance 
AG,  or  BH,  two  circles  be  described^  they  will  be 
equal  to  one  another  and  to  the  given  circle,  and  they 
will  touch  (Supp.  vi.  3.)  the  given  circle  in  G  and  H, 
and  will,  also,  touch  one  another  in  L.  In  the  same 
manner,  from  the  points  £,  D,  C,  F,  as  centres,  may 
four  other  circles  be  described,  each  equal  to  the 
given  circle  and  in  contact  with  it,  and  touching  also' 
each  other. 


33.  CoR.  No  more  than  six  circles  can  be  de* 
scribed  touching  one  another  and  a  given  circle^  and 
each  of  them  equal  to  the  given  circle. 
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Prop.  XX. 

34.  Problem.  In  a  given  circle  to  inscribe  six 
circles  equal  to  one  another,  touching,  each  of  th^an, 
the  given  circle,  and  touching,  also,  one  another. 

Inscribe  (£.  xv.  4.)  an  equilateral  aad  equiaogular 
hexagon  in  the  given  circle^  and  through  the  points, 
in  which  are  ..its  angies^-j dra3¥y  (E.  xvii.  3,)  straight 
lines  touching  the  circle;  and. it  may  beshewe,  hy 
the  method  used  ia  £.  xii.vl.,  that  the  .figure  cap- 
tained by  these  tangents  is  an  equilateral  and  eqifi-^ 
angular  hexagon ;  from  thercefttr^  of  the  «itol6;draw 
straiglit  lin.cs  to  the  several  anglea  ^i  Ulie  drciHftr 
scribed  hewgon,  ihus  dividing  it  into  six  equal  equi- 
lateral triangles;  and  if  (B.  iv.  4.)  a  circle  be  m.^ 
scribed  in  eaicb  i»f  tfieide  trimt^,  k  w«tt  be^itawlel;^ 
from  the  demonstration  of  E.  iv.  4.,  that  thelfiirctei^ 
so  inscribed,  vrill  be  equal,  and  that  they  will  touch 
one  another  in  common  points  of  the  sides  of  the 
triangles^  and  will^  also,  touch  the  given  circle,  each 
of  them  in  one  of  the  poiiits  of  contact  of  the  circum- 
scribed hexagon. 
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Prop.  I. 

1.  Thsorem.  if  the  fir%t  of  Jour  proportional 
fnagidt'^s  be  greater  than  the  second,  the  third  is 
also  greater  than  the  fourth  ;  if  equals  equal ;  and 
^  less,  less. 

Letil  :  d  ::  C  :  D;  and  firstjet  A  >  B;  then 
C>D. 

Take  the  doubles  6f  the  four  magnitudes;  and 
since  (hyp.)  A^B^  tWice  A  >  tt(rio^  B\  therefore 
{hjfp.  and  v.  Def.  6.)  tiirice  C  >  twice  D\  .\  C>D. 

In  like  manner  it  can  be  shewn,  if  A^B^  that 
C^D;  atid  ff  A<  IJ,  that  C<  D*/     . 

Pkof.  U. 

2.  Theorem;  If  fowi*  magnitudes  are  proper^ 
tionals,  thfy  are  proportionals  aho  when  taken  9k- 
versefy. 
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UtA.B  ::  C  :  D;  then  B  :  A  ::  D  :  C. 

Let  there  be  taken  of  A  and  Cany  eqai -multiples 
pA,^pC\  and  of  Band  D  any  eqai-multiples  qB,  qD: 
Then  (hyp.)  A  .  B  ::  Ci  D;  therefore  (v.  Def-  5.) 
ifpA  >  qB,  pC>qD;  if  pA  =  qB,  pC^qD;  if  pA 
<  qB,  pC<  qD;  therefore  accordingly  as  qB  n 
greater  than,  equal  to,  or  less  than  pA,  qD  is  greater 
than^  equal  to»  or  less  than  pC; 

therefore  (v.  Def.  5.)  B  :  A  ::  D  :  C. 

Prop.  HI. 

3.  Theorem.  If  the  first  of  four  magnitudes  be 
the  same  multiple  of  the  second,  or  the  same  part  of 
it,  that  the  third  is  of  the  fourth,  the  first  is  tQ  the 
second,  as  the  third  is  to  the  fourth. 

First,  let  A^pB,  and  C^pD; 

then  A  :  B  ::  C  :  D. 

Let  there  be  taken  of  A  and  C  any  equi-multiples 
qA,  qC,  and  of  B  and  D  any  equi-multiples  rB,  r/>. 
And  since  A  ^  pB,  accordingly  as  qA  is  greater, 
equal  to,  or  less  than  rB,  will  q  times  pB  be  greater, 
equal  to,  or  less  than  rB^  that  is*,  q  times  p  will  be 
greater,  equal  to,  or  less  than  r;  and  therefore  q 
times  pD  will  also  be  greater,  equal  to,  or  less  than 
rD;  that  is,  {hjfp.)  qC  will  be  greater,  equal  to,  or 
less  than  rD;  therefore  (v.  Def.  6.) 

A  :  B  ::  C  :  D. 

Secondly,  let  pA^R,  and  pC=D;  (ben,,  also. 

A  :  B  ::  C  :  D. 

For  in  that  case,  as  hath  been  shewn, 

therefore  (Supp.  ii.  5.) 

A  .  B  ::  C  :  D, 
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Prop.  IV. 

4.  Theorem.  If  the  first  of  four  proportional 
tnagnitttdes  be  a  multiple,  or  a  part,  of  the  second, 
the  third  is  the  same  mtdtipte,  or  the  tame  part,  of 
the  fourth. 

If^  :B::  C:D,  wad  i{A=pB.  then  C=pD. 


pD  :  D; 

C    :  D; 

pD  :  D; 


For  {hyp.  and  Supp.  iii.  b.)  A  :  B^ 

and  {hjfp.)  A  :  B 
therefore  (E.  xi.  5.)  C  :  B 

therefore  (E.  ix.  5.)  C=pD. 

Again,  if  ^  :  B  ::  C  :  D,  and  if  pA=B,  then 
pC=D. 

For  {hyp.)  A  .  B  ::  C  :  D; 
.-.  (Supp.  ii.  5.)  J5  :  ^  ::  D  :  C; 
and  {hyp.)  B=pAi  therefore,  as  in  the  former  case, 
D=pC;  that  is,  C  is  the  same  part  of  D,  that  A  is 
of  A 

Prop.  V,      • 

5.  Theorem.  If  ai^  number  of  equal  ratios  be 
each  greater  than  a  given  ratio,  the  ratio  of  the  sum 
of  their  antecedents  to  the  sum  of  their  consequents, 
shaU  be  greater  than  thiU  given  ratio. 

Let  the  ratios  {A  :  B),  (C  :  D),  {E  :  F),  Ac., 
be  equal  to  one  another,  and  let  each  of  them  be 
greater  than  the  ratio  (P  :  Q);  then  (^+C+i?  : 
B+D  +  F)>{P  :  Q.) 
For  (E.-xii.  5.)A  +  C+E  :  B+D+F  ::  A  :  B; 
and  {hyp.)  {A  :  B)  >  {P  :  Q)  ; 
.-.  {A  +  C+E  :  B  +  D+F)  >  P  :  Q. 

Prop.  VI. 

6.  Theorem.  Ifthefirst  of  four  magnitude  have 
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a  greater  ratio  to  the  second  than  the  third  has  to 
the  fourthj  the  second  shall  have  to  the  first  a  less 
ratio  than  the  fourth  has  to  the  third. 

If  {A  :  B)>{C  :  />),  then  ts  (B  :  A)  <  {D  :  C). 
For,  let  £  be  a  magnitude  such  that 

(E  :  B)  ::  (C  :  D); 
and  since  (hyp.) 

(A  :  B)>{C  :  D) ;  /.  (A  :'B)  >  {E  :  B); 

therefore  (E.x.  5.)  E  <  A; 

therefore  (E.  viii.  5.)  (B  :  E)  >  (B  :  A): 

But  (hyp.  and  Supp.  ii.  5.)  (D  :  C)  ::  {B  :  E); 

therefore  (E.  xiii.  5.)  (D  :  C)  >  (B  :  A): 

Or,  {B  :  A)<  {D  :  C). 

Prop.  VII. 

7.  Theorem.  If  the  first  of  four  magnitudes^  t^ 
the  same  kind,  have  a  greater  ratio  to  the  second 
than  the  third  hof  to  the  fourth,  the  first  shall  have 
to  the  third  a  greater  ratio  than  the  second  has  to 

the  fourth. 

-•      *  -  • 

If  {A  I  B)bt  greater  tbati  <C  :  D),  then  is  : 

(A  :  C)  >(&:  D). 
For,  let  j&  be  a  magnitude  such  that 

{E  :  B)  ::  (C  :  />); 

therefore  {hyp.  and  E.  x.  5.)  ^  >  ^; 

therefore  (E.  viii.  5.)  {A  \  C)  >  {E  i  C); 

Bat  (E.  xvi.  5.  and  hfp.)  {E  :  C)  ::  (B  :  D); 

.'.  {A  :  C)>(B  :  D). 

Pfcop.  VIII. 

8.  Theorem.    If  four  magnitudes  of  the  tatne 
be  propoHionak,  and  if  the  JirH  of  them  b6  the 


greatest,  the  fauLvth^  ^aU  he  the  least ;  hut  if  the 
first  of  them  he  the  leasts  the  fourth  ^shaU  he  the 
greatest. 

Let  A,  B,  C,  I),  be  four  magnitudes  of  the  same 
kind,  which  are  proportioni^ls ;  and,  first,  let  A  be 
the  greatest ;  then  D  shall  be  the  least  of  them. 

For,  since  (%/>.)  A  >C;  therefore  (E-  xiv.  5.) 

B>D; 

Again,  since  (hyp.)  A  :  B  ::  C  :  D; 
ttierefore  (E.  x?i,  5.)  A  :  C  ::  B  :  D : 
But  (hyp.)  A  >  B;  therefore  (E.  xiv.  5.)  C  >  D: 
And  it  has  be^n  shewn  4hat  B  >  D;  therefore  D  is 
in  this  cf^ie  the  Iea6t  of  the  four  proportioiMls.  And, 
if  ^  be  the  leaat  of  the  four  proporlioBak,  it  may,  in 
like  manner,  be  proved  that  J)  wiU  be  the  greatest 
of  them. 

9.  Cor.  If  four  magnitudes  of  the  same  kind,  be 
continual  proportionals,  the  difference  betweien  the 
two  extremes  is  greater  than  the  difference  between 
the  two  means.. 

Prop.  IX. 

10.  Theorem.  If^  the  first,  together  with  the 
seeondf  of  four .  ni^^gnUudes,  h^e  a  greater  ratio  to 
the  sepoind,  thq^  ffi^.tfunt,  4^^ther  with  the  fourth, 
hq$  to  thefourthy  the  first  shaJU  have  iff,  greater  ratio 
fff  the  secfin4  than  th^  third  has  to  the  fourth. 

1{{A  +  B  :  B)  >(C+/>  :  D), 

:      theni^M.:  B)  >  (C  :  D). 
For,  let  £  be  a  magnitude  such  that 

(iS  +  B  :  B)  ::(C+D  :  D); 
therefore  (E.  x.  5.)  A  +  B>  E+B; 
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/.  A  >  E; 

therefore  (E.  viii.  5.)  (J  :  B)  >  {B  :  B): 
But  (hyp.  and  E.  xvii.  6.)  {E  :  B)^{C  :  D) ; 

.'.  (A  :  B)  >{C  :  D). 

Prop.  X. 

1 1.  Theorem.   If  the  fint  of  four  magnUude$ 

have  a  greater  ratio  to  ihe  second  than  the  third  has 

to  the  fourth,  the  first,  together  with  the  second,  shall 

have  to  the  second,  a  greater  ratio  than  the  third, 
together  toith  the  fourth,  has  to  the  fourth. 

U{A  :  B)>{C  :  D); 
tbenis  (A+B  :  B)>{C+D  :  D). 
For,  let  £  be  a  magnitude  such  that 

{E  :  5>  ::  (C  :  D); 

therefore  (E.  x.  5.)  A  >  E; 

.'.  A+B>  E  +  B; 

therefore  (E.  viii,  5.)  (A+B  :  B)>(E+B  :  B): 

But  (E.  xviii.  5.  and  ^fp.) 

(E+B  :  B)  ::  (C+D  :  D); 
therefore  (E.  xi.  5.)  (A+B  :  ff)>(C+D  :  D). 

Prop.  XI. 

12.  Theorem.  If  the  first  term  of  a  ratio  be  less 
than  the  second,  the  ratio  shaU  be  increased  hf  adding 
the  same  quantUy  to  both  terms;  but  if  the^st 
term  be  greater  than  the  second,  the  ratio  sh<Ul  be 
diminished  by  adding  the  same  quantity  to  both. 

Let  A  <  B,  and  let  C  be  any  other  magnitude : 

Then  is  (A+C  :  B+C)>(A  :  B). 

For,  (E.  xviii.  5.  and  hyp.),  (C  :  A)>(C  :  B); 

therefore  (Sopp.  x.  6.),  (A+C  :  A)  >  (B+C:  i?); 
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therefore  (Supp.  vii.  5.)  {A+C:  B+C)>{A  :  B). 

And^  if  A  be  greater  than  B,  it  may,  in  the  same 
manner,  be  shewn  that 

.  (A-^C:  B+C)>(AiB). 

13.  Cob,  If  a<^.and  b<Bj  a  fourth  proportional 
to  J  +  jB,  ^  and  B,  shall  be  greater  than  a  fourth 
proportional  to  a + ft,  a  and  b. 

For,  let  A+b  :  A  ::  b  :  D,  and  a+b  :  a  ::  b  :  d. 
And,  since  (12)  (a+6  :  a)>{A+b  :  ^)  Z>>a.  In 
like  manner^  \f  A-^B  i  B  ::  A  :  E,  it  may  be  shewn 
that  E>D:  Much  more^  then,  is  E>d. 


Prop.  XI  I. 

14.  Theorem.  JJf  thejirst  of  four  magnitudes  j 
if  the  same  kind,  have  a  greater  ratio  to  the  second 
than  the  third  has  to  the  fourth^  the  first,  together 
with  the  third,  shall  have  to  the  second,  together 
with  thefourthy  a  greater  ratio  than  the  third  has 
to  the  fourth,  and  a  less  ratio  than  the  first  has  to 
the  second. 

If  (^  :  jB)  be  greater  than  (C :  D),  then  is 

{A  +  C:B  +  D)>{C:D); 
and  {A+  C :  B+D)  <  {A  :  B). 

For,  (Supp.  vii.  5.  and  hyp.)  {A  :  C)>{A  :  D) ; 
therefore  (Supp.  x.  5.),    {A  +  C :  C)>{B  +  D  :  D) ; 
therefore  (Supp.  vii.  5.),  {A+  C  :  B+D)  >  (C:  D): 

Again,  since  {hgfp.  and  Supp.  vi.  5.),  (B  :  A)  < 
(D  :  C),  or  (D  :  C)>  {B  :  A),  it  may  be  shewn,  in 
the  same  manner,  that 

(A+C:  B+D)<  A  :  B. 
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Prop.  XIII. 

15.  Theorem.  If  the  fint,  together  wUk  the 
second,  have  to^the  eicend^  &^eattr  HUia  than  the 
third,  together  mlh'  the  Jhurth^  has  to  tke  fourth, 
then  shall  the  Jbrst^  together  toUh  the  second^  have 
to  thefrst,  a  less  ratio  than  the  thirds  together  with 
the  fourth,  has  to  the  third. ' 

If  {J+B  :  B)  be  greater  than  {C+D :  D),  then 
\s{J+B:  A)<{C+D:  C). 
For  (Supp.  ix.  6.  and  hyp.)  {A  :  B)>(C  :  D); 

therefore  (Supp. vi,  6.)     {B:  A)<lC:  D); 

therefore  (Sapp.x.  6.)     {A+B  :  J)<{C+D  :  C). 

Pbop.  XIV. 

16.  Theorem.  If  the  first;  together  with  th» 
second  J  have  t&  tke  third;  together  with  the  fhwtK] 
a  greater  ratio  than  the  first  has  to  the  third,  then 
shall  the  second  have  to  thefhurth  a  greater  ratio, 
than  the  first,  togethiffr  with  the  second,  has  t6  the 
third,  together  with  the  fourth. 

If  (^+ A :  C+D)  be  greater  than  {A  :  C),  then 
is  {BiD)>{A+Bx  C+D). 

For  (hyp:  and  Supp.  vii.  5.) 

(A  +  B.:A)>{C+D:  C) 
therefore  (Supp.xiii.  5.)  (A  +  B:  B)<iC+D  :  C) 
therefore  (Supp.  vii.  5.)  {A+B  :  C+D)<(B  :  D) 

Or,  (B  :  D)>(A+  B  :  C+D). 

Prop.  XV. 
17.   Theorem.    If  four  magnitudes  be  proper- 
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tionals,  thof  are  also  proportionals  by  conversion: 
that  is,  the  first  is  to  its  excess  hhots  the  second^ 
as  the  third  to  its  excess  above  the  fourth. 

Let  A+B:B::C+D:D;  then  A  +  B:A:: 
C+D  :  C. 

For  {dwidimdo)  A:  B::  C:  D; 
therefore  {it^ertendo)  B  :  A  ::  D:  C; 
therefore  (camfMm^C^,)  A  +B  :  A  ::  C-^-D  i  C. 

Pbof.  XVI. 

18*  THEOREM.  If  the  first  of  four  magnitudes 
of  the  same  kindy  have  a  greater  ratio  to  the  second, 
than  the  third  has  to  the  fourth,  and  if  the  aggregate 
of  the  first  and  second  be  greater  than  the  aggregate 
of  the  third  and  fourth^  the  first  shall  be  greater 
than  the  third. 

Let  {A  :  B)  >  (C  :  D),  and  let  {A+B)  >  (C+D); 
th^n  A>C. 
Foi;  let  jE  be  a  iQagnitade,  sach  that 

A  :  B  :i  C :  E ;  then  (^^.^nd  EI.  xiii.  6«) 
(C  :  B)  >(C  :  /)).;  therefore  (E.  x.  5.)  E<D; 
.BQd  iinc^  ihyp^\  A/.  B  ::  C :  E^   . 
therefore  {compfmi^indo  ai^d  convertendOf) 
A+B  :  A  ::  C+E^C;  but.(%.)  (A+B)>{C-^D); 
'  .\  {A+B}>{(:  +  E):;  therefore  (E, xiv. 5.)  A>C. 

Prop.  XVII. 

19.  Theorem.  If  am/  number  of  magnitudes  be 
continual  proportionals,  their  differences  shall^  also, 
be  proportionals. 
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Lfk  A  :  B  A  B  .  C '.:  D,  Ac.,  then  shall 

A-BiB-C.'.  B-C:  C-D,  aodsoon. 
For  {hyp.  wad  £.  xiz«  5.) 

A:  B::  A-BiB^-C; 
and  B:  C::B-C:  C-^D; 

therefore  {hyp.  and  E.  xi.  5.  Cor.) 

A-BiB-^Cv.B^C:  C-^D. 

20.  Cor.  From  the  demonstration  it  is  manifest, 
that,  if  three  mag^itades^  A,  B,  C,  are  proportionals, 
the  excess  of  the  greatest.  A,  above  the  mean  B, 
is  greater  than  the  excess  of  the  mean  B  above  the 
least,  C. 

For  it  has  been  shewn  that  A  :  B  ::  A—B  :  B—C; 

And  {hyp.)  A>B;  therefore  (Supp.  i.  5.) 

A^B>B^a 

Prop.  XVIII. 

2L  Theorem.  If  there  be  three  magnitudes,  arid 
other  three,  and  if  the  first  have  a  greater  ratio  to 
the  second,  in  the  former  set,  than  the  first  has  to 
the  second,  in  the  latter;  and  if,  also,  the  second 
have  to  the  third,  in  the  former  set^  a  greater  ratio 
than  the  second  has  to  the  third,  in  the  latter ;  then 
shall  the  first  have  a  greater  ratio  to  the  third,  m 
the  former  set,  than  the  first  has  to  the  third,  in  the 
latter. 

Let  A,  B,  C,  be  tiiree  magnitudes,  and  D,  E,  F, 
three  other  magnitudes :  If  (^  :  B)  be  greater  than 
{D  :  E),  and  (B  :  C)  greater  than  {E  :  F),  then  is 

{A:C)>{D:  F). 


BOOK  V.  257 

For  let  6  be  a  magnitude  such  that  {G :  C)  :: 
{E:F); 

therefore  (h^.  and  £.x.  5.)  B>G; 
therefore  (E.  viii.  5.)*  {A:G)>(A:  B). 

Again^  let  H  be  a  magnitude  such  that  (H :  G) 
::  (DiE); 

therefore  {hyp.  and  E.  xiii.  5.)  (ff- :  G)<{A  :  B); 

Much  more  then  is  {H:  G)<{A  :  G) ; 
therefore  ^E.  x.  5.),    A  >  H; 
therefore  (E.  viii.  5.).  (A:  C)>{H:C); 
But  (A^.  end  E.xxii.  5.),  {H:  C) ::  (Z> :  F); 

.:  (A  :  C)  >  (D  :  F). 

Prop.  XIX. 

21.  Theorem.  If  there  be  three  magnHndee,  md 
other  three,  and  if  the  Jirst  have  to  the  second^  in 
the  former  Bet,  a  greater  ratio  than  the  second  has 
to  the  third,  in  the  latter ;  and  ^  aUo,  the  second 
have  to  the  third,  in  the  former  set,  a  greater  ratio 
than  the  first  has  to  the  second,  in  the  latter ;  then 
shall  the  first  have  to  the  third,  in  the  former  set, 
a  greater  ratioi.than  the  first  has  to  the  third,  in 
the  latter. 

Let  A,  B,  C,  be  three  magnitudes^  and  Z>/  E,  F, 
three  other  magnitudes :  \i  {A  \  B)  be  greater  than 
{E :  P),  and  \B  :  C)  greater  than  (D  :  E),  then  is 
{A\C)>{Dx  F). 

For  let  6  be  a  magnitude  such  that  {G  :  C)  ::  ' 
(D:E)i 

therefore  (Ayp.  and  E,  x.  5.)  B>0; 
therefore  (E.  viii.  6.),  {A  :  G)>{A  :  B). 
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Again^  let  JEf  be  a  ma^itode  such  that  (H :  6) 
::  {E:F); 
therefore  {^fp.  and  E.  xiii«  5.)j  {Ut  0)<{A  :  O); 
therefore  (£.  x.  5 J,  A.>H; 
therefore  (E.  fHi-  b.),  {Ai  C)>{H:  C)\ 
But  (^.  and  E.  xxiii.  5.)  {H :  C) ::  {D  :  F); 
:.  {A:C)>{D:F). 


Prop.  XX. 

« 

38.  Theorem.  Jff^  three  magnitudea .  be  prepor- 
tionals,  the  two  extremes  are,  together,  greater  than 
the  double  of  the  mean. 

Let  A,  B,  Cj  be  three  magnitudes  which  are  pro- 
portionals: Then  ^  +  C>2B. 

For  {hyp.  and  £.  vi.  Def.  Book  v.)^  {A  :  B)  :: 
{BiO; 

therefore  (fi.  xxv.  5.)  A-\^C>B+B, 
that  is,  A+C>2B. 

23.  Cor.  An  arithmetic  mean  proportional,  be- 
tween two  given  magnitudes,  is  greater  than  a 
geometric  mean  proportional  between  the  same  two 
magnitudes. 

Prop.  XXI. 

34.  Theorem.  Jlf  there  be  two  seta  of  Tnagm- 
tudes,  the  one  geometric,  and  the  other  arithmetic, 
proportionals,  and  if  the  tw>  first  magnitudes  be  the 
same  in  both,  am/  other  magnitude  m  the  farmer 
set^  shall,  be  greater  than  the  corresponding  mag- 
nitude in  the  latter. 
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Let  the.nMgaitQdCi  AyB,  C^  D,E,  &e;  be  geo- 
matriC'-proportionaly,'  And  let-  the  magnkudes  Ji, 
B,  Cy'^^t  ^c.  ij«  aHtiini9(l(^  ^tDporfioiiBjft; ' then 
U  C>e/2>>ff,  JSyJa^  afliitW)  on;  •' 

Focy  flnti  kl  JdT'  ^be  ^  tlie  liea«t  nigni^e;'  in  "eaolr 
•erie*';  ''•••-       .i-  v,    '•  "     '"-'  ■-••'  •  -'••  '•■'■■■ 
therefore  (Sapp.zrii.  5.  Cbr.)  C-1I>JB~^: 

But,  from  the  property  of  arithmetic  propor- 
tion, 

B-A=c-B; 
.-.  C-B>C'^B', 
.'.  C>e. 

f^%  (SwPR-  wi»^.5.  Cor.)  D-C>  C^fi,  and 
as  hath  been  shewn,  C-'B  >c—B  or  4— c;  .v 
D—  C  > d^c;  and  C  >  c;  .\  D  >  d.  In  the  same, 
nttuiner  it  may  be  shewn  that  E>$,  and  so  on. 

Secondly^  let  ^  be  the  greatest  m«gi|jitn<k.  ui 
each  ^series : 

Then  (Supp, xv.  5.  Or.)  -rf-B>B-C; 

But^  from  the  property  of  arithmetic  proper* 
tipn, 

A-B^B-c; 
.*.  B~-c>B-C; 
/.  C  >  c. 

Again^  (Sapp.  xvii.  5.  Car.)  B—C>  C^D;  and 
it  has  been  shewn  that  C>c;  much  more  then  is 
B-e>C-D: 

/.   D  >;A 
AjmI,  in  the  same  maqoer,  it  may  be  shevn  that, 
iil.this  €4se^  aUo,  E,>e,  and  so, on,  -      , 

S3 
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,  i&.  Cor.  The  two  jKnt  magaitades^  in  both 
the  BetM,  being  the  same,  if  the  second  of  the  geo* 
metric  j[>ropo]1ioiial8  be  grfieter  than  the.  second  of 
the  arithmetic  pro[mrtiQ94b^ :  then,  mudi  more, 
will  every  other  «wgnitttde,  in  the  former  set^  be 

E eater  than  the  corresponding  magnitude  in  the 
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^.  Theorem,  j^  there  be  two  aeries  of  nuLgtu- 
tude$,  the  one  arithmetically  proportionaly  the  other 
geometrical  propcrlionaly  hvi  each  having  the  same 
magnitude  for  its  jhral  term,  and  if  the  last  term 
of  the  arithmetic  series  be  net  less  than  the  last  term 
if  ike  geometric  series,  any  other  temi  of  the  former 
series  sftdfi  be  greater  than  the  correq^ondi^  term 
in  the  ieMer. 

Let  the  magnitudes  A,  B,  Cj  D,  E,  &^.  Q,  be 
geometric  proportionals;  and  let  the  magnitudes 
A^  b,  c,  d,  e,  &c.  q,  be  arithmetic  proportionals; 
then  if  9  be  not  leas  than  Q,  b>B^  oC,  d>D,  and 
so  on. 

For  (Supp.  xxi.  5.  and  Cor.)  if  B  be  equal  to  b, 
or  greater  than  b,  Q>q;  which  iiB  contrary  to  the 
hypothesis;  •*.  b>B. 

Again,  in  the  two  series  B,  C,  D,  &c.  Q,  b^  c,  d, 
^.  q,  let  b,  which  has  been  shewn  to  be  greater 
than  B,  be  supposed  to  become  equal  to  B,  and  q 
to  remain  of  a  magnitude  not  less  than  Q;  then  it  is 
manifest,  from  the  nature  of  arithmetic  proportion, 
that  the  intermediate  terms  C,  d,  Ac.  must  each^ 
ako,  become  less  than  they  are  in  the  gif  en  arith- 
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metic  series;  and  yet,  as  hatb.  been  sbemi,  the 
wcond  of  them  will  be  gteater  than  C;  much  moK» 
then,  is  the  term  c,  in  that  given  series,  greater  than 
'  Ci  And,  in  the  same  manner,  it  may  be  proved  that 
d>D;  and  so  on. 


I 


SUPPLEMENT 


TO  THB 


ELEMENTS  OF  EUCLID. 


PART   I 


BOOK  VI. 


Prop.  I. 

1.  TinEORSM.  If  the  bases  of  four  rectangles  be 
proportionals,  and  their  altitudes  be  also  propor- 
tionals,  the  rectangles  themsehes  shall  Ukewise  be 
proportianals. 

Let  the  four  rectangles  AC,  DF,  Gl,  KM,  have 


JJ 


G 


H 


their  bases  AB,  DE,  OH,  KL  proportionals^  and 
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let  tkeir  altitudes  BC,  EF,.HI,  LM,  also,  be  pro^ 
portionals :  Then  AC:  DFi.GI:  KM. 


For,  in  EF  and  LM,  produced  if  necessary,  take 

EN^BCj  and  LP^HI^  and  complete  the  rect- 
angles DN  and  KP. 

Then  since  {hyp.)  IB  :  DEr.  6H:  KL, 
therefore  {cwistr.  E.  i.  6.  and  E.  xi.  5.) 

AG.DN:.  GI.KP; 

Also,  {hyp.  and  cmstr.)  EN :  EF  ::  LP :  LM; 

.\  (E.  i.  5.  and  E.  xi.  5,)  DN :  DF ::  KP  :  KM; 

therefore  (E.xxii.  6.)  AC :  DF::  61 :  LM. 

3.  Cor.  l.    If  four  straight  lines  he  proportionals^ 

their  squares  shall  also  be  proportionals. 

3.  Cor.  2.    Conversely,  if  four  squares  be  pro- 
portionals, their  sides  shall  likewise  be  proportionals. 


Prop.  II. 

4.  TafiOREM.  If  the  outward  angle  of  a  triangle^ 
nuide  hy  producing  oue  of  its  sides^  be  divided  into 
two  equal  angles^  ^  a  straight  line  which  also  cuts 
the  bQse  produced,  the  segments  between  the  dividing 
Ijane  and  the  extremities  of  the  base  htfve  the  same 
ratio,  which:  th^  other  sides  of  the  triangfe  have  to 
one  aamother :  And  if  the.  segments  of  the  base,  pro- 
duced^  have\the  sttme  ratio  ichichthe  other  sides  of 
the  triangle  haw^  the-  strmght  Une,  drawn  from  the 
vertex  to  the  ponU  of  section,  dipides  the  outward 
angle  of  the  triangle  into  two  equal  angles. 

First,  let  the  outward  /  CAE,  of  any  ^ABC,  be  * 

*  ■    '  * 

divided  into  two  equal  angles,  by  AD,  which  cuts 
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the  base  BC,  piwlaced,  in  D:  Then  BD :  DC:: 
BA  :  AC. 

Through  Cdraw  (E.  xxxi.  i.)  ^^panHel  (o  AD; 


therefore  (E.xux.  l.)  the  ^ACFm  ^CADi  bnt 
(htfp.)  the  ^CAD=^^DAEi  therefore  the  /.ACF 
a  zDAE.  Again  (con«fr.  and  £.  zxix.  1.)  the 
zDAE=  iCFA;  and  it  has  been  shewn  that  the 
aACF^/.DAE',  therefore  the  lACF ^  i.CFA, 
and  (E.  vi.  l.)  AF^AC.  Also  {liontHr.  and  E.iL  6.) 
BD  :  DC ::  B^  :  i^F;  t.  e.  BD:DC::BA:  AC, 
because  AFbAC. 

Secondly,  let  BD  :  DC ::  BA  :  AC,  and  let  AD 
be  drawn;  then  the  zCAD^a  ^DAE. 

The  sane  construction  having  been  made,  since 

(hyp.)  BD  :  DC ::  BA  :  ^C, 

and  (coiMlr.  and  E.  it^  6.)  BD  :  DC ::  J3^  :  AF, 
therefore  (E.xi.  6.)  BA  :  AC ::  BA  :  JlF; 
therefore  (E.ix.  5.)  ^C«^/'. 

Wherefore  (E.  v.  l.)  the  lAFC^  /.ACF;  bat 
(consfr.  and  E.  xxix.  1.)  the  zEAD^  /AFC,  and 
the  /  CAD »  /ACF;  therefore  the  /  BAD^ 
/.  CAD. 

5.  Cor.  1.  Hence  a  given  finite  straight  line 
may  be  cut  in  harmonic  proportion. 

For  let  BD  be  the  given  finite  straight  line :  Take 
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any  pmnt  A,  imt  of  BD,  and  thnnigh '^  dcaiw  lOF; 

join  AfD;  at  the  point  ^^  in  DJ,  make  (El  xxiS.  l.) 

the   jlDAC^iDAE,   and  bisect  (E.  ix.  1.)  the 

/.BAC  by  ^6:  Then  is  BD  cat  harmonic^y  in 

the  points  G  and  C. 

FV>r  (coiMfr.  and  E.  iii.  6.)  fi&  :  6C ::  BA  :  i^C; 

And  {coMtr.  and  Sapp.  ii.  6.)     ' 

BA  :  ^C ::  UX) :  DC 

therefore  (E.  zi.  5.)  BG  :  GC ::  BD :  DC 

therefore  (E.  xvi.  6.)  BG  :  BD  ::  GC :  DC 

that  is,  BG  :  BD  ::  BC-  BG  :  BD-BC 

which  is  the  property  of  harmonic  proportion. 

6.  Coil  !2.  I^  any  straight  line  be  drawn  between 
WE  and  BD^  it  may,  in  the  same  manner^  be  shewn 
to  be  cat  harmonically  by  the  straight  lines  AQ^ 
AC,  and  AB. 

Prop.  III. 


7.  Theorem.  BUher  of  the  equal  rides  of  an  ituh 
scdes  triangle,  is  a  mean  proportional  behoeen  the 
base,  and  the  half  of  the  segment  of  the  base,  pro- 
dmced  j/^  necessary,  wMch  is  cut  off  by  a  straight 
Une  draum  from  the  vertex  at  right  hngles  to  the 
eftud  side. 

Lei  ,/^C  be  an  isosceles  triangle^  having  the  side 
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Me 


^M^AC,  and  let  AJ5,  <lm«|i  pevpeadiciibr  ito,^, 
mtfLBCf  predttoed.  If  it  be  n(gce8HU7,  'm  D",  dto, 
fee  il2>  be. buectoi  id  E :  Tben  JBC :  i^ ::  ^it : 

BE:  • 

For  draw  AE;  and  (Sapp.xxix.  I.)  RAsaEB; 
therefore  (E.v.  1.)  the  ^EAB^zABB^  iACB; 
therefore  (Czxxii.  1.)  the  ^AEB^  t  SAC;  there- 
fore <E.  IT.  &)  CB :  BA  ::  BA  :  BE. 

Phop.  IV. 

8.  Theokem.  The  d^a$net€r  of  a  circle  is  a  mean 
prpportwrnd  between  the  sides  of  an  eqtaUOeral  tri- 
imgle  and  he^xiQgcn  described  about  the  circle. 

Let  DEF  be  an  equibteral  Uiangte,  described 
about  the  circle  AB(^^  of  which  the  centre  is  K; 
let  the  sides  of  the  a  DEF  touch  the  circle  in  the 


points  Af  B,  C;  let  D,  B  be  joined^  cutting  the  cir- 
cumference in  Oy  and  let  LM  be  drawn  touching  the 
circle  in  G;  so  that  (Supp.i.  4.  Cor.  2.)  LMis  the 
side  of  a  regular  hexagon  described  about  the  circle 


«. 
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jitMC;''4ivi.  OB  pames  tkixMigti  die  ceatnftK ;  •  Then, 

^f^iVpBiLM. 

^Poi^  join  j^>Jr;  tber^re  (£.  xviii.  r.)  the  aiagles 
DiX  iDGL,  ard  i%ht  kiigies/nhd  lite  ^iiDK  is 
oontmon  to  tb(^  ^  as  l^l^JT,  jDGL,  wkich  (Supp. 

zxtiJ  l;)'aite,  Uterefimre,  eqtiiangakr;  

therefore  (£.  iy.  6.)  152  :  2*1^  ::  SG  :  ^ 
Bat  (Supp.  i.  4.  knd  Cor.  t,  3.)  DE  w  donUe  of 
DA;  the  diameter  GB  is'double  of  ^iiC,  or  of  DG, 
which  (Soj^.  i.  4,  Cor.  1.)  is  equal  to  /iK;  and  LM 

is  double  of  LG; 
therefore  (E.  ]^v.  5.)  DE  :  G^  ::  6:0  :  LAf. 

-P«o?-  V. 

.9.  Theorem.  Equiangitdar  paraUekgrains  have 
to  '6m6  mcftkit-  the  'suate  ratio  ai  the  rectangleBr  eon- 
etiMS^iheiideeabotUeqwa^w^lleviniufA. 

Let  AC,  DFj  be  two  eqoiangulai:  pamllelpgraros^ 


■  9»m%m  •••  •••  ••  •  MM  ••  •  ••*•*•••  •«••«• 


having  the  z  ^BC=  z  D-EF: 

Then  AC  :  DF  ::  ABxBCi  DEx  EF. 

For  dnw  (E.  xi.  1.)  BG  and  £/  perpendicular  to 
AB  and  I>£  redfiectiyely ;  make  BG^BC,  and  £/ 
sJSJP;  and  complete  the  rectangles  ABGH  and 
DEIK;  and  produce  the  sides  of  the  given  paildle- 
lograms,  that  i^re  opposite  to  ^^^and  DE,  to  meet 
AHwud'OKp.  in  ill Bnd*  P,  respectively. 
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And,  since  (%p.)  the  ^  ABC  »  z  DSF,  and 
(conatr.)  the  z  ^£L  »  ^  D£iV;  therefore,  the 
zLJBCs  ziVEF;  abo  (^.)  the  /  LCBs  z  NFE; 
therefore  (Sii^  xxvi.  i.)  the  two  ar  LBC.  NEF, 
are  eqaiangubur;  therefore  (E.  iv.  l.) 

BL  i  BC  or  BG  ::  jBiV  :  EFot  EI: 
Bat  (E..i;  6.)      - 

BL  :  BG  '.:  AL  :  AG; 
Also,  £iV  :    EI   ::  DJV  :  />/; 
therefore  (E.  xi.  l.) 

AL  :  AG  ::  DiV  :  D/; 
therefore  (E.  xvi.  5.) 

AL  :  DN  ::  ^G  :  DI: 
Bnt  (E.  XXXV.  1.)  0^~[i3^C;  and  CUDN 
^CJDF; 
.'.  AC :  DFi:  AG  or  ABxBd  DI  or,  1>£  x  BF. 

10.  .  Cor.  Triaiig^,  having  equal  vertical  ang^, 
are  to  one  another  as  the  rectangles  contained  by  the 
sides  about  those  equal  angles. 

Paop.  VI. 

1 1.  Thbcmiem.  9^  8irai^  Imea,  droMm  from 
the  buectiona  of  the  three  aides  of  a  triangle  to  the 
opposite  angles,  meet  in  the  same  point. 

Let  the  sides  AB^  AC,  of  the  a  ABC,  be  bisected 

A 


(E.  X.  1.)  inE  and  Ft  and  let  2^  and  '^  cut  one 
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another  in  the  poiitt  R :    The  stm^t  line  which  is 


drawn  from  A,  to  the  bisection  of  BC,  shall  also  pass 
throughA. 

For  join  A,  jR,  and  produce  AR  to  meet  BC  in  D; 
join^  also^  £,  F;  and  through  R  draw  (£•  xxxi.  1  •) 

VRQ  parallel  to  BC. 

And^  since  (canstr.  and  E.  ii.  6.)  .SFis  parallel  to 
BC;  therefore  (£.  xxix.  l.)  the  two  as  BFE,  BRP, 
are  equiangular;  as  are,  also^  the  as  CEF,  CRQ; 

therefore  (E.  ii.  6.)  BF  :  BR  ::  CE  :  CR; 
Also  (E.  iv.  6.)  BF  :  BB  ::  BF  :  PB; 
And  CE  :  CR  ::  BF  :  BQ; 
therefore  (E.  xi-  6.)  BF  :  PR  ::  EF  :  B^; . 
therefore  (E.  ix.  5.)  PR^KQ ; 
therefore  (Supp.  Ixi.  1.)  BD:=^DC; 

ther^oie^  D  is  the  bisection  of  BC;  and  there  can- 
iftft  be  two  straight  lines  joining  the  same  two  poikita 
A  and  D,  which  do  not  coincide ;  therefore  the 
straight  line,  drawn  from  ^  to  the  bisection  of  BCy 
passes  Uirough  the  point  R. 

Prop.  VII. 

12.  PaoBLBM.  To  findy  within  a  given  rectili-' 
neal  qngU^^st^  tAe  locus  ofaU  the  points,  from  each 
ofwimh,  if  two  straight  lines  he  drawn,  to  the  lines 
containing  the  given  angle,  so  as  alwugfs  to  he  parallel 
to  two  straight  Unes  given  in  position,  they  shall  he  to 
one  another  in  a  given  ratio :  And  secondly ,  to  find 
the  locus  of  ail  the  points ,  from  each  of  which  if  two 
straight  lines  he  drawn  in  Uke  manner j  they  shall  cut 
off  from  two  given  parts  of  the  straight  lines  contain- 
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mgtke  giom  tfi^ir^  BigmenU  ilmi  dbdl.&ete  Me 
another  4n  a  gioen  r0U$> .  ... 

Let  CAB  be  the  given  angle;  let  AK,  ^,  ht  tl» 


two  straight  lines  given  in  position ;  and  let  AL  be  to 
AK  in  the  given  ratio:  It  is  required^  first,  to'find^ 
vrithin  the  d.  CAB,  the  focus  of  all  the  points,  from 

vrfaich^  if  straight  lines  be  drawn*  to  A€  and  jiB, 
paralldi  to  AL  and  AK,  respectively,  they  shall  be  to^ 

one  another  as  i^Zr  to  ^J?.  ^* 

Through' 'K  and  L  draw  {Kxxad.  l«)  KM;  and 

j(Jlf,  jmrallel  to  AB  and  AO^  respeotively,  and  meet- 
ing in  M;  draw  AM^  and*^  produce  it^  indefinitely, 

toward  X;  AX  is  the  locus  which  was  to  be  found. 
For  take  any  point  P  in  AX,  and  from  P  draw 

PQ  parallel  to  AL,  and  PR  parallel  to  AK:  And, 
since  {canslr.  and  £.  xxix.  1.)  thev  ^s  APR,  KAM. 
are  equiangular,   as  are,   likewisi^  Ihe   As.4l'Qy. 

therefore  (E.  iv.  6.) 

P/l  :  ^^  ::  AP  :  ^Jli  ::  Ptt  :  Ahi     . 
therefore  (E»  xi.  5.) 

PR  :  ^if  ::  PQ  :  AL; 
.therefore  (E.  xvi.  5.) 

PR  :  PQ  ::  AK  :  AL. 
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Secondly;  let  B  and  C  be  two  given  points  in  AB^ 
and  AC:   It  is  required  to  find  the  /octit  of  dl  the 


points,  from  which  if  straight  lines  be  drawn  pairaHel 
to  AK  and  AL,  they  shall  cut  off  from  CA  and  j^A' 
two  segments^  which  are  always  to  one  anoflier  ih  th)& 
same  ratio  as  the  giten  finite  straight  lines  AK  and 
AL. 

From  CA  cut  off  CE^AK,  and  from  B^  cut  off 
BF^AL;  from  C  and  B,  draw  (E.  xxxi.  1.)  CD 
parallel  to  AL,  and  BD  parallel-  4o  AK,  and  let  CD 
and  BD  meet  in  D;  likewise  from  £  and  F  draw 
E6  parallel  to  ALor  CD,  and  F(?  parallel  to  AK 
or  B A  and  let  EG  and  F&  meet  in  O :    Through 

D  and  G  draw  the  straight  line  2>6Jir:  Then  is 
DGX  th6  locus  which^  in  thi»  case,  was  to  be  found. 

For  take  any  point  in  it,  as  P,  and  draw  PH 
parallel  to  DC,  and  PI  parallel  to  DB :  Then  it  is 
manifest  from  the  demonstration  of  E.  x«  6.  that 

HC  :  EC  :.  PD  :  GD  ::  IB  :  FB;  : 

therefore  (E.  xrL  5.)  HC  :   IB  ::  EC  :  FB  : 
That  is  (coftsfr.)  HC^  is  to  /B  in  the  given  ratio  r 
And  it  is  easily  shewn,  eo?  isbMrdi>,  that  no  pemt' 
which  is  out  of  the  foeUd  so  determined,  has  the 
prc^rty  described  in  the  proposition. 

13.    Cor.   The  intersection  of  the  one  locus  with 
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ibe  other,  determines  a  point,  from  which  if  two 
straight  lines  be  drawn  to  AB  and  AC,  in  the  given 
directions,  they  shall  be  to  one  another  in  the  same 
given  ratio  as  the  segments  are,  which  they  cut  off 
from  CA  and  BA. 

Prop.  VIII. 

14.  TsBoaEM.  Ijr  a  circle  he  Umchedj  in  the 
same  pokU,  hoik  extemaily  and  intemalfy^  hy  two 
other  circies,  and  through  the  point  of  contact  two 
straight  lines  be  drawn,  the  parbt  of  them  inter- 
eepted  between  ths^ circumference  of  the  given  drde, 
and  that  of  the  circle  which  touches  it  mtemalfy^ 
shall  haoe  to  one  another  the  same  ratio  as  the  parts 
sMch  are  chords  of  the  other  circle. 

Lei  the  circle  ABC  be  touched  in  the  same  point 


A,  internally  by  the  circle  DAE,  and  externally  by 
the  circle  FAO;  and  through  A  let  there  be  drawn 
any  two  straight  lines,  BAG,  CAF,  each  cutting  the 
three  circles  ABC,  DAE,  FAO : 

Then  BD  ;  CE  ::  AG  :  AF. 
For,  draw  jBC,  DE,  and  J^j ;  and  through  A  draw 
(E.  xvii.  1.)  HAL  touching  the  circle  BAC,  in  A, 
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and  therefore  touching  the  two  circles  DAE,  FAG: 
And  since  (£.  xv.  1 .)  the  z  DAH  s  z  LAG,  and 
that  (£.  xxxii.  3.)  the  z  DAH^  i  DEA,  and  the 
z  LAG^  zAFG;  therefore  the  z  DEF^  tEFG, 
and  therefore  (£.  xxvii.  1.)  FG  is  parallel  to  DE: 
Also,  since  (E.  xxxii.  3.)  the  z  DAH  or  BAHj  is 
equal  to  each  of  the  zs  DEA,  BCA^  they  are  equal 
to  one  another,  and  therefore  (£.  xxviii.  1.)  iBCis 
parallel  to  DE;  therefore  (E.  ii.  6.) 

BD  :  CE  ::  AG  :  AF. 

Pkop.  IX. 

1 5.  Problem  .  From  the  centre  of  a  gvoen .  circle, 
to  draw  a  straight  line  to  meet  a  given  tangent  to 
the  circle,  so  that  the  segment  of  the  line  between 
the  circle  and  the  tangent  shall  be  any  required  part 
of  the  tangent. 

Let  ABC  be  a  circle^  of  which  K  is  the  centre. 


and  let  BD  touch  tlie  circle  in  B:    It  id  required  to 
draw  a  straight  line  from  K  to  BD,  bo  that  the  geg- 


T 
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ment  of  it,  between  the  circle  and  BD  shall  be  any* 
required  part  of  the  tangent  BD. 

Draw  KB;  divide  (Supp.  xlix.  1.)  KB  into  a  num* 
ber  of  equal  parts^  equal  to  the  number  of  times 
which  the  tangent  of  BD  is  to  contain  the  segment 
of  the  straight  line  to  be  drawn  from  K  to  BD;  and 
from  BD  cut  off  BF  equal  to  one  of  them ;  from  F 
draw  (E.  xvii.  3.) ^touching  the  circle -t^BC in  C; 

through  C  draw  KCD :    Then  shall  CD  be  the  re- 
quired part  of  BD. 

For  (coits^.  and  Supp.  xxvi.  1.)  the  two  as  KBDy 
DCFy  are  equiangular ;  also  {constr.  and  Supp.  xix.  3. 

Cor.  1.)  TS^FCr 

therefore  <E.  iv.  1.)   KB  x  BD  v.  CForBF:  CD; 
therefore  (E.  xvi.  5.)  KB  :  BF  ::  BD  :  CD; 
therefore  (coristr.  and  Supp.  iv.  5.)  CD  is  the'  re- 
quired part  of  BD. 

Prop.  X. 

16.  Problem.  From  a  given  triangle  to  cut  off 
a  rhombus ;  the  base  of  the  rhombus  being  part  of 
the  base  of  the  triangle^  and  having  its  extremity  in 
a  given  point  of  that  base. 

Let  ABC  be  the  triangle^  and  D  the  point  in  its 
base  BC'.   It  is  required  to  cut  off  fVom  the  a  ABC 

a  rhombus^  having  its  base  in  BC^  and  terminated  by 
the  given  point  D. 

Draw  AD,  and  produce  it ;  from  the  centre  B,  at 
the  distance  BC,  describe  a  circle,  cutting  AD  pro- 
duced in  fi,  and  join  B,  E;  J\  BE^BC;  through 
D  draw  (E.  ^xi.  1 .)  ^DFparallel  to  WS;  also  through 
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F  draw  FG  parallel  to  BC,  and  through  G  dntw  GH 


\ 


parallel  to  TD  or  B£;  therefore  the  figure  FDHO 
is  a  paralldogram  :  And  since  {constr.  and  E.  xxviii. 
1.)  the  AS  BAC,  FAOy  are  equiangular^  as  are^ 
also,  the  as  ABE,  AFDy 

therefore  (E.  iv.  6.)  AB  :  BC  or  BE::  AF:  FO: 

And  AB  :  BE  ::  AF  :  FD; 

therefore  (E.  xi.  5.)  AF  :  FG  ::  JJ?*  :  FD; 

therefore  (E.  ix.  b')  FG^FDi 
But  (E,  xxxiv.  1.)  FG^DH,  and  FD=  G^; 
therefore  the  figure  FDHG,  having  its  base  DH  in 
BC^  and  terminated  by  the  point  D,  is  a  rhombus. 

Pbop.  XI. 

17.  Th£oeem.  If  two  triangles  heme  one  angle 
of  the  one,  eqwd  to  one  angle  of  the  other y  and  also 
another  angle  of  the  one,  together  with  another  angle 
of  the  other,  equal  to  two  right  angles,  the  sides 
about  the  two  remaining  angles  shall  be  propor- 
tionals. 

T  2 
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Let  the  two  as  ABC,  DEF,  have  the  /  BAC 

C  F 


z  EDF,  and  another  angle,  as  ACB,  of  the  one  tri- 
angle^ together  with  another  angle,  as  DEF^  of  the 
other^  equal  to  two  right  angles : 

Then  AB  :  EC  ::  DF  :  FE. 

From  F  draw  (Supp.  xxv.  1 .)  FG  making  with 
DE  an_/  F6E  =  z  FEG;  therefore  (E.  vi.  1.) 
FG^FE:  And  since  (hyp.)  the  z  ^CB+  z  DEF 
as  two  right  angles^  and  that  (E.  xiii.  1.)  the  z  DGF 
+  z  FGiS = two  right  angles ;  therefore  the  z  ACB 
+  z  DEF^  z  JOGF+  z  FGE;  but  (c(Mw<r.)  the 
z  FGE=  z  FEG;  theiefore  the  z  ^Cfi«  z  I>GF; 
and  (hyp.)  the  z  BAC^  z  GDF;  therefore  (Supp. 
ixvi.  1.)  the  two  As  ACB^  DGF^  are  equiangular; 
therefore  (E.  iv.  6.) 

AB  :  BC  ::  DF  :  FG  or  FE. 

Prop,  XIL 

18.  Theorem.  If,Jrom  the  extremities  of  the 
base  of  a  given  triangle,  there  be  drawn  two  straight 
lines,  both  on  the  same  side  of  the  base,  and  each 
equal  to  the  adjacent  side^  and  making  with  that 
side  an  angle  equal  to  the  vertical  angle  of  the  tri- 
angle, then  the  straight  lines  which  join  the  extre-- 
mities  of  the  lines  so  drawn,  and  ihejurther  extre- 
mities of  the  base,  shall  cut  off,  from  the  sides,  equal 
segments  towards  the  vertex ;  and  each  of  those 
s^ments  shall  be  a  mean  proportional  between  the 
other  segments,  that  are  towards  the  base. 
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Ffom  the  extremities  B  and  C  of  the  base  BC,  of 


the  A  ABC,  let  IsD  be  drawn  (E.  xxxi.  1.)  parallel 

to  ACf  and  made  equal  to  AB;  and  let  CE  be  drawn 
parallel  to  AB,  and  made  equal  to  AC;  so  tliat  (E. 
xxix.  1.)  each  of  the  jl^ABD^  ACE,  is  equal  to  the 

vertical  i  BAC;  also,  let  DC  and  EB  be  drawn, 
cutting  AB  and  AC  in  L  and  il/,  respectively  :  Then 

AL^AM;  and  J5L  :  LA  ::  -^M  or  jL-/^  :  MC 

For  (cons/r.  and  E.  xv.  1.)  the  as  DLB,  ALC, 
are  equiangular,  as  are,  also,  the  as  EMCy  AMB ; 

therefore  (E.  iv.  6.)  DB  or  AB  :  AC  ::  BL  :  LA; 

therefore  (E.xviii.  5.)  AB  ^  AC:  AC ::  AB  :  AL: 

Again  (E.  iv.  6.)  CE  or  AC :  AB  v.  CM:  MA; 

therefore  (E.  xviii.  6.)  AC+AB :  AB  ::  AC  :  AM; 

therefore  (E.  xvi.  6.)  AC+AB  :  AC ::  AB  :  AM; 

therefore  (E.  ix.  5.)  AL^AM. 

Also,  since  it  has  been  shewn^  that 

AB  :  AC  ::  BL  :  LA, 
and  ^C  :  AB  ::  CM :  MA, 
therefore  (Supp. ii.  5.)  ^£  :  AC  ::  AM  :  CM; 
therefore  (E.  xi.  5.)  BL  :  LA  ::  AM  or  LA  :  AfC. 

Prop.  XIII. 

19.    Theorem*    If  at  the  extremities  of  the  hypo^ 
tennkse  of  a  right-angled  triangle  two  straight  lines 
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be  drawfiy  on  the  same  Me  (^tke  kffpateimsB  as  the 
right  angle,  each  equal  to,  and  each  perpendicular 
to,  the  adjacent  side^  the  ttco  straight  Unes  joining 
each  of  their  extremities  and  the  further  exire^ily  of 
"ihe  hypotenuse,  shall  cut  each  other  in  the  same  point 
of  the  perpendicular  drawn  to  the  ht/petenuse  from 
the  right  angle. 

From  the  extremities  A  and  B,  of  the  hypotenuse 


»_*      jAl 


BC  of  the  right-angled  A  ABC,  let  BD  and  CE  be 
drawn  perpendicular  to  AB  and  AC,  and  equal  to 

AB  and  AC,  respectively^  and  let  AK  be  drawn 
peipendicular  to  ^BC:    Then  if  />,  C  and  E,  B  be 

joined,  DC  ttvd  EB  shall  cut  one  another  in  the 
,same  point  of  AK^ 

For,  if  it  b^  poskibl6,  let  2>C  cut  AK  in  P,  and  let 
EB  cut  AK  in  H;  and  from  D  and  E  draw  (£. 

xii,  1.)  BF'  and  EG  perplendicular  to  BC  produced 

both  wtoys;  therfefore  (Supp.  xxxviii.  1.)  FB^GC, 

and  thereforie  F&ss  BG :  And,  since  (constr.)  the 
'  z  s  PKC,  DPdy  are  right  angles,  and  that  the  angle 
PCK\9  common  to  the  two  as  PCK,  DCF;  there- 
fore (Supp.  xxvi.  1.)  the  two  As  PCK,  />CF  are 
eqnWinffllllar ;  knd,  in  ihte  same  manner,  the  Iwo 
AS  HKB,  EGB  may  be  lEJhewn  to  be  equion^akt; 
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therefore  (E.  iv.  6.)  CF  :  FD  ::  CK  :  KP. 
But  (Supp.  xxxviii.  !•  Cor.) 

TD^BK,  and  CK^GE; 

and  it  has  been  shewn  that  VF=^  BG  ; 

therefore  BG  :  BK  ::  GE  :  KP; 
But  (E.  iv.  6.)  BG  .BK.:  GE  i  KH; 
therefore  (E.  ix.  6.)  KH^KP; 
which  is  absurd;    /.  DC  and  EB  cannot  cut  the 
perpendicular  drawn  from  A  to  BC,  in  two  different ' 
points. 

Prop.  XIV. 

20.  Theorem.  The  send-drcumference  of  a  circle 
having  been  divided  into  any  numher  of  equal  parts, 
and  chords  having  been  drawn^  from  either  extremity 
of  the  diameter,  to  the  several  points  of  division,  the 
Jirst  chord  has  to  the  second,  the  same  ratio  which 
the  second  has  to  the  aggregate  ofthejirst  and  third: 
or  the  same  ratio  which  any  other  chord  has  to  the 
^SS^^S^^^  9f  '^^  '^^  chords  that  are  next  to  it. 

Let  the  semi-circumference  AEL  of  a  circle,  be 


itivided  mto  any  number  of  equal  parts,  in  the  poiQt# 
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B,C\D,E,F,&c.;  and  let 

AS,  AC,  AD,  AE,  AF,  &c., 
be  drawn :    Then 

AB  :  AC  ::  AC  :  AB+AD  ::  AD  :  AC^AE, 
and  so  on. 

For,  from  C,  as  a  centre^  at  the  distance  CA,  de- 
scribe a  circle  catting  AD,  produced^  in  M,  and 
join  B,  C,  and  C,  D,  and  C,  M;  and  since  (hyp.) 

AB^^;  therefore  (E.  xxix.  3.)  AB^BC;  also 
(E,  xxvii.  3.)  the  z  BAC^  l  CAD;   therefore  (E. 
V.  1.  and  Supp.  xxvi.   1.)   the  isosceles   as  ABC, 
ACM,  are  equiangular;  therefore  (E.  iv.  6.) 
AB  :  AC  ::  AC  :  AM,  or  DM+AD: 

But  (E.  xxii.  3.)  since  ABCD  is  a  quadrilateial 
figure  inscribed  in  a  circle^  the  i  ABC  -h  z  ADC^ 
two  right  angles;  also  (E.  xiii.  1.)  the  z  ADC  + 
JL  CjDM— two  right  angles;  therefore  the  z  CDM 
=s  z  ABC;  and  the  z  jB-rfC=:  z  C^JD,  or  (coiMtr. 
and  £.  v.  1.)  z  CMD;  and  the  side  CM,  of  the 
A  CDM,  is  equal  to  the  side  CA,  of  the  A  ABC; 

therefore  (E.  xxvi.  1.)  DM^AB;  and  it  has  been 
shewn  that 

AB  :  AC  ::  AC  :  DM+AD; 
therefore  AB  :  AC  ::  -4C  :  AB+AD: 
AnA,  by  a  similar  construction^  and  a  similar  method 
of  proofs  the  remaining  part  of  the  proposition  may 
be  demonstrated. 

Prop.  XV. 

21.  Problem.  From  a  given  point,  either  within 
or  toithout  a  given  rectilineal  angle,  to  draw  a 
straight  line  cutting  off* from  the  lines  which  contain 
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the  angle^  segments,  towards  the  summit  of  the  angUy 
which  shall  be  to  one  another  in  a  given  ratio. 

Let  PAQ  be  the  given  angle^  and  first  let  fi  be  a 

A 


^ven  point  without  it :    It  is  required  to  draw^  from 

B,  a  straight  line  which  shall  cut  off  from  AP  and 

A^t  two  segments,  towards  A,  which  shall  be  to  one 
another  in  a  given  ratio. 

From  AP  and  AQ  cut  off  AC  and  AD,  equal  to 

the  two  straight  lines  which  exhibit  the  given  ratio, 

each  to  each;  join  i>,  C;  and  through  B  draw  (£. 

zxxi.  1.)  J3£F parallel  to  DC:  Then,  since  {constr. 
and  E.  xxix.  1.)  the  two  as  ADC,  AEF  are  equi- 
angular^ 

therefore  (E.  iv.  6.)  AF  :  AE  ::  AC  :  AD; 
therefore  {constr.)  AF  is  to  AE  in  the  given  ratio. 
And  the  problem  may  be  solved  in  the  same  man- 
ner^ when  the  given  point  is  within  the  given  angle. 

Prop.  XVI. 

23.    Problem.    To  draw  through  a  given  point  a 
straight  line  cutting  the  lines  which  contain  a  given 
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rectiHiMSLl  a^tgie,  m  that  the  segntent  of  U,  between 
those  Imee^  skatt  be  daDtded  bg.  the  etraigkt  line  ihat 
bisects  the  given  angle,  into  two  parts,  which  are  to 
one  another  in  a  given  ratio. 

Let  PAQ  be  the  given  angle ;  let  AR  be  drawn 


(E:  ix.  1.)  bisecting  it;  and  let  B  be  the  given  poinft: 
It  is  requiped  to  Anew,  firom  B,  a  straight  line  cutting 

AP  and  AQ,  so  that  the  aegment  of  it^  between  AP 
and  AQ,  shall  be  divided  by  AR,  into  two  parts^ 
which  are  to  one  another  in  a  given  ratio. 

Draw  (Siipp.  xv.  6.)  BEF,  so  that  AP  shall  be  to 
AE  in  the  given  ratio^  and  let  BF  cut  AR  in  H; 

tlien,  (E.  iii.  6.)  since  .^H'ljisects  the  z  FAE,  FH  : 
BE  ::  AF  :  AE;  that  is,  FHh  to  HE  in  the  given 
ratio. 

Prop.  XVII. 

23.  Theorem.  If  iwo  irapezimms  have  an  mtigle 
of  the xme  equfd  to  an  angle  (fthe  other,  awi  if,  aUo, 
the  sides  of  the  two  figures,  cAout  each  of  their 
angles,  be  proportionals,  the  remaining  angles  of  the 
4me  shall  be  equal  to  the  remaining  angles  cfthe 
4>ther. 


-^  .- <«iii«Vi^B«M 
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Let  the  two  trap^^ifts  ABCD,  EFGH,  ^hich 


Imve  ibe  skies  about  each  of  their  migks  prof>or- 
tio&ak,  liaire  ibe  i  ABC  'eqml  to  the  z  E¥0 : 
The  two  fig^uiies  shall  be  equiangular 

For  draw  AC  and  ~EG :   Then  {hfp.  and  E.  vi.  6.) 
the  ^s  ABC^  El^,  are  ^uiangular^  and  have  their 
equal  angles  opposite  to  the  homologous  sides. 
Therefore  (E.  iv.  6.)  BA  :  AC  ::  FE  :  EQ; 
and  (%p.)  DA  :  BA  ::  /TB  :  F£; 
therefore  (E.  xxii.  5.)  DA  :  AC  ::  HJ?  :  EG\ 

And  in  the  same  imanner  it  may  be  shewn,  that 

DC  :  CA  ::  HG  :  6^: 
And  (Ay/?.)  AD  :  DC  ::  £/f  :  HG ; 
therefore  (E.  v.  6.)  the  as  ADC,  EHG,  are  equi- 
angular, and  liave  their  equal  angles  opposite  to  the 
homologous  sides ;  and  it  has  been  shewn,  that  the 
A«  ABC,  JE^F'Gy  are  likewise  equiangular ;  therefore 
the  trapeziums  ABCD^  EFGH^re  equiangular. 

Prop.  XVIII. 

S4.  Tafi^RtsM.  {f  tmo  straight  line$  Umch  a  Hrcle 
-at  opposite  etctremities^  its  diameter,  any  other  ten- 
geni  of  the  circle^  terminated  by  them,  -is  so  divided 
in  its  point  ^  contact,  that  the  radius  of  the  circle 
is  a  'mean  fnvportional  between  its  segments. 

For  (Supp.  XX.  3.  C^r.)  the  tangent,  so  terminated. 
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subtends  at  the  centre  of  the  cirde  a  rig;ht  angle,  and 
(E.  xviii.  3.)  the  straight  line  drawn  from  the  centre 
to  the  point  of  contact,  meets  that  tangent  at  right 
angles,  and  is^  therefore,  (E.  viii.  6.  Cor.)  a  mean 
proportional  between  the  segments  of  the  tangent 

Prof.  XIX. 

2&  Theorem.  If  two  given  cirtles  tc/uth  ttuk 
other,  and  aUo  touch  a  given  straight  line,  the  part 
of  the  line  between  the  points  ofcontatA,  is  a  mean 
proportunud  between  the  diameters  of  the  circles. 

Let  the  two  circles  ^BC,  EBD,  which  touch  one 


another  in  B,  be  each  of  them  touched  by  CB  in  the 
points  C  and  D :  Then  is  CD  a  mean  proportional 
between  the  diameters  of  the  two  circles  jiBC, 
EBD. 

For  draw  the  diameters  CA  and  DE,  which  (E. 
xviii.   3.)  are    perpendicular    to    CD;    also   draw 

(E.  xvii.  3.)  ISP  touching  each  of  the  circles  in  By 
and  join  A,  B,  and  C,  B,  and  Ey  £,  and  2>,  Bi 
Then,  since  (Supp.  xix.  3.  Cor.  2.)  FBt=:FC,  and 
FBssFD,  a  circle  described  from  the  centre  F,  at 
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the  distance  FBy  would  pass  through  C  and  D; 
therefore  (B.  xxxi.  3.)  th^  /  CBD  is  a  right  angle, 
as  is,  also,  the  z  EBD;  therefore  (E.  xiv.  K)  CS 
and  BE  are  in  the  same  straight  line ;  and,  in  the 

same  manner,  it  may  be  shewn  that  AB  and  BD  are 
in  the  same  straight  line ;  but  (E.  viii.  6.)  the  ^.  CAD 
»  /  DCB  or  DCE;  therefore  (Supp.  xxvi.  l.)  the 
two  right-an^ed  as  EDC,  DC  A  are  equiangular ; 

therefore  (E.  iv.  6.)  ED  :  DC  ::  DC  :  CA. 

Prop.  XX. 

26.  Problem.  The  two  straight  lines  being 
given,  which  are  the  two  first  of  a  series  of  propor- 
tianalSf  to  find  the  rest ;  andy  if  the  series  decrease^ 
to  find  a  line  which  shall  be  greater  than  the  aggre- 
gate of  any  number ^  whatever,  of  its  terms,  but  to 
which  the  €tggregate  may  approximate  ind^nitely. 

Let  Aj  B  be  the  two  first  of  a  decreasing  series  of 
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proportionals:  It  is  required  to  find  a  line  which 
shall  be  the  limit  of  the  aggregate  of  the  propor* 
tionals. 

Make  CD=J.  and  £F>=  B ;  and  let  EF  be  drawn 
(E.  xxxi.  1.)  parallel  to  CD;  join  Q  E  and  D,  F, 

■  .  « 

and  let  CE  and  DF  be  produced,  so  as  to  meet,  in 
G;  join  E,  A  and  through  G  draw  GL  parallel  to 
ED,  and  let  it  meet  CD,  produced,  in  L:    Then  is 

CL  the  line  which  was  to  be  found. 

For,  through  F  draw  HFQ  parallel  to  ED;  and 
through  H  draw  HI  parallel  to  EF  or  CD : 

Then  {constr.  and  E.  xxxiv.  1.)  DQ-EF;  also, 
(canstr.  and  E.  ii.  6.) 

CD  :  DQ  ::  C^  :  EH  ::  />F  :  F/: 

But  since   (constr.   and  E.  xxvii,  xxviii.  1.)  the 
AS  EFDy  HIF  are  equiangular, 
therefore  (E.  iv.  6.)  DF :  FI ::  EF:  HI; 
therefore  (E  xi.  5.)  CD  :  DQ  or  EF::  EF :  HI: 

So  that  HI  is  the  next  of  the  proportionals  to  EF; 
and,  by  a  similar  construction,  the  next  of  them  NP, 
may  be  found ;  and  so  on :  ' 

But  CL=^CD  +  DQ  +  QR+&c.; 
and^  by  the  construction,  DQ,  OR,  &c.  ^re  equal  to 
the  several  proportionals :    It  is  manifest^  therefore, 
that  CL  is  their  limit. 

27.  Cor.  The  first  term  of  a  decreasing  series  of 
proportionals  is  a  mean  between  the  excess  of  the 
first  term  above  the  second^  and  the  line  which  is  the 
limit  of  all  the  terms. 

For  draw  EP  parallel  to  DG;  then  since  (E. 
xxix.  1.)  the  AS  CVE^  CDG  are  equiangular,  as 
are,  also,  the  as  CED,  CGL, 
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therefore  (E.  iv.  6.)  Cr :  CD  ::  CE  :  CG ::  CD :  CL; 
therefore (E.  xi.  l.)CV:  CD  ::  CD  :  CL. 

And,  since  (E-  xxxiv,  1.)  VD^EF;  .\  CV=CD 
--EF. 

Prop.  XXI. 

28.  Problem.  To  describe  a  square  which  shall 
hate  a  gioen  ratio  to  a  given  rectilineal  figure. 

Find  (£.  xiv.  2.)  a  square  that  shall  be  equal  to 
the  rectilineal  figure,  and  from  its  side,  produced  if 
it  be  necessary,  cut  off  (E.  x.  6.)  a  part^  which  shall 
be  to  the  side  itself  in  the  given  ratio :  The  rect- 
angle, contained  by  the  side  of  the  square  and  the 
part  so  cut  off,  will  (£.  i.  6.)  have  to  the  given  square 
the  given  ratio.:  If,  therefore,  lastly,  a  square  be 
found  (E.  xiv.  3.)  that  is  equal  to  the  rectangle,  it 
will  have  to  the  given  square  the  given  ratio. 

29.  Cor.  Hence  a  square  may  be  cut  off  from  a 
given  square,  which  shall  be  any  required  part  of  it. 

Prop.  XXII. 

30.  Problem..  To  divide  a  gioen  finite  straight 
line  into  two  parts,  the  squares  of  which  shall  be  to 
one  another  in  a  given  ratio. 

Let  AB  be  the  finile  straight  line :  It  is  required 
to  divide  it  into  two  parts,  the  squares  of  which  shall 
be  to  one  another  in  a  given  ratio. 

Draw  (E.  xi.  l.)  AX  perpendicular  to  AB;  find 
(Supp.  xxi.  6.)  the  sides  of  two  squares,  which  shall 
be  to  one  another  in  the  given  ratio,  and  from  AX 
cut  off  AC  equal  to  one  of  them,  and  CD  equal  to 
the  other;  join  />,  B;  and  from  Cdraw  (E.  xxxi.  I.) 


fvrrhMMznr  to  ciiclw's  sLKMBins. 


TB  fmOei  to  DBz    Then  n  AB  dinieA  in  E,  n 


that  the  squares  of  JE  and  EB  are  to  one  another 
in  the  given  ratio. 
For  (constr.  and  E.  ii.  6.)  AE  i  EB  v.  AC.  CD; 

therefore  (Sopp.  i.  6.  Car.  l .)  AE' :  EW ::  AC* :  CJy : 

But  (cofutr.)  AC*  is  to  CD^  in  the  given  ratio ; 
.'.  AE*  is  to  EB^  in  the  given  ratio. 

Peop.  XXIIl. 

31 .    Problbm.   To  find  two  points^  situated  in  two 

adjacent  side$  of  a  gioen  obiong,  at  equal  ^stances 

from  two  opposite  angles,  from  tohich,  iftu>o  straight 

lines  be  drawn  parallel  to  the  sides  of  the  figure,  thy 

shall  cut  off  from  it  any  part  required. 

Let  A  BCD  be  the  given  oblong:  It  is  required 
to  find  in  two  of  its  adjacent  sides,  as  in  AB  and  BC, 
two  points  equidistant  from  the  ^s  A  and  C,  from 

which  if  straight  lines  be  drawn  parallel  to  BC  and 

1^,  they  shall  cut  off  a  given  part  of  the  oblong 
ABCD. 
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From  AB  cut  off  AE^BC;  produce  CB;  find 


•  •••«•■ 


(Sopp.  xxi.  6.)  a  square  which  shall  be  the  same  part 
of  the  oblong,  as  that  which  is  to  be  cut  off,  and  in 

CBy  produced,  make  BF  equal  to  the  side  of  that 
square ;  bisect  EB  in  G ;  from  the  centre  G,  at  the 
distance  GF,  describe  the  circle  HFL^  cutting  ^B 
produced  in  L,  and  AB  in  H;  from  CB  cut  off  CM 
=  AH:  Then  are  H  and  M  the  points  which  were 
to  be  found. 

For,  since  (constr.)  AE  =  BCy  and  AH^  CM, 

therefore,  HE^BMi    Again^  since  {constr.)  HG^ 

GL  and  EG^GB;  ..'HE^BL;  and  it  has  been 
shewn  that  HE^BMi  /.  BL^^BM;  but  {constr. 

a«d  E.  XXXV. 3.)T¥B  x  BL^BF*;  .\  HB  x  BM= 
BF*;  .'.  (constr.)  HB  x  BM  is  the  required  part  of 
AB  X  BC:  and  the  points  /f  and  M  are  equidistant 
from  A  and  C 

Prop.  XXIV. 
32.    Problem.    Within  a  given  oUong^  to  describe 
another  oblong  which  shall  be  any  required  part  of 
it,  and  shall  have  its  Jour  sides  all  equally  distant 
from  the  four  sidek  of  the  given  rectangle^ 
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Let  A  BCD  be  the  given  oblong :  It  is  required  to 


W 


P 
M 


b    K     t '^^ 

describe  within  it  another  oblongs  which  shall  be  a 
given  part  of  ABCD,  and  have  its  sides  equally 
distant  from  the  sides  of  ABCD,  each  from  each.' 
From  ABCD  cut  off  (Supp.  xxiii.  6.)  the  oblong 
UBMVy  the  same  part  of  it  as  that  which  is  to  be 
described^  is  required  to  be^  and  having  the  extre- 
mities H  and  ilf,  of  its  sides  BH  and  BM^  equally 

distant  from  A  and  C;  let  HV,  produced,  meet  DC 

in  /;  bisect  (E.  x.  1.)  DI  in  Jf,  and  CM  in  N; 

/.  DK^'CN;  frdm  K  draw  (E.  xxxi.  l.)  gg  pa> 

raliel  to  £C,  and  from  iV  draw  iVft  parallel  to  AB; 

from  BCand  NR  cut  off  BP  and  i\^,  each  equal  to 

DK  or  CAT;  through  P  draw  PQ  parallel  to  AC, 

and  through  S  draw  ST  parallel  to  BC\  therefore 
the  figure  QRST\%  an  oblong:    And  it  is  manifest, 

from  the  construction,  that  RS—  HB  and  RQ  =  BM, 
and  that,  therefore,  the  gnomon  QRff^  is  equal  to 
the  gnomon  HBff^y  for  the  one  may  evidently  be 
applied  to  the  other  so  as  to  coincide  with  it;  add  (o 
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these  equals  the  rectangle  FT,  and  it  is  plain  that 
the  oblong  QRST  is  equal  to  the  oblong  HM,  which 
was  made  the  required  part  of  the  given  oblong 
ABCD. 

Prop.  XXV. 

S3.  PaoBiiEM.  The  haue^  the  vertical  angle,  and 
the  ratio  of  the  two  sides  of  a  triangle  being  given, 
to  construct  it. 

Let  EF  be  a    straight  line:    Upon   EF,  as  a 


/ 


base^  it  is  required  to  construct  a  triangle^  having  its 
vertical  angle  equal  to  a  given  angle^  and  its  two  re- 
maining sides  in  a  given  ratio  to  one  another. 

Upon  EF  describe  (£.  xxxiii.  3.)  a  segment  of  a 
circle  EKF,  capable  of  containing  an  angle  equal  to 
the  given  angle,  and  complete  the  circle  EKFG; 

divide  (E.  x.  6.)  EF  in  H,  so  that  1^  is  to  HF  in 

the  given  ratio;  bisect  (E.  xxx.  3.)  mGF  in  G; 
draw  GHy  and  produce  it  to  meet  the  circumference 
in  K;  lastly,  join  E,  K,  and  F,  K:  Then  is  EKF 
the  triangle  which  was  to  be  constrcKcted. 

u  2 
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For  since  {constr.)  1B^  =  F^;  therefore  (E. 
xxvii.  3.)  the  lEKG^iFKG,  so  that  the  lEKF 

is  bisected  by  KH; 

therefore  (E.  iii.  6.)  KE  :  KF  ::  EH  :  HF: 
That  is  (constr.)  KE  is  to  KF  in  the  given  ratio, 
and  the  vertical  z  EKF  is  equal  to  the  given  angle. 

Prop.  XXVI. 

34.  Problem.  j4  given  finite  straight  line  being- 
divided  into  any  two  given  parts,  to  divide  it  again, 
so  that  the  rectangle  contained  by  the  two  former 
given  parts  shall  have  a  given  ratio  to  the  rectangle 
contained  by  the  two  latter  parts. 

Describe  (Supp.  xxi.  6.)  a  square  which  shall  be 
to  the  rectangle,  contained  by  the  given  parts  of  the 
given  line,  in  the  given  ratio;  and  divide  (Supp. 
Ixxi.  3.)  the  given  line  into  two  parts^  so  that  the 
rectangle  contained  by  them  shall  be  equal  to  the 
square  so  described :  It  is  manifest  that  this  rect- 
angle will  be  to  the  rectangle,  contained  by  the  two 
given  parts^  in  the  given  ratio. 

Prop.  XXVIL 

35.  Problem.  To  draw  a  straight  line  to  touch 
a  given  arch  of  a  circle^  so  that  being  terminated  by 
the  semi'diameterSy  produced^  which  bound  the  arch, 
it  shall  be  divided  by  the  point  of  contact ,  into  two 
parts  that  are  to  one  another  in  a  given  ratio. 

Let  LBM  be  an  arch  of  the  circle  ALBM, 
terminated  by  the  two  semi-diameters  KL  and  KM: 
It  is  required  to  draw  a  tangent  to  the  circle,  so  that^ 
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being  terminated  by  KL  and  KM,  produced,  it  shall 


be  divided,  by  the  point  of  its  contact,  into  two  seg- 
ments, that  are  to  one  another  in  a  given  ratio. 

Take  any  straight  line  CD,  and  divide  it  (E.  x.  6.) 
in  H  in  the  given  ratio ;  draw  (E.  xi.  1.)  HE  per- 
pendicular to  CDy  and  let  HE  be  cut  in  E,  by  a 
segment  of  a  circle  described  (E.  xxxiii.  3.)  upon 
CDy  capable  of  containing  an  angle  equal  to  the 
I  LKM;  and  join  C,  E,  and  Z),  E;  therefore  the 
'/  CED=  I  LKM;  lastly,  draw  (Supp.  viii.  3.  Cor.) 

FBG  touching  the  circle  ALBM,  and  making  with 
XL,  produced,  an  /  KFG  =  z  ECD :  Then  is  the 
tangent  FG  divided  in  B,  so  that  FB  is  to  BG  in 
the  given  ratio. 

For  join  K,  B;  therefore  (constr.  and  E.  xviii.  3.) 
the  angles  at  B  are  right  angles ;  as  are,  also,  the 
aTigles  at  H;  and  (constr.)  the  z  ECH^  z  KFB; 
therefore  (Supp.  xxvi.  1.)  the  as  ECH,  KFB  are 
equiangular ;  and  since  the  z  CEH  =  z  FKB^  and 
that  {c(m8tr.)  the  whole  z  CED  equal  whole  lFKG^ 
therefore  the  iHED^  iBKG,  and  (Supp.  xxvi.  1.) 
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the  AS  EHD,  KBG  are  equiangular,  as  are^  like- 
wise,  the  as  CED,  FKG  ; 

therefore  (E.  iv.  6.)  CH ;  HE  ::  FB  :  BK; 

and  HE:HD::^BK:BG; 

therefore  (E.xxii.  5.)  CH :  HD  :.FB  :  BG: 
But  (constr.)   CH  is  to  HD  in  the  given  ratio; 
therefore  FB  is  to  BG  in  the  given  ratio  *. 

Prop.  XXVIII. 

'  36.  Problem.  Two  points  being  given,  one  m 
each  of  two  parallel  straight  lines,  and  a  third  point 
being  also  given,  without  them,  to  dram,  from  that 
third  point,  a  straight  Kne  so  to  cut  the  parallels,  as 
that  the  segments  of  the  parallels,  between  it  and 
the  two  first  points,  shall  be  to  one  another  in  a  given 
ratio. 

Let  PQ  and  RS  be  the  two  given  parallel  straight 

r  *  ■ 


f  B  § 

lines;  /i  and  jB  the  two  given  points  in  them;  and 

K 

.  *  Hence^  to  construct  a  triangle,  of  whidi  tbe  vertical  angle 
{OKR),  the  perpendicular  (KB)i  and  the  ratiaof  the  aegmento 
of  the  base  (that  of  CH  to  HD)  are  given. 

From  the  centre  K,  at  the  distance  K,.B,  describe  the  circle 
ALM,  uid  draw  the  tangent  (Prop.  27-)  FG,  divided  by  the 
point  of  contact  B,  so  that  FB  -.BO  ::  CH:  HD. 
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C  a  given  point  without  them :    It  is  required  to 

draw  from  C  a  straight  line  cutting  PQ  and  RS^ 
so  that  the  segments  of  PQ  and  RS,  between  the 
cutting  line  and  the  given  points  A  and  B,  shall  be 
to  one  another  in  a  given  ratio. 

Join  A^  B;  and  divide  (E.  x,  6.)  AB  in  D,  so 
that  AD  is  to  DB  in  the  given  ratio ;  through  D 

draw  CEF,  cutting  PQ  and  RS,  in  E  and  F:  Then 
is  CEP  the  straight  line  which  was  to  be  drawn. 

For,  since  PQ,  is  (Ayp.)  parallel  to  RS,  therefore 
(E.uix.  I.)  the  lAEF^  aEFB;  and  the  jlEAB 
=  /^ABF;  also  (E.xv.  1.)  the  ^ADE^  iFDB; 
so  that  the  as  ADE,  BDF  are  equiangular; 

therefore  (E.iv.  6.)  AE  :  BFi.AD:  DB: 
Put  {canstr.)  AD  is  to  DB  in  the  given  ratio;  there- 
fore AE  is  to  BF  in  the  given  ratio. 


Prop.  XXIX. 

37.  Problem.  To  find  a  paint  fODithin  a  giceu 
triangle, /ram  wkich  if  three  straight  lines  be  drawn 
to  the  three  angles  of  the  triangle,  it  shall  thereby 
be  dbnded  into  three  parts  that  are  each  to  each  in 
given  ratios. 

hei  ABC  be  the  giv^en  triangle,  and  let  PQ,  QR, 

RS,  placed  in  the  same  straight  line,  be  three  given 
straight  lines :  It  is  required  to  find  a  point  within 
the  ^ABC^  from  which  if  straight  lines  be  drawti 
to  A,  B  and  C,  the  triangle  shall  thereby  be  divided 
into  three  parts  that  are  to  one  another  a&  PQ,  QR, 
and  RS, 
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Through  A  draw  (E«xxxi.  1.)  DAE  parallel  to 


BC,  and  from  B  and  C  draw  (E.  xi.  1.)  BD  and  CB 
perpendicular  to  BC\  in  like  manner,  describe  upon 

AB  another  rectangle  ABGF,  about  the  a  ABC; 

divide   (E.  x.  6.)   'DB  in  H,   so  that  PS  :  PQ  :: 

DB  :  BH;   divide,  also,  BG  in  A,  so  that  PS : 

^JR  ::  BG.BK;   through  H  draw  ^^  parallel  to 

BC,  and  through  A  draw  KL  parallel  to  ^A^  and 
let  HI  and  AL  cut  one  another  in  M:  Then  is  M 
the  point  which  was  to  be  found. 

For  draw  MA,  MB,  and  MC:  And  since  (E.  xlh 
1.)  each  of  the  rectangles  DBCE,  ABGF,  is  double 
of  the  aABC^  thejF  are  equal  to  one  another;  also 
(E.  xli.  1.)  AK  is  double  of  the  ^AMB,  and  HC  is 
double  of  the  a  BMC. 

But  (E.  i.  6.) 

HBCI :  DBCE  ::  HB  :  DB  ::  PQiPS; 
and  ABGF :  ABKL  ::  KB  :  G^B  ::  PS  :  QR; 
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therefore  (E.  xxii.  5.)  HBCI :  ABKL  ::  PQ  :  QR; 
therefore  (E.  xli.  I.  and  E.  xv.  d,) 

^BMC :  A^MB  ::  PQ  :  QR. 
Whence  it  follows,  also,  that 

aAMB  :  ^AMC ::  QR  :  RS. 

Prop.  XXX. 

38.  Problem.  To  divide  a  given  circular  arch 
into  two  parts,  so  that  the  chords  of  those  parts  shall 
ht  to  each  other  in  a  given  ratio. 

Let  EKF  be  the  given  circular  arch :   It  is  re- 


quired to  divide  it  into  two  parts^  the  chords  of  which 
shall  be  to  one  another  in  a  given  ratio. 

Join  E,  F;  and  describe  (E.  xxv.  3.)  the  circle 
KEGF,  of  which  EKF  is  a  given  segment;  bisect 

(E.XXX.3.)  ^F  in  G;  divide  (E.x.  6.)  EF  in  H, 

so  that  JSi/ shall  be  to  HF  in  the  given  ratio;  draw 

GH,  and  produce  it  to  meet  the  circumference  in  K; 
lastly  join  £,  K  and  F,  K. 

Then,  since  {constr.  and  E.  xxvii.  3.)  the  lEKF 

is  bisected  by  KHG,  therefore  (E.  iii.  6.) 


«98 


SUPPLEMENT   TO    EUCLW'S    ELEMENTS. 


KE  :  KF  ::  EH  :  HF; 


that  is,  (comtr.)  KE  :  KF  in  the  given  ratio. 

Prop.  XXXL 

39.  Problem.  To  inscribe  a  square  in  a  given 
trapezium,  which  has  the  two  sides  about  any  angle 
equal  to  one  another,  and  the  two  sides  about  the 
opposite  angle  also  equal  to  one  another. 

Let   AKCL    be   a  trapezium    having    the    side 


KA=iKCj  and  also  the  side  LA^LC:  It  is  required 
to  inscribe  in  AKCL  a  square. 

Draw  the  diameters  of  the  figure,  AC  and  KL; 

divide  (E.  x.  6.)  AK  in  F,  so  that 

AF:FK..AC:KL; 

draw  (E.  xxxi.  1.)  FG  parallel  to  AC^  and  ^  and 

PR  parallel  to  KL;  and  join  H,  I:  Then  is  the 
inscribed  figure  FHIG  a  square. 

For  (Supp.  i.  3.  Cor)  KL  bisects  AC  at  right 
angles;  therefore  (constr.  and  £.  xxxiv.  1.)  the 
angles  at  F  and  G  are  right  angles:  Again  the 
As  AFH,  AKL  (E.  xxix.  1.)  are  equiangular,  as 
arcj  also^  the  as  KFG,  KAC; 
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therefore  (E.  iv.  6.)  AK  :  KL  ::  AF:  FH-. 
And  (constr.)  KL  :  AC  ::  KF:  AF;  • 
therefore  (E.xxiii.  5.)  AK.AC.KF:  FH: 
But  (E.  iv.  6.)  AK  :  AC ::  KF.FG; 
therefore  (E.ix.  5.)  FG  =  FH: 
And  since  (E.  ii.  6.)  CG  :  GK ::  AF:  FK,  it  may, 

in  like  manner,  be  shewn  that  GI=:UF;  and  {constr.) 
(Gr/ is  parallel  to  FH;  therefore  (E.xxxiii,  1.)  IH 
18  equal  and  parallel  to  GF;  therefore  the  figure 
FHIG  is  an  equilateral  parallelogram ;  and  its  angles 
GFHy  FGIy  have  been  shewn  to  be  right  angles ; 
therefore  (E.  xxxiv.  1.)  all  its  angles  are  right 
angles;  therefore  (E.  xxx.  Def.  1.)  FHIG  is  a 
square. 

Prop.  XXXII. 

40.  Problem.  To  inscribe  a  square  in  a  given 
trapezium. 

Let  ABCD  be  the  given  trapezium:  It  is  required 
to  inscribe  in  it  a  square. 

Since  (£.  xxxiv.  Def.  1.)  ABCD  is  not  a  paral- 
lelogram, one  pair,  at  least,  of  its  opposite  sides  must 
meet  if  they  be  far  enough  produced ;  let,  therefore, 
DA  and  CB  be  produced  so  as  to  meet  in  T:  Take 
any  straight  lineyg  and  upon  it  describe  (E.  mWx.  l.) 

the  square/gAt;  join/,  A;  and  upon  hf,  kg,  and 

hi  describe  (E.  xxxiii.  3.)  segments  of  circles,  ich, 
fthj  and  ghh^  capable  of  containing  angles  equkl, 
respectively,  to  the  is  T,  B,  and  Q  and  let  k,  I,  and 
m,.  be  the  several  centres  of  the  circles ;  draw  km, 
and  divide  it   (E,  x.  6.)  in  p,  so  that  mp  :  pk  :: 
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CB  :  BT;  also  join  p,  /;  tbroug;h  h  draw  (E.  xii.  1.) 


ehq  perpendicular  to  pL  produced,  and  meeting  it 

in  qi  also  let  eg,  produced,  meet  the  circumference 
fth  in  t,  the  circumference  ghh  in  b,  and  the  cir- 
cumference ich  in  c:  Again,  divide  (B.  x«  6.)  BC 
in  H,  so  that  BH  :  HC  ::  bh  :  he;  make  fE.  xxiii. 
1.)  at  the  point  H,  in  5S;  the  z  BHG^  ^bhg, 
the  z  B/fF=  I  bhf,  and  the  zCff/=  ichi;  lastly, 
join  F,  6  and  F,  I:  Then  is  the  inscribed  figure 
FGHI  a  square. 

For  draw  (E.  xii.  1.)  kr  andpg,  perpendicular  to 
tc\  Then,  since  {constr.  and  E.iii. 3.)  bh^2qh,  and 
Jic=z2h8,  it  is  manifest  that  bc^2q8;  and,  in  the 
same  manner,  it  may  be  shewn  that  tb=^2rq; 

therefore  (E.  xv.  5.)  tb  :  be  ::  rq  :  qs: 
But  {constr.  and  E.  x.  6.) 

rq  :  js  ::  ftp  :  pm  ::  TB  :  BC; 
therefore  (E.  xi.  5.)  tb  :  be  ::  TB  :  BC. 
Again  {constr.  and  Supp.  xxvi.  1.)  the  as  ^ftA, 
OBH  are   equiangular,   as  are,  also,   the   as  tcA, 


^^^^^^•m^K^^^^^^ 
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therefore  (E,  iv,  6.)  hg  :  hh  ::  HG  :HB: 

And  (constr.)  hb  :  he  ::  HB  :  HC: 
Also  (E.  iv.  6.)  he  :  hi  ::  HC :  HI; 

therefore  (E.xxii.  5.)  hg  :  hi  ::  HG  :  HI. 

But  (constr.)  hg^hi;  .\  HG^HI;  and  it  ig 
manifest^  aiso^  from  the  construction^  that  the 
zGHI=:  ^ghi,  of  the  square  ygAi;  therefore  the 
z  GHI  is  a  right  angle. 

Again,  since  (constr.)  bh  :  he  ::  BH:  HC, 
therefore  (comp.  and  div.)  th  :  bh  ::  TH:  BH. 

Lastly,  {constr.  and  Supp.  xxvi.  1.)  the  two  as  tfh, 
TFHy  are  equiangular,  as  are,  also,  the  two  as  bhg, 
BHG; 

therefore  (E.  iv.  6.)  fh  :  th  ::  FH :  TH: 

And    th.bh::  TH :  BH; 
Also  (E.  iv.  6.)  bh  :  hg  ::  BH:  HG^ 
therefore  (E.  xxii.  5.)  fh  :  hg  ::  FH:  HG. 
Wherefore,  the  two   ab  fhg,  FHG,  having  their 
sides  about  the  equal  z  s/A^,  FHG,  proportionals, 
are  (E.  iv.  6.)  equiangular;  therefore  the  /.FGH  is 
a  right  angle;   and  (E.  iv.  6.)   FG=^GH,   because 

{can8tr.)/h=gh:  And,  as  hath  been  shewn,  the 
ihFGH,  GHIy  are  right  angles;  therefore  (E.  xxviii. 

1.)  GFis  parallel  to /// 

It  has  been  shewn,  also,  that  HI=:^HG;  therefore 
(E.  xxxiii.  1.  and  E.  xxxiv.  1.)  the  figure  FGHI  is 
equilateral  and  rectangular :  That  is  (E.  xxx.  Def.  1.) 
it  is  a  square. 

Prop.  XXXIII. 

41.  Problem.  To  determine  the  locus  of  the 
summits  of  all  the  triangles  which  can  be  described 
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on  a  given  hose,  so  that  each  of  them  shall  have  its 
two  sides  in  a  given  ratio. 

Let   AB  be  a    finite   straight   line:     It  is  re- 


quired to  determine  the  locus  of  the  summits  of  all 
the  triangles  which  can  be  described  upon  AB,  as 
a  base^  having  their  two  remaining  sides,  in  each, 
in  a  given  ratio  to  one  another. 

Divide  (E.x.  6.)  AB  in  C,  so  that  AC  shall  be 
to  CB  in  the  given  ratio ;  ,from  the  greater  segment 

AC,  cut  off  Cb^CB;  find  (E.xi.  6.)  a  third  pro- 
portional to  AD  and  CB,  and  in  AB^  produced, 

make  BK  equal  to  it;  from  the  centre  K^  at  the 
distance  KC,  describe  the  circle  CPE:  The  cir- 
cumference .CPE  is  the  locus  which  was  to  be 
determined.  ^ 

For,   take   any    point   P,  in    the  circumference 

CPE,  and  dmw  PA,  PB,  PC,  and  PK:  Then 
since; 

{constr.)  AD  :  CB  ::  CB  :  BK, 
therefore  (E.  xviii.  5.) 

AD^CB  or  AC:  CB  ::  CK  :  BK; 
therefore  (E.  xvi.  5.)  AC  :  CK  ::  CB  :  BK; 
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therefore  (E.  xviii.  5.)  AK  :  CK  ::  CK  :  BK; 

that  is,  (E.  XV.  Def.l.)  JK  :  KP  ::  KPiKB; 
therefore  (E.vi.6.)  the  two   ib  APK,  BPK,  are 
equiangular ;  , 

therefore  (E.  iv.  6.)  PA  :  PB  :.  AK  :  PK  or  CK: 
And  it  has  been  shewn  that 

AK  :  CK  ::  CK  :  BK  ::  AC  :  CB; 

therefore  (E.  xi.  5.)  PA  :  PB  ::  AC  :  CB. 

And  (constr.)  AC  is  to  CB  in  the  given  ratio;  there- 
fore PA  is  to  PB  in  the  given  ratio,  wherever,  in 
the  circumference  CPE,  the  point  P  is  taken  *. 

Prop.  XXXIV. 

43*.  Problem.  The  base,  the  perpendicular  dis- 
tance of  the  vertex  from  the  base,  and  the  ratio 
of  the  two  sides  of  a  triangle  being  given,  to  con- 
striAct  it. 

Draw  (E.xxxi.  1.  and  E.  xi.  1.)  a  straight  line 
parallel  to  the  given  base,  and  at  a  perpendicular 
distance  from  it  equal  to  the  given  perpendicular 
distance;  draw,  (Supp.  xxxiii*  6.)  the  locus  of  the 
summits  of  all  the  triangles,  which  can  be  described 
on  the  given  base,  having  their  sides  to  one  another 
in  the  given  ratio ;  and  it  is  manifest  that  the  point, 
in  which  this  locus  meets  the  line  drawn  parallel  to 
the  base,  will  be  the  summit  of  the  triangle  which 
was  to  be  described. 


*  If  the  given  ratio  be  a  ratio  of  equality,  the  locus  to  be  de- 
termined is,  manifestly,  the  straight  line  drawn  at  right  angles 
to  AB,  through  the  point  which  divides  AB  into  two  equal 
parts. 
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Prop.  XXXV. 

43.  Problem.  The  segments  into  which  the  per- 
pendicular,  drawn  from  the  vertex  to  the  base  of 
a  trianglcj  divides  the  base,  and  the  ratio  of  the 
two  remaining  sides  being  given,  to  construct  the 
triangle. 

The  segments  being  placed  in  the  same  straight 
line,  upon  their  aggregate  draw  (Supp.  xxxiii.  6.) 
the  locus  of  the  summits  of  all  the  triangles^  which 
can  be  described  on  that  line,  as  a  base,  so  as  to 
have  their  remaining  sides  in  the  given  ratio :  And 
it  is  evident  that  a  perpendicular  drawn  (E.xi.  1.) 
to  this  base^  from  the  point,  which  is  common  to 
the  two  segments,  will  cut  the  locus  in  a  point, 
which  is  the  vertex  of  the  triangle  that  was  to  be 
described. 

Prop.  XXXVI. 

44.  Problem.  To  find  a  point,  from  which  if 
three  straight  lines  be  drawn  to  three  given  points^ 
they  shall  be  each  to  each  in  given  ratios. 

Upon  the  straight  line  joining  two  of  the  given 
points,  describe  (Supp.  xxxiii.  6.)  the  locus  of  the 
summits  of  all  the  triangles,  having  that  line  for  a 
base,  and  having  their  sides  to  one  another  in  one 
of  the  given  ratios;  upon  the  straight  line,  also, 
joining  the  third  given  point,  and  either  of  the  other 
two,  describe  the  locus  of  the  summits  of  all  triangles 
having  that  line  for  a  base,  and  having  their  sides 
in  another  of  the  given  ratios  :  Then  it  is  manifest, 
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that  the  pointy  in  which  the  one  locM  cats  the  other^ 
is  the  point  which  was  to  be  found. 


Prop.  XXXVII. 

45.  Problem.  A  straight  line  being  divided  into 
three  given  parts,  to  find  a  point  without  it^  at  which 
the  three  parts  shall  subtend  equal  angles. 

Upon  the  aggregate  of  the  first  and  second  of  the 
given  parts,  describe  (Supp.  xxxiii.  6.)  the  locus  of 
the  summits  of  all  triangles^  having  that  line  for  a 
base,  and  having  their  sides  to  one  another^  as  the 
first  is  to  the  second  of  the  given  parts :  Again^ 
upon  the  aggregate  of  the  second  and  third  of  the 
given  parts^  describe  the  locus  of  the  summits  of  all 
triangles  having  that  line  for  a  base,  and  having  their 
sides  to  one  another  as  the  second  of  the  given  parts 
is  to  the  third :  Then  it  is  manifest,  from  E.  iii.  6., 
that  the  point,  in  which  the  one  locus  cuts  the  other^ 
is  the  point  which  was  to  be  found. 

Prop.  XXXVIII. 

46.  Problem.  To  find  a  point  m  a  given  Kne, 
from  whichf  if  two  straight  lines  be  drawn  to  two 
given  points y  both  on  the  same  side  of  the  given  line, 
they  shall  be  to  each  other  in  a  given  ratio . 

.  Upon  the  straight  line  joining  the  two  given 
points,  describe  (Supp.  xxxiii.  6.)  the  locus  of  the 
summits  of  all  triangles  having  that  line  for  a  base^ 
and  having  their  sides  in  the  given  ratio;  and  it 
is  evident^  that  the  point,  in  which  the  locus^  so 

X 


906  SUPPLEMENT  TO    EMUJO's    ELEMENTI. 

deKfibtd,  cttte  the  given  line,  is  the  fioiiit 
was  to  be  found. 


Prof.  XXXIX. 

47.  Problem.  In  a  given  parallelogram  to  in- 
scribe  a  parallelogram  that  shall  have  its  two  ad- 
jacent sides  in  a  given  ratio,  to  one  another,  and 
that  shall  be  the  half  of  the  given  parallelogram. 

Let  ABCD  be  the  given  paralleiograin :  It  is 
required  to  inscribe  it  in  a  parallelogram,  which  shall 
be  the  half  of  ABCD,  and  which  shall  have  two 
adjacent  sides  in  a  given  ratio  to  one  another. 

Bisect  (E.  X.  I.)  AB  in  E,  and  through  E  draw 

(E-  xxxi.  1.)  JSFparallel  to  iD  or  BC:  And,  first, 

A  L  G 


B       H    .        M  C 

if  the  given  ratio  be  a  ratb  of  equality,  bisect,  also, 
BF  in  K;  through  K  draw  (E. xi.  l.)  LKM  per- 
pendicular to  EF;  and  draw  EL,  LFy  FMy  and 
JiE :  Then  BLFM  is  an  equilateral  parallelogram, 
and  it  is  the  half  of  the  CD  ABCD. 

For  (E,  X.  6.)  LM  is  divided,  in  K,  in  the  same 

manner  as  AB  is  divided  in  E;  .*.  KL^KM; 
therefore  {constr.  and  £.  iv.  1 .)  EL^  and  LF,  and 
FM^  and  ME,  are  equal  to  one  another ;  and  there- 
fore (Supp.xviii.  1.)  the  figure  LEMF  \s  a  paral- 
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lelc^^m:  A»d  since  (fi.  it.  1.)  tiie  £lELF  taihe 
half  of  the  znAEFD,  and  the  i^EMF  is  the  half  of 
the  cnEBCF,  therefore  the  whole  figure  ELFM 
is  the  half  of  the  grren  QABCD. 

But^  secondly,  let  the  given  ratio  be  not  a  ratio 
of  equality :  In  this  case,  v^n  EF  describe  (Supp. 
xxxiii.  6.)  the  locus  of  all  the  triangles  having  EF 
for  a  base,  and  having  their  sides  in  the  given  ratio, 
and  let  it  cut  ADmG;  join  E,  G,  and  F,  G;  from 
qB  cut  oflf  CH^AG,  and  join  i^,  if  and  F,  Hi 
Then  is  BGFH  the  parallelogram  which  was  to  he 


For  (coitstr.  and  Suf^xUiL  1.)  EGFH  i%  a  pa- 
r^Hdogram ;  and  it  may  be  shewn  to  be  the  haJf  of 
the  given  CD  A  BCD,  in  the  same  manner  as  ELFM 
was  shewn  to  be  half  of  ABCD ;  and  {coMtr.)  the 
at^gttcent  sides  EG  and  GF^  are  to  one  another  in  the 
given  ratio. 


Pkop.  XL. 

48.  Problem.  Ftom  a  ghsm  pwnt,  either  withm 
or  without  a  gwen  rectiHneal  angles  to  dra»  a 
straight  line  cutting  the  two  Hnes  which  contain 
the  angle,  so  that  the  distances  of  the  two  inter- 
sections from  the  gtDen  point,  shaU  be  to  one  another 
in  a  given  ratio. 

Let  FJ9  ^^  ^^  given  rectilineal  angle,  aad« 
first,  let  Bbea  point  without  it:  It  is  required  ta 
draw  from  B  a  straight  line  cutting  AP  and  AQ, 
so  that  the  distances  of  its  intersections  with  AP 
and  AQ,  Umi  B,  shall  be  to  one  another  in.  a  given 
ratio. 

X2 
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Through  B  draw  BC  to  any  point  C^in  AP} 

A 

B 


find  (E.  xit.  6.)  a  fourth  proportional  to  the  two 
straight  lines,  which  exhibit  the  given  ratio,  and 
to  BC;  and  from  BC  cut  off  BG  equal  to  that 
fourth  proportional ;  through  G  draw  (E.  xxxi.  1.) 
OE  parallel  to  AC,  and  meeting  AQ  in  E;  join 
B,  E  and  produce  it  to  F:  Then  shall  FB  be  to  EB 
in  the  given  ratio. 

For  {constr.  and  E.  xxix.  1.)  the  two  As  BfC, 
BEGy  are  equiangular : 

therefore  (E.iv.  6.)  FB  :EB::  CB.GB: 

But  {constr.)  CS  is  to  GB  in  the  given  ratio; 
/«  FJB  is  to  EB  in  the  given  ratio. 

And^  by  the  same  method  of  construction^  the 
problem  may  be  solved^  when  the  given  point  is 
within  the  given  angle. 

.  49.  Cor.  It  is  manifest  that  the  problem  admits 
of  the  same  method  of  solution  if  one  of  the  given 
linesj  as  AP,  be  a  straight  line  of  indefinite  length, 
and  if  the  other  AQ  be  a  line  of  any  kind^  in  the 
same  plane  with  AP. 

Prop.  XLL 

50.  Problem.  To ^nd,  between  ttoDO  given  paraUd 
straight  lines,  the  locus  of  all  the  point$,Jrom  each  of 
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which  if  ttoo  straight  lines  be  drawn  to  the  two  given 
parallels^  so  as  always  to  make  voitk  them,  towards 
the  same  parts,  gioen  angles,  they  shall  he  to  one 
another  in  a  given  ratio. 


TW 
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kjff and  AC,  drawn  from  any  point  A  in  XY,  be  in 
the  two  gfiven  directions:  It  is  required  to  find^ 
between  VfFtLnd  XV,  a  locus,  from  any  points  of 
which  if  two  straight  lines  be  drawn  to  ^iH^and  XV^ 
the  one  parallel  to  AC  and  the  other  parallel  to  AB, 
they  shall  be  to  one  another  in  a  given  Tatio. 

Find  (E.  xii.  6.)  a  fourth  proportionaT  to  the  two 
straight  lines,  which  exhibit  the  given  ratio,  and  to 

AB;  and  from  CA,  produced,  cut  off  AD  equal  to 
that  fourth  proportional;  join  J7,  D;  through  A 
draw  (E.  xxxi.  1.)  AE  parallel  to  DB,  and  through 
E  draw  ^parallel  to  CA,  and  let  it  meet  AB  in  F; 
lastly,  through  F  draw  SFT  parallel  to  VfF  or  to 
XYi  Then  is  ST  the  locus  which  was  to  be  found. 
For  take  any  point  P,  -  in  ST,  and  from.  P  draw 
TQ  parallel  to  AB,  and  PR  parallel  to  AC. 
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Ani  mnct  {t^mUr.  aad  E.  utx.  1.)  (be  as  AEF, 
jtBD  are  equkngukr, 

t1iei«fore  (E.  iv.  6.)  FA  \  FE  ::  AB  :  AD: 
But  {canatr.  and  E.  xxxiv.  1.)  Ta^PU,  and  ¥E^ 
JPRl  ako  ^coit^tr.)  JJf  is  to  AD  in  the  g;tveti  ratio  ; 
.'.  PQ  is  to  PR  in  the  given  ratio. 

Prop.  XLII. 

51.  Problem.  To  dwide  a  given  straight  line 
into  two  parts,  such,  tliat  the  rectangle  contained  by 
the  whole  Une  ^md  ^ne  ^  ite  parts,  shall  have  a 
given  ratio  to  the  square  of  the  other  part*. 

Let  AB  be  the  given  straight  line :    It  is  required 


^ 


io  divide  it  into  two  juurts,  .such  Ibat  the  raclaqgk 
OMitained  by  AB  and  one  of  ibe  parts  shall  have  to 
the  square  of  the  other  part  a  given  ratio. 

Find  (E.  xii.  6.)  a  fourth  firoportional,  L,  to  ihe 
two  straight  lines^  which  exhibit  the  given  raiio^  and 
to  AB;  and  divide  (Suppu  Ixxxi.  S.)  AB  into  Iwo 
parts,  in  C,  so  that  AC  ^  L  ^  CJ^:   And  ^ince^ 

(B.  1.  64  ACxAB  :  dCxL  or  CR  .x  AB  i  L, 
it  is  manifest  that  AB  has  been  divided  in  C;  eo 
that  AC  X  ^B  is  to  or  in  the  given  ratio. 


*  t\m\stUgsniiwl  frobkm,  of  vUth  E«  nai. 6.  is  «  imt- 

ticular  case.  * 


BOOK  YI. 


311 


Prop.  XLIII. 

52.  Problem.  One  given  circle  lying  within  an- 
other,  to  find  a  point  from  which,  if  two  tangents  he 
drawn,  one  to  each  of  the  given  circles,  they  shall  be 
to  each  other  in  a  given  ratio. 

Let   ^BC,   DEF,    be    two   circles,    of   which 


DEF  lies  within  ABC:  It  is  required  to  find  a 
point  from  which  if  tangents  be  drawn  to  toach  the 
two  circles  ABC^  DEF,  they  shall  be  to  one  another 
in  a  given  ratio. 

Draw  (E.  xvii.  3.)  AL  touching  the  lesser  circle 
DEF  in  any  point  E,  and  let  AL  meet  the  circum- 
ference of  ABC  in  A  and  B;  bisect  (E.  x.  1.)  AB 

in  G,  and  from  E  draw  (E.  xi  1 .)  EH  perpendicular 
to  AB\  find  (E.  xii.  6.)  a  fourth  proportional  to  the 
two  straight  lines,  which  exhibit  the  given  ratio,  and 
to  AO;  and  make  EH  equal  to  it ;  from  the  centre 
O,  at  the  distance  OA  or  OB,  describe  the  circle 
AKB;  from  H  draw  (E.  xvii.  3.)  WK  touching  the 
circle  AKB  in  K;  and  produce  HK  to  meet  ^B, 
produced,  in  L :  Thdn  b  L  the  point  which  waa  to 
he  found. 
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For,  fion  L draw  LCUmduug  the  cmitJBC'm 
C;  and  join  G^JT;  therefore  (eonlr.  and  E.zvin. 3.) 
the  z  Gi^L  if  a  right  angle,  as  is,  abo,  (eomftr.)  the 

z  LEH;  therefore  (Sopp.  xvi.  1.)  the  as  LKG^ 
LEH,  are  equiangohr; 

therefore  (E.  ir.  6.)  LE  :  LK::  EH :  GKo€  GA : 

Bot,  since  (E.  xzxri.  3.)  AL  x  LB  is  equal  to  /JT*, 
and  also  to  LC;  /.  LK^LC;  and  (comfr.)  fJ^is 
to  6^  in  the  given  ratio ;  therefore  the  tangent  LE 
is  to  the  tangent  LC  in  the  given  ratio. 

Paor.  XUV. 

53.  PaoBLCM .  From  a  ghen  pomt^  to  draw  a 
9traight  line  to  cut  agioen  drde,  so  that  the  dM$- 
tance$  of  the  two  interMectionsJrom  tie  given  point, 
Mhall  be  to  each  other  in  a  given  ratio. 

Let  CFE  be  the  given  circle,  and  A  the  given 


point  without  it:.  It  is  required  to  draw  from  A  a 
straight  line  cutting  CFE,  so  that  Uie  distances  of  its 
two  interrections  from  A  shall  be  to  one  anoUier  in 
a  given  ratio. 

From  A  draw  (E.  xvii.  3.)  AF  touching  the  cirde 
CFE  in  F;  find  (Supp.  xxi.  6.)  a  square,  which  shall 
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be  to  the  square  of  AF^  in  the  given  ratio ;  fron  the 
centre  A,  at  a  distance  equal  to  the  side  of  the  square 
thus  founds  describe  a  circle  cutting  tiie  circumference 

of  CFE  in  Q ;  and  draw  AQ,,  which  is,  therrfore, 
equal  to  the  side  of  that  square;  produce  AQ,  to 
meet  the  circumference  of  CFE  again  in  P:  Then 
shall  AP  be  to  AQ,  in  the  given  ratio. 

For  (E.  i.  6.)  AF  :  AQL  ::  AP  x  AQ  :  AQ'i 
But  (E.  xxxvi.  3.)  APxAQ^  AF';  and  (constr.) 
AF*  is  to  A<y  in  the  given  ratio ;  /.  AP  is  to  AQ 
in  the  given  ratio. 

Prop.  XLV. 

54.  Problem.  Two  given  circles  lying  wholly 
without  one  another,  through  a  given  point,  which 
is  between  the  two  circles,  and  which  is  posited  in  the 
straight  line  joining  their  centres,  to  draw  a  straight 
line  that  shall  he  terminated  by  the  convex  drcum- 
/erences,  and  divided^  by  the  given  pointy  into  two 
parts,  that  are  to  one  another  in  a  given  ratio. 

Let    BD  and    EF  be   two    circles,   and  A  a 


--. 


point  in  VR,  which  joins  the  two  centres  C  and 
K:  It  is  required  to  draw,  through  A,  a  straight 
line^  which  being  terminated  by  the  convex  circnm- 
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fereacM  of  the  circles  BD  and  EF^  shall  be  divided 
by  A  into  two  parts^  that  are  to  one  anotber  in  a 
given  ratio. 

Produce  CK  indefinitely  toward  X:  Find  (E* 
xii.  6.)  a  fourth  proportional  to  the  two  lines,  wbich 
exhibit  the  given  ratio^  and  to  CJ,  and  from  AX  cat 

off  AH  equal  to  it ;  find,  also^  a  fourth  proportional 
to  the  same  two  given  lines  and  any  semi-diameter^ 

CD,  of  the  circle  BD ;  and  from  BT  cut  off  TH 
eqnal  to  it;  from  the  centre  H,  at  the  distance  fft, 
describe  a  circle,  and  let  it  cut  the  circumference  of 

EF  in  G;  draw  HG,  which  therefore  is  equal  to 

HI;  draw  (E.  xxxi.  1.)  CB  parallel  to  HG;  and 
join  B,  A,  and  G,  A :  Then  shall  BA  and  ^6  be 
in  the  same  straight  line  ; 

for  {constr,  and  E.  xi.  5.)  CA  :  AH::  CB  :  GH; 
therefore  (E.  xvi.  5.)  CA  :  CB  ::  AH :  GH; 
and  {constr.  and  E.  xxix.  1.)  the  /  BCAs=i  t  AHGj 
and  two  remaining  /s  BAC,  HAG,  of  the  as  CBA, 
AGHy  are  of  the  same  species,  each  of  them  being, 
necessarily,  less  than  a  right  angle;  therefore  (E. 
vii.  6.)  the  z  BAC^  t  GAH;  therefore  BA  and 
^6 are  in  the  same  straight  line;  otherwise  (E.  xv.  1.) 
the  greater  of  two  angles  would  be  equal  to  the  less : 

And  since  (E.  vii.  6.)  the  two  as  CBA,  AGH,  are 
equiangular, 

therefore  (E.  iv.  6.)  BA  :  AG  ::  CA  :  AH; 

that  is,  {constr.)  BA  is  to  AG  in  the  given  ratio. 

Prop.  XLVI. 

55.    Problem.     Tojind  a  point,  from  which  ^ 
three  straight  lines  be  drawn  to  meet  as  many  given 
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Hraight  Hnesy  which  cut  9ne  another ,  so  as  to  msJce^ 
uncktoUh  the  Une  on  which  UfMs^  an  apgk  equal  to 
a  given  angle,  the  lines  so  drawn  shall  be,  each  to 
each,  in  given  ratios. 

JLiet  /IB,  BC,  and  CA,  be  tbe  three  given  stra%ht 


lines^  and  D  the  given  angle :  It  is  required  to  find 
a  point  from  which  if  three  straight  lines  be  drawn 
to  AB,  BC,  and  CA,  each  making  with  each  an 
angle  eqaal  to  the  z  D,  they  shall  be  to  one  another 
IB  giiFen  ratios* 

Straight  lines  being  supposed  to  be  drawn  at  the 
point  B  making,  with  AB  and  BC,  angles  each  equal 
to  th^  z  D,  draw  (Supp.  vii.  6.)  the  locus  BK  of  all 
the  points  from  which  if  parallels  be  drawn  to  them 
meeting  AB  and  BC,  these  parallels  shall  be  to  one 
another  in  the  first  of  the  given  ratios ;  then  (E. 
xjbL  1.)  shall  the  parallels  so  drawn  make  with  AB 
and  BC,  angles  each  equal  to  the  given  z  D. 

In  like  manner  draw  the  locus  CK  of  all  the  points 
from  which  if  straight  lines  be  drawn  to  AC  and  CB, 
making  with  them  angles  equal  each  to  the  z  />« 
they  shall  be  to  one  another  in  the  second  of  the 
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given  ratios :  And  let  BK  and  CK  meet  in  K.  It 
is  manifest  that  K  is  the  point  which  was  to  be 
foand. 

Prop.  XLVIL 

56.  Problem.  To  make  an  isosceles  triangle^ 
which  shall  be  equal  to  a  scalene  triangle,  and  shall 
also  have  an  equal  vertical  angle  with  it. 

Let  ABC  be  the  scalene  triangle :    It  is  required 


to  make  an  equal  isosceles  triangle^  which  shall  have 
the  z  BAC  for  its  vertical  angle. 

Find  (E.  xiii.  6.)  a  mean  proportional  between  the 
two  unequal  sides  JB  BudAC,  of  the  given  ^  ABC, 
and  from  AB,  the  greater  side,  cut  off  AD  equal  to 
the  mean  proportional  so  found  ;  also  produce  AC  to 
E,  so  that  AE  ^  AD,  and  Join  D,  E :  Then  is  ADE 
the  triangle  which  was  to  be  described. 

For  {constr.)   BA  :  AE  ::  AD  :  AC; 
therefore  (E.  xv.  6.)  the  isosceles  a  ADE  is  equal 
to  the  A  ABC. 

Prop.  XLVIII. 

57..  Theorem.  If  a  straight  Une,  drawn  from 
the  vertex  of  an  isosceles  triangle  cutting  the  hose, 
he  produced  to  meet  the  circumference  of  a  circle 
described  about  the  triangle,  the  rectangle  contained 
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by  the  whole  Ime  so  produced,  and  the  part  of  it 
between  the  vertex  and  the  base,  shM  be  equal  to  the 
square  of  either  of  the  equal  sides  qf  the  triangle. 

Let  AD  drawn  from  the  vertex^  A,  of  the  isosceleB 


A  ABC,  inscribed  in  the  circle  ABDC,  cat  the  base 
of  the  triangle  in  E,  and  the  circnmference  of  the 
circle  in  D : 

Then  DA  x  AE  ^  AJ^ 
For  join  B,  D,  and  since  {hyp.)  AB^sAC,  there- 
fore (E.  xxviii.  3.)  AB  =  AC,  and  therefore  (E. 
xxvii.  3.)  the  /  BDA,  of  the  A  ABD,  is  equal  to 
the  z  ABE,  of  the  aAEB;  and  the  z  BAD  is 
common  to  the  two  triangles;  therefore  (Supp. 
xxvi.  1.)  they  are  equiangular; 

therefore  (E.  iv.  6.)  DA  :  AB  ::  AB  :  AE; 
therefore  (E-  xvii.  6.)  DA  x  AE^AB\ 

Prop.  XLIX. 

58.  Theorem.  Iffromagifoenpoint,  without  a 
eirele^  two  straight  lines  be  drawn  to  the  concave 
eireumferenee,  they  shall  be  reciprocally  proportional 
to  the  parts  of  them  b^ween  the  gioen  point  and  the 
Comdex  circumference. 
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For  (£,  xxf  L  dv  CkiT.)  the  rectan|^  contained  by 
the  one  of  the  lines,  so  drawn^  and  the  part  of  it 
without  the  citcto,  is  eipia)  to  the  rectangle  coi^ 
tained  by  the  other  line  and  the  part  of  it  without 
the  circle;  therefore  (E.  xvi.  6.)  the  two  straight 
lines  so  drawn  are  reciprocally  proportional  to  the 
parts  of  them,  between  the  point  and  the  convex 
circumference. 

Prop.  L. 

59.  Problem.  To  divide  a  given  Jimte  straight 
line  ifUo  two  parts^  such  that  another  gvoen  straight 
line,  not  greater  than  the  half  of  the  former ,  shaU  4c 
a  mean  proportional  between  them. 

Make  (Supp.  Ixxi.  3.)  a  rectangle,  which  shall 
have  its  two  adjacent  sides^  together,  eqaa)  to  the 
given  straight  line,  that  is  to  be  dividod,  and  which 
shall  be  equal  to  the  square  of  the  other  given  straight 
line.  Then  (E.  xvii.  6.)  shall  this  latter  be  a  mean 
proportional  between  the  parts  of  the  former  straight 
lines,  that  are  equal  to  the  adjacent  sides  of  the 
rectangle. 

• 

Prop,  LI. 

60.  Problem.  Of  four  straight  lines  tohiehare 
continual  proportionals^  the  two  extremes  being  given, 
and  also  a  Une  which  is  equal  to  the  difference  of' the 
other  two,  Co  find  those  two  lines. 

Let  JB  and  B€,  pjaced  in  the  same  straight  lioe^ 
be  the  two  extremes,  and  L  the  difereoce  of  the  two 
mean  terms,  of  four  proportionals :    It  i*  required  to 

determine  the  two  mean  terms.  . 
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Bisect  (E.  X.  1.)  AC  in  D,  and  from  the  centre  D, 


at  the  distance  DA  or  DQ  describe  the  circle  AECF; 
likewise,  upon  DB,  as  a  diameter^  describe  the  circle 
DGB;  and^  since  (Supp.  iv.  5.  Cor.  and  hj^p.)  the 
double  of  DB  is  greater  than  L,  in  the  circle  DGB 
place  (E.  i.  4.)  BG  equal  to  the  half  of  L;  and 
produce  GB  both  ways  to  meet  the  circumference 
in  E  and  F:  Then  are  BE  and  BF  the  two  mean^ 
proportionals,  which  were  to  be  found. 

For  join  D,  G;  and  because  the  z  DGB  is  in  a 
semi-circle,  it  is  (E.  xxxi.3.)  a  right  angle ;  therefore 
(E.  iii.  3.)  GF—GE;  whence  it  is  manifest  that  the 
double  of  BGj  which  was  made  equal  to  the  half  of 
L,  is  the  difference  between  BF  and  BJET;  aisp 
(E.  XXXV.  3.) 

^5x  BC^BFx  BE; 
therefore  (isi  xvi.  6.)  AB  :  BF  ::  BE  :  BC*. 


*  The  method  used  in  this  proposition  ftnmishes  anotha;,  and 
yorhape  a  nealer^  mode  of  solving  the  problems  coBtained  "in 
Supp.  Ixxxvi.  3.  and  its  corollar?. 


sso 
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Prop.  LI  I. 


61.  Problem.  To  make  a  triangle,  which  shall 
have  its  two  sides  equal  to  two  given  straight  lines, 
each  to  each,  and  shall  have  Us  base  equal  to  the 
perpendicular  distance  of  the  vertex  from  the  base. 

Let  JC  and   CB  be  two  straight  lines :    It  is 


required  to  describe  a  triangle^  which  shall  have  its 
base  equal  to  the  perpendicular  drawn  to  it  from  the 
vertex^  and  shall  have  its  two  remaining  sides  equal 
to  AC  and  CB,  each  to  each. 

Let  AC  and  CB  be  placed  in  the  same  straight 
line ;  and  from  the  centre  C,  at  the  distances  CA  and 
CB,  describe  the  circles  ADE,  BFG;  from  the 
centre  A,  at  the  distance  CB,  describe  a  circle 
cutting  the  circumference  BFG  in  F;  and  join  A, 
F;  so  that  AF  ==  CB;  produce  FA  to  meet  the 
circumference  BFG  again  in  G;  upon  AC  as  a 
diameter  describe  the  circle  AHC,  and  in  it  place 

AH^AG;  draw  CH  and  produce  it  to  meet  the 
circumference  BFG  in  /;   lastly^  join   I,  A^  and 
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produce  73  to  meet  the  circumference  BFG,  in  K : 
Th^o  is  CAK  the  triangle  which  was  to  be  de- 
scribed. 

For,  draw  (E.  xii.  l.)  CL  perpendicular  to  AK; 
therefore  (E.  xxxi.  3.  and  Supp.  xxvi.  i.)  the 
AS  CH,  AHI,  are  equiangubr,*  and  since  (E. 
',3.)         

TlxAK'^AGx  If, 


that  is,  (constr.)  Atx  AK^AHx  CK, 
therefore  (E.xvi.  6.)  AI  :  AH  ::  CK  :  AK: 

But  (E.  iv.  6.)  AI :  AH  ::  CI  or  CK  :  CL; 
therefore  (E.  ix.  5.)  AK=  CL. 
And  the  given  straight  line  AC  is  one  of  the  sides  of 
the  A  CAK;  and   CK,  which  (E.  xv.  Def.  i.)  is 
equal  to  CB,  is  the  remaining  side. 

Prop.  LIII. 

62.  l^HEoti'EU.  If  Jirom  any  point  in  the  ^meter, 
or  the  ditmeter  produced,  of  a  given  parallelogram 
perpendiculars  be  let  faU  on  the  two  adjacent  sides, 
produced,  if  necessary,  which  meet  the  diameter,  the 
perpendiculars  shall  be  reciproctdfy  proportional  to 
the  sides  on  which  they/aU. 

Let  DB  be  the  diameter  of  the  CD  ABCD;  let  P 


I>  C 

beany  point  in  DB,  and  Q  any  point  in.jDjS  pro- 
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duced ;   and  let  PK  and  OAT  be  perpendietrfar  to 

AB,  and  PL  and  Qilf  perpendicular  to  BCi  Then 

AB  :  BC  ::  PL  :  PiC  ::  QM  :  QN._ 
For  draw  y?<C,  and  3P,  and  P^;  and  let  -rfC  cut 
BDmE; 

therefore  (Supp.  xlli.  I.)  AE^EC; 
therefore  (E.  xxxviii.  I.) 

A  ABE^  A  CBE;  and  a  APE^  a  CPE; 
therefore  A  APB  «  A  CPB ; 

therefore  (E.  xli.  I.)  ABx  PK^BCxPL; 

therefore  (E.  xvi.  6.)  AB  :  BC  ::  PL  :  PK. 

Again^  since  {constr.  E.  xv.  1.  E.  xxxii.  1.)  the 
AS  SKPy  BNQ,  are  equiangular^  as  are^  also,  the 
A%BIP,BMQ; 

therefore  (E.  iv.  6.)  QM  :  BQ  ::  PL  :  PB; 

and  BQ  :  QN  ::  PB  :  PK; 
therefore  (E.  xxii.  5.)  Q^/  :  QN  ::  PL  :  PK: 
And  it  has  been  proved  that  AB  :  BC ::  PL  :  PK; 

therefore  (E.  xi.  5,)  AB  :  BC  ::  QJV  :  QM. 

In  the  same  manner,  also,  the  proposition  may  be 
shewn  to  be  true,  if  perpendiculars  be  let  fall  from 
Q  on  the  sides  DA,  and  DC^  produced. 

Prop.  LIV. 

63.  Problem.  From  a  gvoen  point,  in  the  base  of 
a  scalene  triangUy  to  draw  a  straight  Zme,  which 
shall  cut  off  equal  segments  from  the  two  remaining 
sides f  the  less  of  those  sides  having  been  produced. 

Let  jD  be  a  given  point  in  the  base  BC  of  the 
scalene  a  ABC :  It  is  required  to  draw  from  D  a 
straight  line  which  shall  cut  off  from  the  g^reater  side 

AC,  and  from  the  less  side  AB,  produced,  equal 
segments. 
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Ftom  AC  cut  off  (E.  iir.  i.)  CE^AB;  thfongh 


D  draw  (E.  xxxi.  l.)  DF  parallel  to  AB,  and  Z)G 
parallel  to  AC;  and,  accordingly  as  the  point  F  falls 
between  E  and  C^  or  between  £and  A,  take  in  ^6^ 
or  in  GA  produced,  AH  =  EF;  produce  HOy  or 

GH,  (Supp.  kxiii.  3.  Cor.)  ioK,  so  that  GKxKR 

^^SAxAF;  lasdy,  join  A  ^:  Then  shall  DK 
cut  off  from  AC  a  segment  CL  equal  to  the  segment 
BKy  which  it  cuts  off  from  AB  produced. 

For,  since  {c0wUt.)  GK  x  KH  is  equal  to  GA  x 

AFf  or  (cottar,  and  E.  xxxiv.  1*)  to  DF  x  GD, 

therefore  (E.  xvi.  6.)  GK  :  GD  ::  DF  :  KH: 
But  (canstr.  E.  xxix.  1.  and  Supp.  xxvi.  1.)  the  two 
AS  KGD,  LFD,  are  equiangular ; 

therefore  (E-iv.  6.)  GK  :  GD  ::  DF  :  FL: 

therefore  (E.  ix.  5.)  KH^FL: 
But  {canHr.)  BH^  CF;  to  these  equals  add  the 
equals  jflK,  and  FL,  and  it  is  manifest,  that  the 
segment  CL  is  equal  to  the  segment  BK* 

Prop.  LV.  • 

04*  Thborjcm.  ff  im  o^gte  of  a  triqngl^  ^  ^'*- 
$ected  bgf  a  9Prfli^  Iwfi,  which  oka  e^(f,  th^  lum^ 
tie^reotangU,  cmlamed  ig/the  side^  iff  ^e  triangfe, 

y2 
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is  equal  to  the  rectangle  contained  hf  the  segmente  ef 
the  base,  together  with  the  square  of  the  straight  line 
bisecting  the  angle. 

Let  ABC  be  a  triangle^  and  let  the  z  BAC  be  bi- 


sected by  AD;  then  B A  x  AC^W5  x  DC + AIT. 

Describe  (E.  v,  4.)  the  circle  ACB  about  the 

triangle;  produce  AD  to  the  circumference  in  B, 

and  draw  BC.  And,  because  (E.  xxi.  3.)  the  /.ABC 
s  z  AEC,  and  {hyp.)  the  z  BAD^  z  CAE;  there- 
fore (E.  xxxii.  1.)  the  AsABD,  ABC,  are  equi- 
angular ; 

therefore  (E.  iv.  6.)  BA  :  AD  ::  EA  :  AC; 

therefore  (£.  xvi.  6.)  BA  x  AC^EAxAD; 

that  18,  (E.  iii.  2.)  BA  x  AC^'ED  xDA^AD": 
But  (E.  XXXV.  3,)  ED  xDA^BD  x  DC; 
therefore  BA  x  AC^BD  x  DC^AD". 

Prop.  LVI. 

65.  Theorem.  If  from  any  angle  of  a  triangle  a 
straight  Une  be  draum  perpendicular  to  the  base^  the 
rectangle  contained  by  the  sideS  of  the  triangle,  id 
equal  to  the  rectangle  contained  by  the  perpendi- 
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cular  and  the  diameter  of  the  ctrcfe  'described  about 
the  triangle. 

Let  ABC  be  a  trjangle,  and  AD  the  perpendicular 


from  the  z  BAC  to  the  base  BC;  then  is  BA  x  AC 
equal  to  the  rectangle  contained  by  AD,  and  the 
diameter  of  the  circle  described  about  the  a  ABC. 

Describe  (E.  v.  4.)  the  circle  ACB  about  the 
triangle;  draw  its  diameter  AE,  and  join  E,  C: 
Because  the  lECA  in  a  semi-circle  is  equal  (E. 
xxxi.  3.)  to  the  right  z  BDA,  and  that  (E.  xxi.  3.) 
the  z  AEC^  z  ABC;  therefore  (E.  xxxii.  1.)  the 
As  ABD,  AEC  are  equiangular, 

therefore  (E.  iv.  6.)  BA  :  AD  ::  EA  :  AC; 

therefore  (E.  xvi.  6.)  BA  x  AC=^  EA  x  AD. 

Prop.  LVII. 

66.  Thborsbi.  The  rectangle  contained  by  the 
diagonals  of  a  quadrilateral  rectilineid  Jlgure,  in- 
scribed in  a  circle,  is  equal  to  both  the  rectangles 
contained  by  its  opposite  sides. 

This  is  Prop.  D.  Book  VI.  of  Euclid's  Elements, 
as  edited  by  Simpson. 
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I  Prop.  LVUI. 

67.  TacoREH.  ff,  from  the  centre  of  the  chrde, 
described  about  a  given  triangle,  perpendiculars  be 
drawn  to  the  three  sides,  their  aggregate  shall  be 
equal  to  the  radius  of  the  circumscribed  circle,  to- 
gether with  the  radius  qf  the  circle  inscribed  in  the 
given  triangle. 

Let  ABC  be  the  guren  triaDg^Ie ;  bisect  (E.  x.  1 .) 
AS,  BC,  and  AC  in  the  points  D,  E,  and  F;  and 


from  A  E,  and  F  draw  (B.xk  i.)  DO  perpeatfcakr 
to  JBy  EG  perpendicular  4o  BC,  and  FG  perpen- 
dicular to  AC;  then  (Supp*  iv.  1.)  these  perpen- 
diculars meet  in  the  same  point  G,  which  is  the 
centre  of  the  circle  that  can  be  described  about  the 
A  ABC;  findj  also^  (E.  iv.  4.)  the  centre  /JT,  and  the 
semi-diameter  KHy  of  the  cirde  that  can  be  mscrtbed 
in  the  A  ABC;  and  draw  ©^:   Theh* 

GD+GE^GFt:^GA^KH. 


•     M 


*  The  straight  lines  6D,  GE,  GF,  are  tQ  be  mipplied  in  the 
figure. 
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For  draw  DE,  EFy  and  FD;  therefore  (Supp. 
Ixix.  1.  Cor.  1.  and  E.  xxxlv.  1.)  i  AC,  CF^\AB, 

and  FD^^BCi  dmw  GB.  and  ffCj  And,  since 
(eomfr.)  the  angles  at  D,  E,  F,  are  right  angles; 
therefore  (E.  xxxii.  1.  Cor.  l.)  the  two  i%  D4F, 
D6F,  are,  together>  equal  to  two  right  angles; 
therefore  (Supp.  xxviii  3.)  a  circle  may  be  described 
about  the  4mpAxiwn  ADGF;  and  in  the  same 
manner  it  may  be  shewn  that  circles  may  be  de- 
scribed about  EDGE,  and  CFGE: 
therefore  (Supp.  Ivii.  6.)  AG  x  UF+SG  xDE-^ 
CGxFJE^AFx  BG+ADxGF+BDxGE+ 

FExDU^  VEx  GF+  Wx  UE:  And  if  to  the 
doubles  of  these  equals  be  added  the  rectangles 

GExBC+GFxAC+GDxAB, 

which  (E.  xli.  l.)  make  up  the  double  of  the  A  ABC, 
it  will  be  manifest^  from  E.  i.  2.,  that  the  rectangle 
contained  by  the  perimeter  of  the  a  ABC,  and  by 
GA,  together  with  the  double  of  the  a  ABC,  is 
^quttl  to  the  rectangle  cdnttmed  by  the  pemneter  of 
ABC,  and  by  the  aggregate  of  GD,  GE,  and  GF: 
But  (Supp.  ii.  4.)  the  double  of  the  a  ABC  is  equal 
to  the  rectangle  contained  by  the  perimeter  of  the 
triangle  and  the  semi-diameter^  KH^  of  the  circle 
inscribed  in  it ;  therefore  j(E.  i.  3.)  the  rectangle 
contained  by  the  perimeter,  and  by  the  aggregate  ^ 
GA  and  KH,  is  equal  the  rectangle  contained  by  the 
periiaeler>  and  by  the  aggregate  of  GD,  GE,  and 
GF; 

therefore  GJ)+GE+GF:^GA^KH. 
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Prop.  LIX. 

68.  Problem.  To  find  a  point,  from  which  if 
three  straight  Unea  be  dravon  to  three  given  pomte, 
their  difference9  diall  he  severally  equal  to  three 
given  straight  lines ;  the  difference  of  ar^  tu>o  of  the 
straight  lines  to  he  drawn,  not  heing  greater  than 
the  distance  of  the  two  points  to  which  they  are  to  he 
drawn. 

Let  Ay  B,  C,  be  the  three  given  points^  and  R,  S, 

A 


B         M    G      E  P 

two  of  the  given  differences :  It  is  required  to  find  a 
point,  from  which  if  three  straight  lines  be  drawn  to 
A^  B,  and  C,  the  difference  of  the  first  and  second 
shall  be  equal  to  R,  the  difference  between  the 
second  and  third  equal  to  S,  and  therefore  the  differ- 
ence between  the  first  and  third  equal  to  the  third  of 
the  given  differences. 

Bnw^AB.'SC,  and  CA;  bisect  (E.  x.  1.)  AB  in 
D,  and  BC  in  E;  from  DB  cut  off  DF,  equal  to  a 
third  proportional  (E.  xi.  6.)  to  2AB,  and  to  S; 
likewise  from  EB  cut  off  EG,  equal  to  a  third  pro- 
portional to  2BC,  and  to  R;  and  through  F  and  G 
draw  (E.  xi.  1.)  FH  perpendicular  to  AB,  and  GH 
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perpendicular  to  BC^  and  let  them  meet  in  Hi  find 

(£.  xii  6.)  a  fourth  propartionat  (T),  to  AB^  S, 
and  jBC;  through  H  draw  (Supp.  ?ii.  6.)  the  locWf^ 
IHf  of  all  the  points,  from  which  if  perpendiculara 
be  drawn  to  AB  and  BC,  respectively,  they  shall  cut 
off  from  GB  and  FB  segments  that  are  to  one 
another  as  JR  is  to  T;  lastly^  in  IH  find  (Supp. 
xcvi.  3.)  a  point  A,  such  that  the  difference  of  its 
distances  from  C and  B,  shall  be  equal  to  JR:  Then 
is  i^the  point  which  was  to  be  found. 

For  if  not,  let  P  be  the  point ;  and,  if  it  be  possible, 
let  the  point  P  be  out  of  IH;  join  P,  A,  and  P,  B, 
and  P,  C;  and  draw,  from  P  (E.  xii.  1.)  PL  per- 
pendicular to  A  By  and  PM  perpendicular  to  BC: 
Then  {constr.  E.  xvii.  3.  and  Supp.  xcvi.  3.  Cor.  1.) 
FZ  X  AB=^BP  X  A';  and  UM  x  BC^BFx  U; 
therefore  (E.  xvi.  6.  and  canstr.) 

BP  :  FL  :;  AB  :  S:tBC:  T; 
and  GM :  BP  ::  R  :  BC; 
therefore  (E-xxiii.d.)  GM:  FL  ::  R  :  T: 
dierefore  {conatr.  and  Supp,  vii.  6.  Car.)  the  point; 
P  cannot  be  out  of  IH;  therefprci  (comtr.  and 
Supp«  xcvi.  3.  Cor.  2.)  K  is  the  point  which  was  to 
be  found. 

Prop.  LX, 

69.  Problem.  To  describe  a  crrc/e,  which  shall 
pass  through  a  given  point,  and  touch  two  given 
circles. 

Find  a  point  (Supp.lix.6.)  such  that  the  diflference 
between  its  distance  from  the  centre  of  the  one  circle, 
and  its  distance  from  the  giv^n  point,  shall  be  equal 
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to  the  semi -diameter  of  that  circle;  and  that  the 
difference  between  it*  distance  from  the  other  centre, 
and  from  the  given  point,  shall  likewise  be  equal  to 
the  other  givet  semi-diameter :  It  is  manifest  (Supp. 
tI.  3.)  that  the  piHnt,  so  determined,  is  the  point 
which  was  to  be  fonnd. 

Otherwise. 

JLet  BCD  and  EFG  be  the  two  given  circfest  and 


A  a  point  without  them:    Tt  is  required  to  de- 
scribe a  circle  which  shall  pass  through  A,  and 
tomh  the  two  circles  BCDy  EFG. 
Find  (E.  i.  3.)  the  centres,  R  and  L,  of  the  two 

given  circles ;  draw  KL  and  let  it,  produced,  meet 
tiie  circumference  of  BCD  in  B,  and  the  circum- 
ference of  EFG  in  E  and  G ;  and  let  it  meet  CH^ 
which  is  dsawn  (8upp.  lii*  3.)  so  as  to  touch  both 
the  circles,  in  H;  join  jET,  A;  find  (E.  xii*  6.)  a 
fourth  proportional  to  AH,  HB,  and  HG^  and  from 
HA  cot  off  i7/ equal  to  it;  so  that  (E.  xvi.  6.) 

BHxBG^AHxHT; 
lastly,  describe  (Supp.  x€v.  3.)  a  circle  AMI,  passing 
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tbrottgfa  A  Mid  /,  mnd  toocbing  eUber  of  the  cifola> 

JBCD,  itr  sotne  point,  Af;  it  shul!,  also,  if  IBWthe 
drawn,  pass  through  the  point  N,  In  which  ffilf  cuts 
the  circiiniference  of  the  circle  EFBj  and  shall  tondi 
£FG  in  the  point  N. 

For,  if  it  be  possible,  let  the  circumference  of  the 
circle  JMI  cut  HM  in  sotne  other  point,  as  P: 
Then  (E«  xxxvi.  3.) 

MRy^HP^AHxHI; 
but  {ctmstr.)  AH  y  HI^  BH  x  HG, 

wi  (E.  x?xvi.  3.)  BHxHQ^MH^  J^Nj 
.'.  MHx  HP^MH  X  HN;        . 

/.  HP  is  equal  to  HN^  the  less  to  the  greater, 
which  is  absurd ;  therefbre  the  circumference  of  the 
circle  MIA  cannot  but  meet  the  circle  EF6  in  thfe 
point  where  it  is  cut  by  MH;  fltiid  it  touches  the 
circle  EFG  in  that  point. 

For  draw  KM,  KC,  KD,  LQ,  L^  and  LP,  and 
let  MiSTand  PL,  produced,  meet  in  R:  Then  since 
{constr.  and  E.  xviii.  3.)  the  as  HFL,  HCK, 
having  a  common  angle  at  JET,  have  tbie  z  s  HFL, 
HCKy  right  angles^  they  are  (Supp.  xxvi.  1.)  equi- 
angular ;  therefore  (E.  iv.  6.) 

HL  :  LF  or  LQ  ::  HK  .  KC  or  KM: 
And  the  as  HLQ,'  HKM,  have  a  common  angle  at 
H,  and  have  the  two  remaining  /  a  HQXi,  HMK  of 
the  same  species ;  for  since  MH  cuts  both  the  circles, 
the  ^s  HQL,  HMK,  are  (E.  xvi.  3.  Cor.)  each  of 
them  less  than  a  right  angle ;  therefore  (E.  vii.  6.) 
the  ^  HQL  =  z  HMK;  therefore  (E.  xv.  Dcf.  l. 
and  E.  v.  1.)  the  z  LNQ,  or  RNM,  equal  z  HMK, 
or  NMR;    therefore    (E.  trj.  !•)   RM^MN;   but. 


SUPPLEMENT  TO   EDCUD's  SLSMSNTB. 


since  the  circle  AMI  (ouches  the  circle  BCD^  of 
which  K  is  the  centre;  therefore  (E.  xi.  or  xii.  3.) 
the  centre  of  AMI  must  be  in  MR;  and  since  RM 
^RNj  that  centre  (E.  vii.  3.)  must  be  in  A;  since, 
therefore^  the  diameters  of  the  two  circles  MAI, 
EFG,  have  a  common  extremity  at  N,  the  two  circles 
(Supp.  vi.  3.)  touch  one  another*. 


Paop.  LXI. 

70.    Problem.    To  describe  a  circle  thai  ^udl 
touch  three  given  circles. 

Find  a  point  (Supp.  lix.  6.)  such  that  the  difference 
between  its  distances  from  the  centres  of  the  first 
and  second  of  the  given  circles^  shall  be  equal  to  the 
difference  of  the  diameters  of  those  circles,  and  such 
that  the  difference  between  its  distances  from  the 
centres  of  the  first  and  third  of  the  given  circlesj 
shall  be  equal  to  the  difference  of  the  diameters  of 
those  circles :  Then  it  is  manifest,  that  the  difference 
between  its  distances  from  the  centres  of  the  second 
and  third  of  the  given  circles^  will  be  equal  to  the 
difference  of  their  diameters ;  and  that«  if  from  the 
point  so  determined^  as  a  centre^  a  circle  be  described 
touching  any  one  of  the  given  circles,  it  will  (Supp. 
iv.  3.)  also  touch  the  other  two. 


*  It  it  evident  thiit  Prop*  lix.  may  be  deduced  firam  this  pro- 
poBiticm,  A8  it  is  tliu8  independentlj  demonstrated;  and  that  the 
proposition  immediately  following,  which  is  one  of  some  celebrity, 
may  be  deduced  from  either  c^them. 
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Prop.  LXII. 

71.  Problem.  Upwi  a  given  finite  straight  Une, 
to  deserve  an  ejtiitateraZ  and  equiangular  figure 
having  the  number  of  its  sides  equal  to  four,  eighty 
sixteen,  ^e. ;  or  to  three^  six,  twdoe,  %c. ;  or  to  five, 
ten,  twenty f  ^c;  or  to  fifteen^  thirty,  sixty,  ^c. 
sides. 

In  any  circle  inscribe  (Supp.  xiv.  4.  Car.  3.)  an 
eqnilateml  and  equiangular  rectilineal  figure  of  any 
number  of  sides  that  is  specified  in  the  proposition ; 
then  upon  the  given  finite  straight  line  describe 
(£.  xviii.  6.)  a  rectilineal  figure  similar  to  it^  and 
the  problem  will  have  been  solved. 

Prop.  LXIII. 

72.  Theorem.  Similar  triangles,  and  stmilar 
polygons,  are  to  one  another  as  any  rectilineal  figure 
described  upon  any  side  of  the  one,  is  to  a  similar 
rectilineal  figure  similarly  described  upon  the  homo- 
logous side  of  the  other. 

For  (E.  XX.  6.)  the  two  given  figures,  and  two 
similar  figures  thus  similarly  described^  will  have  to 
one  another  the  same  duplicate  ratio  of  that  which 
the  homologous  sides  have. 

Prop.  LXIV. 

73.  Problem.  To  cut  off  from  a  given  triang^ 
any  part  required^  by  a  straight  Une  drawn  parallel 
to  a  gioen  straight  Une. 
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Let  ABC  be  the  g;iven  triangle,  and  AX  a  given 


straight  Ihie:  It  is  required  to  cut  off^  from  the 
A  ABC,  any  assigned  part^  by  a  straight  line  drawn 
paraOel  to  AX. 

First/Iet  AX  be  parallel  to  BC;  find  (Supp.  xil 
6.)  a  square  which  shall  be  the  same  part  of  the 
square  of  AB,  that  the  triangle,  to  be  cut  off,  is 
required  to  be  of  the  given  triangle,  and  make  AD 
equal  to  it«  side ;  tbrov^  D  draw  (E«  xud.  l .)  DE 
parallel  U^  AX  or  BC:  Then  is  ADE  the  triangle 
which  was  to  be  <;qt  off  from  ABC. 

For,  (cpiislr«  and  £.  uix.  1.)  the  as  ADM,  ABC, 
are  equiangular; 

therefore  (E.  iv.  6.  and  Supp.  Ixiii.  6.) 

A&  :1&  ::  aADE  :  aABC. 

Therefore  {cfm&tr.  and  Supp.  iv.  5.)  the  a  ADE 
IS  the  required  part  of  the  A  ABC. 

Secondly,  let  AX  be  not  parallel  to  BC^  and  let 
it  meet  BC,  produced^  if  necessary,  in  F:  Find 
(Supp.  xxi.  6.)  a  square  which  shall  be  the  same  part 
#f  «hc  rectaogb  'EBxBC,  that  the  triangle,  to  be 
cat  cff>  is  Kqufa^  to  be  of  th0  a  ABC,  and  make 
B6  equal  to  its  side ;  through  G  draw  GH  pandM 
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to  FA :  Then  to  £H6  tbe  trkngle  which  wtm  to  be 
cat  off  from  ABC. 

For  (constr.  and  E.  xxii.  1.)  the  as  BHG,  BAF, 
are  eqaiangular ; 

therefore  (E«  iv.  6.  and  Supp.  Ixiii.  6.) 

SG*  :  SF*  ::  a  Bi/G  :  ^BAF; 

And  (E.  i.  6.  and  E.  xi.  5.) 

BF^  :  BFx  BC  ::  A  BAF  :  A  JBiiC; 
therefore  (E.  xxii.  5.) 

B&  :  BFx  BC  ::  a  BHG  :  a  B^C; 
therefore  (conatr.  and  Supp.  iv.  5.)  the   ^BHG  is 
the  required  part  of  the  a  i4£C 

Prop.  LXV. 

74.  Problbm.  To  describe  a  pafyg^M^  simiUr  to 
a  gwen  po^oni  and  hamng  a  gioen  ratia  to  it. 

Upon  any  side  of  the  given  polygon  describe 
(E.xlvi*  1.)  ft  square;  find  (Supp.  xxi.  6.)  a  square 
which  shall  have  to  the  square  first  described  the 
given  ratio;  and  upon  its  «de  describe  (E.  xviii»6.) 
a  polygon  similar,  and  similarly  situated^  to  the  given 
polygon :  It  is  roanifesti  from  E.  xx.  6.^  that  it  will 
have  to  the  given  polygon  the  given  ratio. 

Prop.  LXVL 

75.  Thxorbm.  Amfregtilar  polygon,  inscribed  in 
a  citeU^  io  «  mean  proportitmal  between  the  ineefihed 
mid  eireumserihed  reg^ar  pofygone  of  half  the 
number  of  sidee. 

Let  BQFA  he  a  polygim  Jqscribed  ia  t^ 


sae 
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B&.  ami  let  EH  and  CD  be  polygons  of  half  the 

B 


number  of  sides,  the  one  EH  inscribed  in  the 
(Supp.  xiv.  4.  Cor.  3.)  by  joining  the  sides  of  the 
figure  BGFA,  and  the  other  CD  described  about 
the  circle^  by  drawing  tangents  to  it  through  the 
angular  points  A^  B,  G,  and  F;  so  that  (E.  xviii.  3. 
E.xxviii.3.  E.xxvii.3.  £.xxvi.3.  and  Supp.xix.3,) 
it  is  equilateral  and  equiangular :  Then  is  the  poly- 
gon BGFA  a  mean  proportional  between  the  poly- 
gons EH  and  CD. 

Find  (£.  i.  3.)  the  centre  K  of  the  circle  BGFA, 
and  join  K,  B,  and  K^  C:  It  is  manifest,  from  the 
construction,  that  KB  bisects,  at  right  angles,  the 
sides  of  the  figures  EH  and  CD,  which  it  cuts,  and 
that  KC  passes  through  the  angular  point  Ei 

And  (E.  i.  6.  and  E.  iv.  6.) 

aCBK  :  ^EBK  ::  CK :  EK  ::  CB.EL: 
Sat,  the  figure  CD  is  the  same  multiple  of  the 
aCBK,  that  the  figure  BGFA  is  of  the  aEBK; 
also  a  side  of  ,CD  is  double  of  CB ;  and  a  aide  of 
EH  is  double  of  EL ;  therefore  (£.  xy.  H.)  CD  is  to 
BGFA  as  a  side  of  CD  is  to  a  side  of  EH;  and 
(EL  XX.  60  CD  has  to  EH  the  duplicate  ratio,  of  that 
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which  a  side  of  CD  has  to  a  side  of  EH;  therefore 
CD  has  to  EH  the  duplicate  ratio^  of  that  which  it 
has  to  BGFA;  that  is,  (E.x.  Def.5.)  the  figure 
BGFA  is  a  mean  proportional  between  CD  and 
EH. 


Prop.  LXVII. 

76.  Theorem.  If  from  two  points  similarly 
situated,  one  in  each  of  any  two  homologous  sides 
of  two  similar  polygons,  two  straight  lines  be  drawn 
making  equal  angles  with  those  sides,  they  shall  cut 
offfvom  the  polygons  two  similar  figures ;  and  the 
one  shall  be  the  same  part  of  the  one  polygon,  that 
the  other  is  of  the  other. 

Let  AC  and  FH  be  two  similar  polygons,  and  P 
and  Q  two  points  similarly  situated  in  the  two  ho- 
mologous sides  CD  and  HK:  If  from  P  and  Q 
straight  lines  be  drawn,  making  equal  angles  with 
CD  and  HK,  they  shall  cut  off  similar  figures  from 
the  polygons ;  and  the  one  shall  be  the  same  part  of 
the  one  polygon  that  the  other  is  of  the  other. 

First,  let  PM  and  ON,  making  the  ^MPD^ 
^  NQK,  cut  the  sides  DE  and  KL,  adjacent  to  CD 
and  HK:  And  since  {hyp.  and  Supp.xxvi.  1.)  the 
two  AS  MPD,  NQK,  are  equiangular,  they  are 
(E.  iv.  6.)  similar  to  one  another,  and  they  are  to 
one  another  (E.  xix.  6.)  in  the  duplicate  ratio  of 
their  homologous  sides  PD  and  QK,  that  is  {hyp.) 
in  the  duplicate  ratio  of  CD  and  HK ;  therefore 
(E.  XX.  6.)  they  are  to  one  another  in  the  same  ratio 

Z 
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as  the  polygons  are,  and  therefore  whatever  part  th* 


a  K 


aMPD  is  of  the  polygon  JIBCDE,  the  same  part 
is  the  aNQK  of  the  polygon  FGHKL. 

Secondly^  let  PR  and  QS  cut  any  other  sides  of 
the  polygons,  as  AE  and  FL,  which  are  not  adjacent 
to  the  sides  CD  and  HK :  Draw  PE  and  QL ;  and 
since  {hyp.  and  E.  xxvi*  1.)  the  as  EPD  and  LQK 
are  equiangular,  the  as  RPE  and  SQL  are  also 
equiangular ;  whence  it  may  be  shewn^  (as  in  £.  ix. 
6.)  that  RPDE,  SQKL,  are  similar  figures;  there- 
fore (E.  XX.  6.)  they  are  to  one  another  in  the  du- 
plicate ratio  of  the  homologous  sides  DE  and  KL; 
or  in  the  ratio  of  the  polygon  ABCDE  to  the  poly- 
gon FGHKL;  . .  RPDE  is  the  same  part  of 
ABCDE  that  SQKL  is  of  FGHKL. 


Prop.  LXVIH. 

77.  Theorem,  if '  any  two  chords  of  a  circle  m- 
lersect  each  other,  the  straight  lines  joining  their 
extremities  shall  cut  off  eqtial  segtnents  from  the 
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ehord  which  passes  through  the  common  intersection 
4^  the  twofnmer  chords  and  is  there  bisected. 

Let  JIB  and   CD  be  two  chords  of  the  circle 


ulCBD,  catting  one  another  in  JE;  through  E  draw 
tSupp.  ii.  3.)  the  chord  FO,  so  that  FG  is  bisected 
in  E;  and  join  C,  B  and  A,  D:.  Then  shall  HE= 
EI. 

For  through  /  draw  (E.xxxi.  1.)  KIL  parallel  to 
BQ  and  meeting  CD  in  A,  and  BJ,  produced,  in 
L: .  Tbpn  (constr,  and  .E-xxix.  1,)  the  4  CBL  — 
^BLK^  and  that  (E.  ^xi.  3.)  the  /  CB^=  z  CD4, 
therefore  thie  i  ALf  ^  ^IDK;  and  (E,  xv.  1.) 
the  z^/jL,  of  the  aL^/,  is  equal  to  the  iKID, 
of  the  aDKI;  therefore  (Supp.  xxvi.  1.)  these  two 
triangles  are  equiangular^  as  are  also  (constr.  and 
E.  xxix.  !•)  the  two  as  CEH,  IEK,  and  the  two 
abHEB.IEL; 

therefore  (E.iv.6.)  AI  :  IL  ::  KI  :  ID; 

therefore  (E.  xvi.  6.)lLx  KI^Tl x  7D : 
Again  (E.  iv.  6.)  CH  :  HE  ::  IK  :  /E, 

and  BH  :  «£  ::   /L  :  IE, 

Z2 
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therefore  (E.  xxii.  6.) 

CHx  BH'JfW  ::TKx  IL  or  ^/x  II>:TE'; 

therefore  (E.  xviii.  5.) 

CHx  BH+HE' :  HE*  ::  AIx  ID  +  IE' :  IE"; 

therefore  (E.  xxxy.  3.) 

FHx  HG+HE"  :  HE' ::  FIxIG+IE'  :  /JP: 
But  (Ayp.  and  E,  v.  2.)   FHxHG  +  HE\  and  F/x 
7G^+  IE",  are  each  of  them  equal  to  ^BF*  or  El?, 
and  therefore  they  are  equal  to  one  another;  there- 
fore (E.  xiv.  6.)  HE^^IE';  .\  HE^IE. 

Prop.  LXIX. 

78.  Problem.  Two  similar  rectilineal  figures 
being  gvoen^  to  Jind  a  third  figure  also  similar  to 
them  and  a  mean  proportional  between  them. 

Find  (E.  xiii.  6.)  a  mean  proportional  between 
any  two  homologous  sides  of  the  given  figures,  and 
upon  it  describe  (E.  xviii.  6.)  a  rectilineal  figure 
similar  to  either  of  thern^  and  therefore  (E.  xxi.  6.) 
similar^  also^  to  the  other:  Then  (E. xxii. 6.)  will 
the  rectilineal  figure^  so  described,  be  a  mean  pro- 
portional between  the  two  given  figures. 

Prop.  LXX. 

'  79.   Problem.     If  two  sides  of  a  trapezium  be 

parallel,  and  a  straight  line  be  drawn  cutting  themy 

and  meeting  also  the  other  two  sides,  {any  of  the 
sides  being  produced,  if  necessary)   the  two  reel- 

angles  contained  by  the  reactive  segments  of  the 

pofrallel  sides,  have  to  each  other  the  same  ratio ^  a9 
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the  two  rectangles  cotAained  by  the  segments  into 
which  the  linCj  so  dravmy  is  severalfy  divided  by 
each  of  the  two  parallels. 

Let  the  side  AD,  of  the  trapezium  A  BCD,  be 

E 


parallel  to  the  opposite  side  BC,  and  let  EF  cut  AD 
and  BC,  in  G  and  H,  and  AB  and  DC,  prodaced, 
in  F  and  £ :    Then 

IQy^  UD  :  BHxHC  ::  WF'x  W^  :  HFx  EH. 
For  {Jiyp.  and  E.xxix.  1.)  the   £ia  AGF,  BHF, 
and  the  as  EGD,  EHC,  are  eqoian^Iar;  therefore 
(E.  iv.  6.) 

AG  :  BH  ::  GF  :  HF; 
and  GD  :  HC  ::  EG  :  EH; 
therefore  (Supp.  i.  6.) 
AGxGDiBHx  HC ::  GFxEG.HFx  EH. 

Which  conclusion  may  also  be  arrived  at  by  means 
of  E.  xxiii.  6. 


Prop.  LXXI. 
80. .  Problkm.    To  cut  off  from  a  given  parallelo^ 


,»-     ■•-      ■^■,^-.^- 
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gram  a  similar  paraUeUgram^  which  shcdl  be  amf 
required  part  f^  ii^ 

Let  ABCK  be  the  g^ven  parallelogram :    It  i* 


required  to  cut  off  from  it  a  similar  parallelc^^ram, 
which  shall  b^  any  required  pari  of  it. 

Draw  the  diameter  AC,  and  from  the  a  ABC  cut 
off  (Sapp.  Ixiv.  6.)  by  a  straig^ht  line  DE,  drawn 
parallel  to  AK,  the  a^£)£  the  same  part  of  ABC 
as  the  patellelogram  to  be  cut  off  ia  requmed  tfr  be  of 
the  given  parallelogram;  through  £  dtew  (EiXxxi. 
1.)  EL  parallel  to  ABi  Then,  since  (£.xjndv.  1.) 
the  C2ADEL  is  the  double  of  the  aADE,^  it  is 
{-coHstr,  .and  E.  xv.  5.)  the  required  part  of  the 
cnABCK'^  ^i^d  (E.  xxiv.60  the  a^iD^L  is,  also, 
similar  to  the  CD  ABCK, 

81 .  Cor.  Hence,  a  gnomon  may  be  cut  off  from 
a  given  parallelogram,  which  shall  be  any  required 
part  of  it. 


Prop.  LXXII. 

I- 

82.  Theorem.  A  given  straight  line  being  cui 
in  extreme  and  mean  ratio j  if  from  the  greater 
s^ment  the  less  he  taken^  the  greater  segment  alsa 
will  thus  be  cttt  in  extreme  and  mean  ratio;  and 
^  a  strait  Hne,  equal  to  the  greater  segment,  be 


»« 
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added  to  the  ghen  line,  the  lim  which  is  made  up 
cf  the  ghen  line  and  this  segment^  is  also  cut  in 
extreme  and  mean  ratio. 

Let   AB  be   a   finite   straight  line ;    let    it    be 

A-_e 5 5 -E 


cut  (E.  XXX.  6.)  in  extreme  and  mean  ratio  in  the 
point  C;  from  the  greater  segment,  AC,  cut  off 
CD^CB;  and  to  AB  add  BE:=AC:  Then  shall 
AC  be  cut  in  extreme  and  mean  ratio  in  the  point 
D ;  and  AE  shall  be  cut  in  extreme  and  mean  ratio 
in  the  point  S. 

For  since  (hyp.)  AB  :  AC ::  AC  :  CB  or  CD, 
therefore  (E.  xvii.  5.)  GP  or  CD  :  AC ::  AD  :  CD; 
therefore  (Supp.  ii.  5.)  AC  :  CD  ::  CD  :  AD; 
therefore  (E.  iii.  Def.  6)  AC  is  cut  in  extreme  and 
mean  ratio  in  the  point  D. 

Again^  since 
(hyp.  and  Supp.  ii.  6.)  AC  or  BE  :  AB  ::  CB  :  AC, 
therefore  (E.xviii.  6,)  AE  :  AB  ::  AB  :  AC  or  BE; 
therefore  (E.  iii.  Def  6.)  AE  is  cut  in  extreme  and 
mean  ratio  in  the  point  B. 


Prop.  LXXIH. 

83.  Problem.  Upon  a  given  straight  line^  as  an 
hypotenuse,  to  describe  a  right-angled  triangle, 
which  shall  have  its  three  sides  continual  propor- 
tionals. 

Let  BC  be  the  given  finite  straight  line :    It  ih 
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required  to  describe  upon  it  a  right-angled  triangle^ 


the  sides  of  which  shall  be  continual  proportionals^ 

Cut  (E.  XXX.  6.)  BC  in  extreme  and  mean  ratio, 
in  the  point  D;  bisect  (E.  x.  I.)  J3C  in  E;  fronv 
the  centre  E,  at  the  distance  EB  or  EC,  describe 
the  circle  BAQ  and  let  DA,  drawn  from  D,  (R  xi. 
1.)  perpendicular  to  BC^  meet  its  circumference  in 
^,  and  join  A,  B  and  A^  C:  Then  is  .^BCthe  tri- 
angle which  was  to  be  descrTbed* 

For  {constr.  and  E.  xxxi.  3.)  the  z  BAC  is  a 
right  angle ;  therefore  {constr.  and  E.  viii.  6.  Cor.) 
AC  is  a  mean  proportional  between  BC  and  DC, 
as  is  also  {constr.)  BD;  /.  AC^BD;  therefore  but 
(E.  viii.  6.  Cor,)  AB  is  a  mean  proportional  between 
BC  and  BD ;  therefore  AB  is  a  mean  proportional 
between  BC  and  AC. 

84.  CoR.  1.  CB,  BA,  AC,  and  AD,  are  con- 
tinual proportionals. 

For  (E.  viii.  6.)  AB  :  BD  ::  AC :  AD;  and  it  has 
been  shewn  that  AC:=:BD. 

85.  Cor.  2.  It  is  manifest^  from  the  demonstra- 
tion^ that  if  the  three  sides  of  a  right-angled  triangle 
be  continual  proportionals,  the  hypotenuse  will  be 
divided  in  extreme  and  mean  ratio,  by  a  perpen- 
dicular drawn  to  it  from  the  right  angle. 


/^ 


mm 
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86.  Problem.  The  perimeter  being  gioen  of  a 
right-angled  triangle^  hwoing  its  three  eides  pro* 
portionals,  to  construct  the  triangle. 

Let  AB  be  a  straight  line:     It  is  required   to 


describe  a  right-angled  triangle^  which  shall  have 
its  sides  continual  proportionals^  and  equal  together 
to  AB. 

Upon  AB  describe  (Supp.  Ixxiii.  6.)  the  right- 
angled  A  AEB^  having  its  sides  continual  propor- 
tionals; bisect  (EJx.  l.)  the  zs  EAB^  EBA,  by 
two  straight  lines  AF  and  JBF,  which  meet  in  F; 
and  through  F  draw  (E.  xixi.  1.)  FO  paraUel  to  EA, 
and  FH  parallel  to  EB :  Then  is  FGH  the  triangle 
wbich  was  to  be  described. 

For  it  may  be  shewn^  as  in  Supp.  xxxiy.  i.,  thai 
the  perimeter  of  the  A  FGH  is  equal  to  AB;'  and 
since    (constr.  E.  xxix.  1.  and  Supp.  xxvt.  J.)  the 

AS  FGH  and  EAB  are  equifgngular,  and  that  the 
sides  of  the  a  EAB  are  proportionals^  it  is  manifiast 

from  E.  iv.  6.,  and  E. xi.  5.^. that  the  sides  of  the 

A  FGH  will;  also,  be  proportionals.  , 
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Paop.  LXXY. 

87. '  TflBOEBM .  Hie  semi-didmebtr  of  a  giten 
cirde  having  been  dhided  m  extreme  and  mean 
ratio,  the  greatet  segment  shtdl  be  equal  to  the  side 
of  an  equilateral  and  equiangular  decagon  inserted 
in  the  circle. 

For  (Sapp.  xiv.  4.  Cor.  1.)  if  the  semi-diameter  of 
the  circle  be  so  divided^  as  that  the  rectangle,  con- 
tained by  the  whole  and  the  lesser  part,  may  be 
eqnal  to  the  square  of  the  greater  part,  that  greater 
segment  will  be  equal  to  the  side  of  an  equilateral 
and  equiangular  decagon  to  be  inscribed  in  the 
given  circle ;  and  (E.  xvii.  6.  E.  iii.  Def»  6.)  when 
the  semi-diameter  has  been  so  divided,  it  is  cut  in 

extreme  and  mean  ratio. 

.  .  ■  • 

Prop.  LXXYI. 

8d.  Theorem.  Any  rectangle  is  the  half  of  the 
rectangle  contained  by  the  diameters  of  the  squares 
of  its  two  sides. 

I 

'  h^VMBCD  bfe  d. rectangle;  produce  AD  to  F, 
wd  make  BF"^  DC;  produce,  also,  CD  to  E, 
and  make  DE  =  DA;  join  A,  E  and  C,  F; 
tberefore  AE  and  CF  are  the  diameters  of  the 
aquares^  of  ^1>  and  DC:   Then   is  the  rectangle 

ABCD  equal  to  the  half  of  JE  x  CF. 

For  {coMtr.  E.  V.  1.  and  E.  xxxii.  1.)   the  two 
Ari  ADE;  CDF;  flt^  equiangular ; 
therefore  (E.  iv.  6.)  CF.AEi.CD  :  DE  or  DA; 
therefore  the  rectangle  contained  by  CF  and  AE  v& 
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(E.  i.  Def.  6.)  siDiibr  to  the  rectangle  contained  by 


CD  and  DA;  and  since  (A^:  and  E.x.  Def.  1.)  the 
z  FDC  is  a  right  angle,  therefore  the  rectangle 
CFx  AE,  which  is  on  CF,  is  equal  (E.  xxxi.  6.)  to 

the  two  similar  rectangles  VB  x  152  and  FD  x  DE, 
which  are  on  the  equal  sides  CD  and  Z>F;  that  is^ 
the'  rectangle  CF  x  AE  is  double  of  the  rectangle 
CD  X  D^ ;  or  this  latter  fectangle  is  equal  to  thd 
half  of  the  former. 

Pbop.  LXXVIL 

89.  Problem.  Through  a  given  painty  to  draw 
a  straig^  Une,  cutting  two  given  straight  lines, 
which  meet  one  another,  so  that. the  triangle  con- 
tained by  the  segment  of  that  line  and  the  segments 
which  it  cuts  off  from  the  given  lines,  shall  he  equal 
to  a  given  rectUineal  figure. 

Let  APhni.  AQ  be.  two  given  stfai^t  lines; 
which  meet  in  A^  and^  first,  let  B  be  a  given  point 
without  the  /  PAQ :  It  is  required  to  draw  through 
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B  a  straight  line  cutting  AP  and  AQ,  so  that  the 
triangle,  contained  by  the  segments  of  the  three 
lines^  shall  be  equal  to  a  given  rectilineal  figure. 

Through  B  draw  (E.  xxxl  1.)  BR  parallel  to  AQ, 
and  let  it  meet  AP  in  C;  to  AC  apply  (E.  xlv.  1. 
Car.)  the  O  ACDE,  having  the  z  ACD  for  one  of 


its  angles,  and  equal  to  the  given  figure;  from  E 
draw  (E.  xi.  1.)  EF  perpendicular  to  AQ,  and  make 
it  equal  to  BC;  from  the  centre  F,  at  a  distance 
equal  to  BD^  describe  a  circle  cutting  AQ  in  G,  and 
join  F,  G;  .\  FG=BI>;  lastly  draw  BG,  cutting 
AP  in  H:  Then  is  BG  the  line  which  was  to  be 
drawn.  .   . 

For,  let  BG  cut  ED  in  K;  the  as  BCH,  BDK, 
EKG,  are  (consfr.  E.  xxix.  1.  and  E.  xv.  1.)  equi- 
angular; and  therefore  (E.  iv.  6.)  similar  to  one 
another;  and  {constr.)  BC^EF,  BD^FG,  and 
the  ^FEG  is  a  right  angle;  it  is  manifest,  there- 
fore^that  the  three  homdogous  sides  BC,  BD,  and 
EG,  of  the.  three  siiiular  .AsJiC^,  BDK,  EKG, 
ai^e  the  sides  of-a^  right-angled  triangle;  therefore 
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(£.  xtxi.6.)  the  ^BDK^£lBCH+/^EK6;  take 
away  the  a  BCH,  and  there  remains  the  trapezium 
HCDK=saEKG;  add  to  both  these  the  trapezium 
AHKE,  and  it  is  evident  that  the  a  AHO  is  equal 
to  the  njACDE,  or  {can8tr.)  to  the  given  figure. 

Andy  in  a  similar  manner  may  the  problem  be 
aolved^  when  the  given  point  is  within  the  rec- 
tilineal iPAQ,  in  all  cases  in  which  the  problem 
so  restricted  admits  of  a  solution. 

90.  Coiu  Hence^  and  from  Supp.  xxi.  6.,  a 
straight  line  may  be  drawn  through  a  given  point, 
which  shall  cut  off  froYn  a  given  triangle  any  required 
part  of  it*. 

Pbop.  LXXVIII. 

91.  Problem*  Tknugk  a  gwen  point  to  dram* 
a  straight  lincy  so  as  to  cut  off  from  two  straight 
UneSf  that  meet  one  another^  two  segments,  toward 
their  point  of  concourse,  which  JshaU  contain  a  rect-^ 
angle  equal  to  a  giuen  square. 

Let  the  two  given  straight  lines  AP  and  AQ  meet 
in  A;  and  let  B  be  a  given  point  either  within  or 
without  the  z FAQ:  it  is  required  to  draw  through 
B  a  straight  line»  so  as  to  cut  off  from  AP  and  AQ 
two  segments,  towards  A^  which  shall  contain  a  rect- 
angle equal  to  a  given  square. 

From  AP  and  AQ  cut  off  AC  and  AD  each  of 

*  Hence,  and  by  the  help  of  TrigonomeCxy,  any  given  recti- 
lineal  figure  may  be  divided  into  two  parts^  which  are  to  each 
other  in  any  given  ratio,  by  a  'straight  line  drawn  from  a  given 
point,  situated  without  the  given  figure. 
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them  equal  to  a  side  of  the  given  square,  and  join 

A 


C,  D;  through  B  draw  (Supp.  Ixxvii.  6.)  SEP 
cutting  off  the  A  AEF,  e<)ual  to  the  a  ACD  :  Then, 
since  the  two  as  EAF,  CAD,  have  the  same  ver- 
tical angle,  'thefeft>i«  (Supp.  v.  6.  Cor.) 

aEAF:  /^CAD v.'ElxAPi  CAxJU or  AC*; 

But  (conatr.)  the  aEAF=  aACD; 
.'.'EA  xAF±sAC*;  tiiai  is,  (constr.)  the  rectangle 
EA  X  AF  is  equal  to  the  given  square. 


Prop.  LXXIX. 

92.  Theorem,  hi  different  circles  the  semi- 
diameters  which  bound  equal  sectors  contain  angles 
reciprocally  proportional  to  their  circles;  and  con- 
versely. 

In  the  circles  ABC,  DEF,  of  which  ABC  is  the 
greater,  first,  let  AKC,  DLF,  be  two  equal  sectors : 
Then  shall  the  ^Akc  be  to  the  /.DLF,  as  the 
circle  DEF  is  to  the  circle  ABC.  '  ' 
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Foi-  (Ei.  xxsii.  6.) 
i.  AKC:  four  righfrangles ::  sector  AKC\  onAeABC; 
and, 
four  right  angles :  z  DLF ::  circle  DEF:  sector  DLF: 


But  (%p.)  sector  -^JfCs  sector  DLF; 
therefore  (E.  xxxiii.  5.) 

^AKC :  ^DLF::  circle  DBF:  circle  ABC. 

Secondly,  let  the  z  AKC  be  to  the  z  JDLF,  as  the 
circle  DEF  is  to  the  circle  ABC:  Then  shall  the 
sector  AKC  be  equal  to  the  sector  DLF. 

For  it  may  be  shewn  as  before  that 
four  right  angles :  z  DLF ::  circle  DEF :  sector  DLF ; 
and  (hyp.  and  Supp.  iii.  5.) 

L  DLF :  z  ^iCC  ::  circle  ABC :  circle  JD^F; 
and 
z  AKC:  four  right  angles  ::  sector  ^#f  C :  circle  ABC; 

therefore  (E.  xxiii.  5.)  *four  right  angles  :  four  right 
angles  : :  sector  AKC :  sector  DLF ; 

therefore  sector  AKC  ^sector  DLF. 

Prop.  LXXX. 

93.  Problem.  A  given  space  being  bounded  by 
two  arches  of  circles,  subtending,  at  their  respective 
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centres,    angles    reciprocaUy   prcportkmal    to    the 
circles,  to  find  a  square  that  shall  he  equal  to  it. 

Let  the  space  ABCDA  be  bounded  by  arches 


ABC.  ADC,  of  circles  ABCE,  ADCF,  the  centres 
of  which  are  K  and  L\  let  the  lAKC  be  to  the 
jlALC,  as  the  circle  ADCF'vi  to  the  circle  ABCE: 
It  is  required  to  find  a  square  that  shall  be  equal  to 
the  space  ABCDA. 

.  Since  {hyp.  and  Supp.  Ixxix.  6.)  the  sector  ABCK 
is  equal  to  the  sector  ADCL,  from  these  equab  take 
away  the  common  part  ADCK;  and  there  remains 
the  figure  ABCDA  equal  to  the  rectilineal  figure 
AKCL:  Find,  therefore^  (E.  xiv.  2.)  a  square  equal 
to  the  figure  AKCL,  and  the  problem  will  have  been 
solved. 

Prop.  LXXXI. 

» 

94.   Problem.    To  trisect  a  given  circle^  by  di- 
viding it  into  three  equal  sectors. 

inscribe  (E.  i.  1.  E.  ii.  4.)  in  the  given  circle  an 


• 
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equilateral  triangle :  Then  it  h  manifest,  from  E. 
xxviii.  3.  and  E.  xjuiii.  6.,  that  the  straight  lines 
drawn  from  the  centre  of  the  circle  to  the  three 
angular  points  of  the  inscribed  triangle,  .will  divide 
the  circle  into  three  equal  sectors. 

95.  Cor.  In  like  manner,  a  circle  may  be  di?ided 
into  any  required  number  of  equal  sectors,  in  all 
cases  in  which  an  equilateral  figure,  having  that 
same  number  of  sides,  can  be  inscribed  in  the  circle. 

Prop.  LXXXII. 

96.  Theorem.  ^^  from  the  greater  of  two  un- 
equal sides  of  a  given  triangle,  be  cut  off  a  part 
equal  to  the  less,  thai  segment  shall  have  to  the 
remaining  segment,  a  ratio  greater  than  the  ratio 
which  the  angle  adjacent  to  the  remaining  segment, 
has  to  the  angle  adjacent  to  the  segment  first  cut 

Let  the  side  AB,  of  the  triangle  ABC,  be  less 


than  the  side  BC,  and^from  BCIet  there  be  cut  off 
BD=:AB:  Then 

{BD  .DC)  >  {lACB  :  ^ABC). 
For  draw  liD,  and  complete   (E.xxxi.  l.)  the 
ADBE ;  from  the  centre  A,  at  the  distance  AB, 

Aa 


/  f 
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describe  the  circle  BEF,  the  ciCctimferfence  6i 
which,  since  (£.  xtxiv.  1.  Md  constr.)  AE^BD 
or  AB^  will  pass  through  B ;  produce  CA  tcl  tneet 
the  circumference  BEF  in  1^,  ahd  B£  ptodttc^  iti 
6;  so  that  (E.  xxix.  1.)  the  /is  OEA,  OBd,  lire 
equiaug^ular. 

Then,    since  the  sector  AEF  is  less  than  the 
A  AEG,  and   the  sector  AEB  greater  thafi  fBle 

/.  ( ^AEG  :  sector  AEF)  >  (  a^£B  :  sector  AEB) ; 
therefore  (Supp.  vii.  5.) 
{A  AEG  :  A  AEB)  >  (sector  AEF:  sector  ^EB): 

But  (E.  i.  6.)  A^EG  :  A^EiS  ::  GE :  BB, 
and  (E.  iv.  6.  and  £.  xxxiv.  I.) 

GE :  EE  ::  BD  :  DC; 
••.  {BD  :  DC)  >  (sector  AEF :  sector  ^ifif^). 

Also  (E.  xxxiii.  6.) 

sector  ^EE :  sector  AEB  ::  z  EAF :  z  E^E; 
and  (E.  xxix.  1 .) 
the    ^EAF^zACB,   and  the    iEAB^jlABC; 

.-.  sector  AEF:  sector  ^iEE :;  /^ACB  :  z^EC; 
/.  (ED  :  DC)  >{zACB  :  z^EC). 

97.  CoR.    If  any  part  BP  be  taken  of  BC,  that 
is  greater  than  AB,  then^  much  more,  is 
(BP  :  PC)  >{iACB  :  lABC). 


Prop.  LXXXIII. 

98.  Theorem.  The  greater  of  am)  hoo  une^fual 
arches^  of  a  given  circle,  has  a  greater  ratio  to  the 
less  archi  than  thd  ch&rd  of  the  greater  has  to  the 
chord  of  the  less. 
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Let  AB  and  Bc  he  any  tWo  une(|ual  arches  of 


5  • 


the  circle  AECB,  and  let  AB  be  the  greater :  Then 

(aM  iSd)  >  (AB  :  BC). 

Pot  join  A,  C;  bisect  (E.ix.  1.)  the  lABC  by 
BDE,  and  let  BDE  cat  .<4C  in  A  and  the  circum- 

*•  

ferenc6  in  E ;  join^  alsq^  E^  C,  and  Ey  A  \  frotH  E 
draw  (E.xi].  1.)  £F  perpendicular  to.  ^C 

And,  sinc«  (con^tn  and  E.  xxvi.  3.)  ck^AE^ 
therefore  (E.  xxix- 3-)  CB=ZE;  and^&P  is  cbm- 
ihqn  tq  the  two  right-angled  as  AFE^  CFE;  thei*e- 
fore    (Supp.  Ixxiii.  1 .)    J[F  =  T^,  and    therefore 

AD>DC;  also  (E.  xix.;!,)  SC>iE5JaBd  EI>> 
£F;  if^  therefore^  from  the  centre  E,  at  the  distance 

ED.  a  circle  GDHhe  described,  it  will  cut  EQ  in 
J^,  between  E  and  C^  and  EF,  produced^  in  F;  so 
thiBtt  the  ^ctor  DE6>aDEJP,  anci  the  sector 
£l£:fl^<  A  />£C;  therefolre 

(sector DEG  :  sector  DEH)>(aDEF:  a  0EC)\ 
therefore  (E.  xxxiii.  6.  and  E.  i.  6.) 

A- A  2' 
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( L  DBF  :  z  DEC)  >  (BF  :  DC) ; 
therefore  (Supp.  x.  5.) 

(iFEC  :   z  DEC)  >  (FC  :  DC). 
In  the  same  manner  it  may  be  shewn  that 
{^AEC  :  I  DEC)  >  {IC  :  DC) ; 
therefore  (Supp.  ix.  5.) 

{lAED  :  L  DEC)  >  {AD  :  DC); 
that  18,  (E.  xxxiti.  6.) 

(AB  :  BC)>  (AD  :  DC) ; 
therefore  {canstr.  and  £.  iii.  6.) 

(AB  :  "BC)  >  {AB  :  BC). 

'      Prop.  LXXXIV. 

99.  Theorem.  The  greater  angle,  at  the  baie  of 
a  9calene  triangle,  has  a  gt^eater  ratio  to  the  less 
angle,  than  the  greater  side  has  to  the  less  side. 

Let  ABC*  be  a  scalene  triangle,  hafing  the 
/  BCA  greater  than  the  z  BAC: 

Then  (z  BCA  :   i  BAC)  >  {AB  :  W). 
About  the  a  ABC  describe  (E.  v.  4.)  the  circle 
AECB: 

Then  (E.  xxxiii.  6.)  z  BCA  :  z,  BAC  :;  AB  :  sd: 

But  (Supp,  Ixxxiii.  6.)  (a^  :  BC)  >  {AB  :  BC); 
therefore  ( z  BCA  :   z  BAC)  >  {AB  :  BC). 

Prop.  LXXXV. 

100.  Problem.    To   divide  a  given  circle  into 
any  required  number  of  equal  parts,  by  the  circum- 
ferences of  circles  described  within  it,   about  its 
centre. 


*  Sec  tike  Fifmt  in  p.  555. 
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Let  ABC  be  a  cirde :    It  is  required  lo  divide 


it  into  any  number  of  equal  parts^  by  the  circum- 
ferences of  circles  described  about  the  same  centre 
with  it 

Find  (E.  i.  3.)  the  centre  K  of  the  circle  ABC; 
take  any  semi-diameter  AT^;  divide  (Supp.  xlix.  !•) 
KA  into  as  many  equal  parts,  in  the  points  Z>,  E, 
Ac.  as  those  into  which  the  given  circle  is  to  be 
divided ;  upon  AK,  as  a  diameter,  describe  the  circle 
AHK;  from  D,  E,  &c.  draw  (E.  xi.  1.)  DG,  EH, 
&c.  perpendicMlar  to  AK^  and  meeting  the  circum- 
ference of  AHK  in  O,  H^  &c. ;  join  Kj  O  and  K, 
Hi  &c.;  from  the  centre  K^  at  the  distances  KG, 
KH,  &c.  describe  the  circles  6F.  HL.  &c. :  Then 
is  the  given  circle  divided  in  the  required  number  of 
equal  parts^  by  the  circumferences  of  the  circles  so 
described. 

For^  join  A^  H,  and  A^  G;  and  since  (conatr. 
wd  E.  xxxi.  3.)  the  /  s  AHK,  AGK, .  are  right 
angles*  and  HE,  GD  are  perpendicular  to  AK, 
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therefore  (E.  viii.  6.  and  £.  ix.  6.  Cbr.  It.) 

AKiKD::  AK^  :  KG". 

But  (E.  ii.  13.  and  E.  xxii.  6.) 

AK^  :  iCG'  ::  circle  ABC  :  circle  OF; 
therefore  (E.  xi.  5.) 

AK  :   KD  ::  circle  ABC  :  circle  GF. 
Likewise, 

KE  \    AK  ::  circle   HL   :  circle  ^BC; 
therefore  (E.  xxiii.  5.) 

KE  :   KD  ::  circle  HL   :  circle  GF; 
therefore  (E.  xv^ii.  5.) 

KD  :  DE  ::  circle  HL  -  circle  GF  :  circle  GF; 
But  (con^^r.)  KD^DE;  therefore  the  circle  GF  is 
equal  to  the  space  included  between  the  circum- 
ferences of  G/^and  HL :  And^in  the  same  manner, 
it  may  be  shewn  that  this  space  is  equal  to  the  space 
included  between  the  circumferences  of  HL,  and  of 
the  circle  next  described'  according  to  the  construc- 
tion ;  and  so  on ;  therefore  the  circle  ABC  is  thus 
divided  into  the  required  number  of  equal  parts,  by 
the  circumferences  of  circles  that  have  the  same 
centre  with  it. 

Prop.  LXXXVI. 

101.'  Problem:  Tojind  a  circle^  iohich  shall  be 
equal,  to  the  excess  of  the  greater  of  .  two  given 
circles  iibove'the  less. 

Find  (Supp.  Ixxv.  1;)  a  square  which  «||ali  \f^ 
equal  to  the  excess  of  the  square  of  the  diameter  of 
the  greater  circle  above  the  square  of  the  diapeter  of 
th^  less :  It  is  manifest  from  E.  ii.  12.  and  B.  xviL  1^., 
that  the  side  of  the  square   so  found  will  be  the 
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diameter  of  the  circle,  which  is  equal  to  the  excess 
of  the  greater  of  the  given  circles  above  the  less. 

Prop.  LXXXVII. 

102.  Problem.  To  find  a  circle  to  which  a  given 
circle  shall  have  the  same  ratio,  as  that  which  one 
given  straight  line  has  to  another. 

Find  (E.  xii.  6.)  a  fourth  proportional  (L)  to  the 
two  given  straight  lines  {A)  and  (B)  and  to  the 
diameter  (D)  of  the  given  circle;  find^  also,  (£. 
xiii.  6.)  a  mean  proportional  (M)  between  the  di- 
ameter (JD)  of  the  given  circle,  and  the  fourth  pro- 
portional (L)  first  found; 

therefore  (E.  xx.  6.  Cor.  2.)  D"  :  M^  ::  D  :  L; 

and  (constr.)  D  :    L    ::  A  :  B; 
therefore  (E.  xi.  5.)  D^  :  M*  ::  A  :  B; 
therefore  (E.  ii.  12.)  the  given  circle  has  to  a  circle 
described  on  M,  as  a  diameter^  the  same  ratio  as 
that  which  A  has  to  B. 

Prop.  LXXXVIU. 

103.  Theorem.  Jff',  in  any  given  circle,  two  chords 
cut  each  other  at  right  angles,  the  four  circles 
described  upon  their  segments,  as  diameters,  shaU, 
together,  be  equal  to  the  given  circle. 

FQr.(Supp.  h  3.)  the  squares  of  the  fpur  segments 
wtt,  together^  equ^l  to  the  square  of  the  diametfer : 
It  is  manifest^  Uierefore,  from  E.  xviii.  5.  and  E. 
ii.  18.,  that  the  cirdes  described  on  the  four  s^ 
m^Qts  of  the  chords  are,  together,  equal  to  the  given 
.circle. 
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Prop.  LXXXIX. 

104.  Theobem.  a  circle  is  equal  to  the  half  of 
the  rectangle  contained  by  its  semi-diameter  and  by 
a  straight  line  which  is  equal  to  its  drcarnference. 

Let  ABCD  be  a  circle,  and  let  F  be  the  half  of 


J 


the  rectangle  contained  by  its  semi^-diameter  and  by 
a  straight  line  equal  to  its  circumference:  The 
circle  ABCD  is  equal  to  the  rectangle  F, 

For  if  it  be  not  equal,  it  is  either  greater,  or  less^ 
than  it.  If  it  be  possible,  let  F<  the  circle  ABCD; 
therefore  (E.  ii.  12.)  a  polygon  ABCDE  may  be 
inscribed  in  the  circle,  which  shall  be  greater  than  F. 

Find  (E.  i.  3.)  the  centre  G,  and  from   G  draw 

(E.  xii.  1.)  GS  perpendicular  to  any  side  CD^  of 
ABCDE,  and  join  G,  D.  Then  it  may  be  assumed 
thfit  the  circumference  of  the  circle  is  greater  than 
the  perimeter  of  the  inscribed  figure  ^£CD£;  and 

(£•  xvii.  and  xix.  1.)  GD  >  GH;  therefore  the  rect- 
angle contained  by  the  circumference  and  the  semi* 
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diameter  of  the  circle  is  greater  than  that  contained 
by  GH,  and  the  perimeter  of  ABCDE,  which  latter 
rectangle  (E.  xli.  1.  and  E-  j.  2.)  is  the  double  of  the 
polygon  ABCDE;  therefore  F>ABCDE;  and  it 
is  also  less ;  which  is  absurd. 

But,  if  it  be  possible,  let  F  be  greater  than  the 
circle.  Then  (E.  ii,  12.)  a  polygon  KLMNX  may 
be  described  about  the  circle,  which  shall  be  less 
than  F;  join  the  centre  G,  and  any  of  the  points  of 
contact  0;  and  since  it  may  be  assumed  that  the 
perimeter  of  KLMNX  is  greater  than  the  circum- 
ference of  the  circle,  the  rectangle  contained  by  the 
perimeter  of  KLMNX  and  UO,  which  rectangle  is 
the  double  of  KLMNX,  is  greater  than  the  rect- 
angle contained  by  the  circumference  of  the  circle 
and  GO;  therefore  the  circumscribed  polygon 
KLMNX  >  F;  and  it  is  also  less ;  which  is  absurd. 
Therefore,  the  circle  ABCD  can  neither  be  greater, 
nor  less,  than  F;  that  is,  it  is  equal  to  F. 

105.  Cor.  The  circumferences  of  circles  are  to 
one  another  as  their  semi-diameters. 

Kop.  XC. 

106.  Theorem.  A  circle  is  a  mean  proportional 
between  any  regular  polygon,  described  about  it,  and 
a  similar  polygon,  the  perimeter  of  which  is  equal  to 
the  circumference  of  the  circle. 

For  if  there  be  taken  a  straight  line  (P)  -equal  to 
the  perimeter  of  the  regular  polygon  described  about 
the  circle,  and  another  straight  line  (p)  equal  to  the 
perimeter  of  the  similar  polygon*  or  (%p.)  equal  to 
the  circumference  of  the  circle,  then  (E.  xx.  6.  and 
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E.  xxii.  6.)  the  polygi^ti,  described  about  the  ctrde^ 
is  to  the  similar  polygon^  as  P*  is  to  p' :  But  (Supp. 
ii.  4.  Car.  3.)  the  polygon^  described  about  the  cirde, 
16  the  half  of  the  rectitigle  contained  by  P  and  the 
circle's  semi-diameter;  and  (Supp.  Ixxxix.  6.)  the 
circle  is  the  half  of  the  rectangle  contained  byp; 
Hud  by  the  circle's  fttnt-diameter ;  therefore  (E.  i.  6.) 
that  polygon  is  to  the  cirdc/as  i^  is  to  p;  and  it  has 
been  sh^wn  to  be  td^the  similar  polygon,  as  jP^  is  to 
f?;  therefore  it  has  to  the  similar  pdygon  a  ratio, 
the  duplicate  of  that  which  it  has  to  the  cirde; 
therefore  the  cirde  is  a  mean  proportional  between 
l;h^  twp  siqnilar  polygons. 
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Prop.  I. 

1 .  Thbobem.  If  two  chords  i^  ^  cjrflp  cui  each 
other  at  right  anglea,  either  pair  of  opposite  arches, 
intercepted  between  them^  is  equal  to  the  semi-cir- 
cumference  of  the  circle. 

In  the  cirp|«  ABC,  let  the  chords  AB,  CD,  cut 


each  other  at  right  angles :  AC+  DB  shall  be  equal 
to  the*  circumference  of  the  circle. 
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For  draw  (E.  xi.  1.)  the  chord  BE  perpendicular 
to  AB;  and  therefore  (E.  xxviii.  1.)  parallel  to  DC; 

wherefore  (Supp.  Iv.  3.)  ACl^  is  the  semt-circam* 

ference;  also  (Supp.  xxxv.  3.)  dI^szC^;  therefore 

AC-^nB^AC-k-CE,  the  semi-circumference. 

2.  ScHouuM.  In  like  manner  it  may  be  shewn, 
that  if  two  chords  of  a  circle,  produced,  meet  each 
other  at  right  angles^  the  differences  of  the  arches, 
intercepted  between  them,  shall  be  equal  to  the  semi* 
circumference  of  the  circle.  Thus  it  appears,  that, 
if  two  straight  lines,  at  right  angles  to  each  other, 
cot  a  circle,  they  shall  cut  off  an  arch  equal  to,  less 
than,  or  greater  than,  the  semi-circumference,  ac- 
cordingly as  the  angular  point  is  in  the  circumference, 
is  nearer  to  the  centre  than  the  circumference  is,  or 
is  without  the  circle. 

Prop.  II. 

'  S.  Theorem.  If  three  equal  chords  of  m  circle 
cut  one  another  in  the  same  point,  toithin  the  ctrcfe, 
that  point  is  the  centre^  and  the  chords  are  diameters 
of  the  circle. 

Let  the  three  equal  chords  AB,  CD,  EF^  of  the 
circle  AFE  cut  one  another  in  the  same  point  K^ 
within  the  circle :  K  is  the  centre  of  the  circle. 

For  draw  CA,  AE,  DB,  SF;   then   (hyp.  and 

E.  xxviii.  3.)  BCAssDBt^;  take  away  the  common 

part  ^Fb,  and  ^"sId^;   therefore  (E.  nix.  3.) 
AC^DB;  also,  (E.  xxi.  3.)  z  C^JB=:  /  CDB,  and 
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(E.  XV.  1.)  tCKA-  iBKDi  therefore  (E.xxtrl.  i.) 


KA=KD.    And,  in  the  same  manner,  it  may  be 
shewn  that  JirF=/ry4; 

.'.  KA^KF^KD, 
and  (E.  he.  3.)  K  is  the  centre  of  the  circle. 

4.  Cor.  Through  a  pointy  within  a  given  circle, 
which  is  not  the  centre,  there  cannot  be  drawn  more 
than  two  eqaal  chords. 

Peop.  hi. 

5.  PaonLEM.  To  find  the  locus  of  the  extremiUeB 
of  all  the  straight  UneSj  that  can  be  drawn  from  the 
eireuntference  of  a  gifoen  circle^  toward  the  same 
partSy  each  of  them  parallel  and  equal  to  a  given 
finite  straight  Une. 

ABC  is  a  circle,  D  a  finite  straight  line:  it  is  re* 
quired  to  find  the  locus  of  the  extremities  of  all 
straight  lines  drawn  from  the  circumference  of  the 
given  circle  towards  the  same  parts,  and  equal  and 
parallel  to  />. 

Draw  a  diameter  BC  parallel  to  D,  and  in  BC 
produced  in  the  direction  in  which  the  straight  lines 


see 
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krk  to  be  drawn,   tiiake   dE^D:    tel  K 


tU 


centre,  from  KE  cut  off  KL = D.  With  L  as  centre» 
and  at  distance  LE  describe  a  circle  EFG,  Tbe 
circle  EFO  is  the  locus  required. 

For,  let  a  point  P  be  taken  any  where  tn  the 

circumference  ABC;  join  P,  K;  draw  LQ  parallel 

ta  PKy  meeting  ^F^  in  Q;  join  P,  O. 

Since  KL^D  and  CE^D;  r.KL^CE,  and 
the  part  CL  being  commcHi,  KC^LE;  but  £P= 
A:C,  and  LQ  =  L£;  /.  £Q  ^  KP^  and  LQ  was 

4rftwn  fimiUA  to  i^P,  sb.  tbiLt  PQ,  Kh  jo! A  equal 
and  parallel  stitiight  lines  KP»  LQ  tdwacds  the  same 
parts,;  therafoise  they  are  also  equal  and  paralM; 
tat  KL  if  equal  and  pAtaUel  to  l>;.thinBfore  (E; 
xxxiii.  1.)  also  PQ  is  equal  and  paiAlleF  t^.jD:  that 
IS,  if  from  any  point  P'  in  the  circumference  ABC, 
a  straight  Ifh^  PQ  be  drawn  equal  and  parallel  to 
1>,  ltd  extremity  Q  m\\  he  situated  in  the  circum- 
ference £FC; 

'  6.  Cor.  Since  PK  is  parallel  to  QL^  and  KL 
meets  them,  therefore  (E.  xxix.  1.)  ^PKC^  z  QLE; 

therefore    (E.  xxvi.  3.)  PC«^:    and,  in   like 
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manner  it  may  be  shewn,  that^  if  any  othei"  straight 
line  AS  be  drawn  parallel  to  KL,  RC^SE;  where- 
fore, PR  and  OS,  which  were  the  aggregates,  or 
the  differences,  of  equal  arches,  are  equal  to  one 
another.  Straight  lines,  therefore,  drawn  parallel 
to  that  which  joins  the  centres  of  two  equal  circles, 
cut  off,  from  their  circumferences,  equal  arches. 

Prop.  IV. 

• 

7.  Theorem.  If  a  chord  of  the  greater  of  two 
concentric  circles,  cut  the  less  of  them,  it's  segments, 
between  the  two  circumferences,  shall  be  equal  to  one 
mnbther. 

For  if,  from  the  common  centre,  a  stra^ht  line 
be  drawn  at  right  angles  to  the  chord,  it  shall  (E.  iii. 
3.)  bisect  both  the  whole  chord,  and  that  part  of  it, 
which  is  a  chord  of  the  lesser  circle.  It  is  manifest, 
th^ltefbre,  that,  if  from  the  halves  of  the  greater  of 
these  two  chords,  there  be  taken  the  halves  of  the 
liisB,  tech  ftom  each,  the  remaining  parts,  which  ai^e 
th^e  segmetits  between  the  two  circumferences,  will 
be  equal* 

Pm6*.  V. 

.  8.  Theorem.  J^  any  number  of  chords  of  the 
greater  of  two  concentric  circles,  cut  the  less,  the 
rectangles  contained  by  the  two  segments,  into  which 
each  of  them  is  dioided  by  the  circumference  of  the 
less  circle,  shall  be  equal  to  one  another. 

Let  AB,  PQ,  be  any  two  chords  of  the  greater 
of  two  circles  ABC,  DEF^  which  have  a  common 
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centre  K;  and  let  Ihero  be  cut,  by  the  circutn- 


k^O 


ference  of  DEF,  in  the  points  D  and   E.    Then 
'JBxDB^PBxEQ. 

For  join  K^  D,  and  produce  KD^  both  ways^  to 
meet  the  circumference  of  ABC  in  G  and  C 
Wherefore  (E.  xxxv.  3.)  AD  x  DB  :r^6Dx  DC, 
which  is  the  rectangle  contained  by  the  aggregate, 
and  the  difference,  of  the  semi- diameters  of  the 
j^ven  circles;  to  which  rectangle  it  may,  in  like 
manner,  be  shewn  that  PE  x  EQ  is  equal :  there- 
fore, AD  X  DB^PE  xEQ. 

9.  Cor.  If,  through  D,  HL  be  drawn  at  right 
angles  to  KG,  it  shall  (E.  xvi.  3.  Cot.)  touch  the 
circle  DEF.  and  also  (E.  iii.  3.)  shall  be  bisected  in 
D.  But  (E-  XXXV.  3.)  ADx  DB^HD  xDL. 
Wherefore^  ADxDB^^DUi  and  (E.  xiv.  3.)  DL 
n  equal  to  any  other  tangent,  drawn  from  any  point 
in  the  circumference  of  DEF^  to  meet  the  circum- 
ference of  ABC. 


WV^msf 
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Prop.  VI. 

#     * 

10.  Th£OR£m.  Of  parallel  straight  lines,  ter- 
minated by  the  amcave  circumference  of  the  greater^ 
of  two  concentric  circles^  and  the  convex  cirefim-; 
ference  of  the  less,  the  least  is  that,  which^  producedp 
passes  through  the  centre;  and  of  the  rest,  that, 
which  is  nearer  to  the  least,  is  alwin/s  less  than  the 
more  remote. 

Let  JD,  BE,  PQ,  be  parallel  straight,  lines. 


B      A 


terminated  by  the  concave  circumference  of  the 
circle  ABE,  and  the  convex  circumference  of  DEF^ 
which  circles  have  a  common  centre  K;  and  let 
j4Dy  produced,  pass  through  K:  AD  is  the  least, 
and  BE,  the  nearer  to  AD,  is  less  than  PQ,  the 
more  remote.  For,  draw  KMN,  at  right  angles  to 
JSFand  PR.    Then  (Supp.  Part  II.  v.  I .) 

liDx'DC^BEx'EF^'P^xWi. 

But  (E.  iii.  3.  and  xv.  3.)  KC>MF,  and  MF>iV«; 
also  DK>EM,  and  EM>QN;  therefore,  DC>EF, 
and  EF>QR;  therefore  AD<BE,  and  BE<PQ; 

Bb 


990       suppLBHXirr  to  neui>'»  BLBimm. 

tor  if  two  equal  rectangltt  be  apfdied  to  each  other^ 
so  that  a  right  angle  of  the  one  may  coincide  with 
a  right  mng^e  oi  the  olher^  it  is  plain  that  if  a  side  of 
Hurt  oae  be  greater  Ihaii  a  side  of  the  othePi  Ihe 
adyacent  side  «f  tM  fomer  most  be  lesa  than  thift 
ofihektter 

Paep.  vn. 

11.  Pboblbm.  To  draw^  in  a  given  circle,  a  chord, 
Hkkfi  ihall  te  ^ytai  mnd  paHrdUeHo  a  gioenJMU 
straight  Une,  not  exceedmgthe  dia$neier  of  the  circle. 

Let  ABC  be  the  given  circle^  and  D  a  finite 


straight  line,  not  exceeSihg  the  diameter:  it  i^  re- 
quired io  draw  m  AMU  a  chord  that  shaft  be  ^ij^nl 
and  parallel  to  t). 

t\iA  the  centre  K  of  AbQ  arid  ti)h>u^b  k,  dAW 
the  diameter  AB  parallel  to  J^^  if  4B^X>>  the  ttiiri^ 
is  done:  if  AB>D,  then  from  kA  and  KB  cutoff 
KE,  and  KF,  each  eqUal  to  thie  half  of  j>;  from  E 
atfi  F,  itaiw  EG  and  fff,  at  right  angles  to  4B^ 
and  let  tbem  iiieet  the  circutaiftrence  ih  G  ttftd  M^ 

Then  sbatt  ^H  be  equal  and  paralld  t6  D.    . 
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For  (El  iii.  3.  and  xiv.  3.)  EO=^FH;  wherefore 
(E.  xxxjii.  2.)  GH  is  equal  and  parallel  ta  EF-,  tM 
is,  {constr.  and  E.  xxx.  l.)  GH  is  equal  and  paraUer 
to  D. 

J«.  pROBiEM.  To  place  between  the  cancav^  cir- 
cumference  of  the  greater  of  two  given  concenfric 
circles,  and  the  convex  circumference  of  the  tew, 
a  straight  Ihte  which  shall  be  equal  and  parallel  tp 
a  ghen  finite  straight  Une,  which  is  not  greater 
than  a  tangent  drawn  from  any  point  of  the  less  to 
meet  the  greater  circumference,  and  not  less  than 
half  the  difference  of  the  diameters  of  the  two  ctr- 
des. 

Let  ABCi  DBF,  be  the  gi? eB  c»cle%.  of  wtiicb 


K  is  the  common  centre,  and  let  O  be  the  eiven 
finite  straight  line :  It  is  required  to  piece  between 

ABt  and  DBF  a  straight  line  equal  and  parallel 
to.  6. 

Tbrottgh  K  Amw  KA  parallel  to  G,  and  nieetfaig 
the  outer  circumference  in  A ;  from  ^  as  a  certi*, 

BB  2 
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at  a  distance  equal  to  O^  describe  a  circle  cutting 

UEP  in  F;  join  A^  F^  and  produce  AF  to  meet 

5^F  and  ABC,  in  H  and  L.  From  A:  draw  KM 
at  right  angles  to  AL,  and  KN  at  right  angles  to 
AK,  and  make  KN  equal  to  KM.  LAsdy,  through 
N^  draw  the  chord  CNB,  at  right  angles  to  KN, 
and  therefore  (E.  xxviii.  1.  and  E.  xxx.  1.)  paraOd 
to  6.     Then  shall  CD  he,  also^  equal  to  O. 

For  (E.  iii.  3.  and  xiv.  3.)  CN^AM,  and  DN^ 
FM;  therefore  CD^AF;  and  (conafr.)  AF^G; 
therefore  CD=0. 

13.  Cor.  In  like  manner^  may  a  straight  line 
be  placed  between  the  concave  circumferences  of 
two  given  concentric  circles,  which  shall  be  equal 
and  parallel  to  a  given  finite  straight  line:  but,  in 
this  case,  the  given  finite  straight  line  must  not  be 
greater  than  half  the  sum  of  the  diameters  of  the  two 
circles^  and  not  less  than  a  tangent  drawn  from  any 
point  of  the  less  to  meet  the  greater  circumference. 

Prop.  IX. 

14.  Problem.  Pram  a  given  pomt,  without  a 
ghen  circle,  to  draw  a  straight  line  cutting  the 
circle,  so  that  it's  segment^  which  is  withm  the 
circle,  shall  be  equal  to  a  given  straight  li»ie,  not 
greater  than  a  diameter  of  the  circle. 

Let  ABC  be  a  circle,  D  a  point  without  it^  and  E 
a  straight  line^  not  greater  than  a  diameter  of  ABC: 
it  is  required  to  draw^  from  D,  a  straight  line  cutting 
the  circle  ABC,  and  having  it's  segment,  within  the 
circle,  equal  to  E. 
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Find  the  centre  K,  and  if  E  be  equal  to  a  di- 


ameter/it  18  plain^  that  the  straight  line  joining  />, 
Kj  and  produced  to  meet  the  circumference  again 
in  B,  is  that^  which  was  to  be  drawn.  But^  if  E  be 
less  than  a  diameter,  place  (E.  i.  4.)  in  the  circle 
ABC,  the  chord  CF  equal  to  E.  From  K  dra^w  ' 
KG  perpendicular  to  CF;  from  the  centre  K^  at 
the  distance  KO,  describe  the  circle  OHI;  and 
from  D  draw  (E.  xvii.  3.)  Z)L3f  touching  the  circle 
GHI  in  H:  Then  shall  LM  be  equal  to  E. 

For  {constr.  and  E.  xviii.  3.)  KH  is  at  right  angles 
to  LM,  and  KH^KG;  therefore  (E.  xiv.  3.) 

LM^  CF:=^  E. 


Prop.  X. 

15.  Theorem.  If  from  the  extremities  of  any 
chord  of  a  circle,  straight  lines  be  drawn  at  right 
angles  to  the  chord,  they  shall  meet  any  diameter 
of  the  circle  in  points,  that  are  equidistant  from  the 
centre. 

Let  AB  be  any  chords  and  CD  any  diameter^  of 
the  circle  ABC,  and  let  AE,  AF,  drawn  at  right 
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angles  to  AB^  meet  CD  in  the  points  E  and  F\ 


E  and  F  are  equidistant  from  the  centre  of  the 
circle. 

Produce  BF  to  meet  the  circumference  in  G,  join 
j4,  G,  and  let  AG  cut  CD  in  H.  And  since  {htfp.) 
the  lABG  is  a  right  angle>  -rfG  (Supp.lv.  3.)  is 
a  diameter^  and  therefore^  H  is  the  centre  of  the 
circle.  Again  {hyp.  and  E.  xxviii.  1.)  AE  is  parallel 
to  EG;  wherefore,  (E.  xxix.  1.)  the  /.  EAH - 
aHGF,  and  (E.xv.  !•)  z  ^ZW=  /  G/TP,  and 
HA^HG;  therefore  (E. xxvi.  \.)HE^HF. 

Prop.  XI. 

16.  Theorem.  If€v)o  gwen finite  straight  lines, 
tvhich  are  neither  in  the  same  straight  Une,  nor 
parattel  to  each  other,  he  produced  so  as  to  meet, 
and  ^  the  rectangle  contained  by  the  otie  line  so 
producedy  and  the  part  of  it  produced,  be  equal  to  the 
rectangle  contained  by  the  other  line  produced,  and 
the  part  of  it  produced,  the  extremities  of  the  two 
jgiven  Hsws,  sAofl  be  in  the  citeufnfkrmce  ^  a 
eivcie. 
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iM  Ite  tviD  •tmisht  lines  JB,  CD,  mMt»  #l»a 


produced,  in  £,  and  let  AE  x  EB=:CExlEB:  the 
points  ^^  B,  D,  Cy  shall  be  in  the  circumference 
of  a  circle. 

Describe  (E.  v.  4.)  a  circle  ADB,  the  circum- 
ference of  which  shall  pgss  through  A^  B  and  D ;  it 
shall^  also,  pass  through  C  For  it  does  not  touch 
EC  in  D/ becaufiie,  then,  (E.  xxxvi.  3.)  AExEB 
would  be  equal  to  ED^;  but  (hyp.)  AExEB^ 

CExED,  which  exceeds  ED":  Wherefore,  ASh 
cuts  EC  again ;  and  if  it  does  not  cut  it  in  C,  let 
it  cut  EC  ifk  any  other  point  F;  then  (E.  xxxvi.  3. 
Cqr.)   HBxEB^FE^EDiViWi  {hyp.) 
ABxEB^CExED;  r.  CExED^FExED, 

which  is  impossible.  Wherefore,  the  circumference 
of  ADB  cannot  cnt  EC  again,  in  any  other  point 
than  C. 

17.  Thiorbm.   If,  in  any  two  given  ctrcks,  M«< 
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touch  one  another^  there  be  drawn  any  twopanikl 
diameters^  an  extremity  of  each  diameter^  and  the 
point  of  contact,  shall  lie  in  the  same  straight  line. 

Let  the  circle  ABC,  the  centre  of  which  is  F, 


touch  the  circle  BDE,  the  centre  of  which  is  G,  in 
B,  and  let  ACy  DE  beany  two  parallel  diameters: 
the  points  A,  Dy  B,  are  in  the  same  straight  h'ne. 

Join  B,  Dy  and  D,  A^  and  if  DA  be  not  in  the 
same  straight  line  with  BD^  let  BD^  produced^  meet 
AC  in  H.  Join  Fj  O ;  then  (E.  xi.  and  xii.  3.) 
FQ  produced,  passes  through  B.  And  (hyp.  and 
E.  xxix.  1.)  /^BDO^  iFHB;  but  since  G  is  the 
centre  of  BDE,  GB^GD,  and  (E.  v.  1.)  ^BDG^ 
zGBD;  wherefore,  iFBH^/iFHB,  and  (Rvi. 
1.)  FH^FB-FA;  which  is  absurd;  wherefore, 
BD^  jirodnced,  cannot  pass  through  any  other  point 
ot  AC  than  A;  that  is,  A^  D,  B,  are  in  the  same 
straight  line. 

And  the  proof  is  the  same,  when  the  circles  touch 
one  another  externaUy,  only  then  the  extremities 
of  the  diameters  must  be  taken  towards  opposite 
parts. 
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18.  Cor.  Hence^  if  in  any  number  of  circles,  that 
touch  each  other  internally,  in  the  same  point,  there 
be  drawn  diameters,  all  parallel  to  each  other^  the 
locus,  of  the  corresponding  extremities  of  the  parallel 
diameters,  will  be  a  straight  line  passing  through 
the  common  point  of  contact. 

Prop.  XIII. 

19.  Theorem.  If  two  circles  touch  each  other 
internally f  any  chord  of  the  greater  circle,  which 
touches  the  less,  shall  be  divided,  hy  the  point  of  its 
Contact,  into'  segments  that  subtend  equal  angles  at 
the  point,  in  which  the  two  circles  touch  one  another. 

Let  the  two  circles  ABC,  ADE,  touch  each  other 


in  A;  also,  let  a  chord  BDC,  oi  ABC,  touch  ADE 
in  D,  and  let  AB,  AD,  AC,  be  drawn  :  the  /:  BAD 
s  z  CAD.  Find  the  centres  K  and  L  of  the 
circles,  and  join  K,  D,  and  L,  K^  and  produce  LK 

(E.  xi.  3.)  to  -^;  produce,  also,  AD  to  meet  ABC 
in  F^  and  join  L,  F. 

Then  {hyp.  and   E.  v.  1.)    z  KAD  =  z  KDA. 
and  z  LAF  ^  z  LFA;    /.  z  KDA  =  z  LFA,  and 
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(£.  xEYiii.  l.)iLFi«  paraUel  to  KD;  bikt  {l^.BnA  E. 
Eviti.  3.)  KD  »  at  right  angles  to  BC;  wherefore 
(E.  xxiz.  1.)  LF  10  at  right  angles  to  BQ  and 

(E.  XEX.  3.)  bisects  J^Ft;  therefore,  (E.  xxvii.  3.) 

/  BAF^  JL  CAF. 

Prop.  XIV. 

90.  Theorem.  If  two  equal  chords,  in  a  given 
circle,  cut  one  another,  the  segments  of  the  one  shall 
be  eqtunl  to  the  segments  of  the  other,  each  to  each. 

In  the  cifole  ABC,  let  the  two  equal  chords  AB, 


CD,  cat  each  other  in  E :  AE^EC,  and  DE^  EB. 
For  join   D,  B :    then  {hyp.  and  E.  xxviii.  3.) 

ADB=CDB;   take  away  the  common  arch  DB, 

and^=CB;  wherefore  (E.  xxvii.  3.)  i  ABD^ 
^CDB;  therefore  (E.vi.  1.)  DE^EB;  and  (hyp.) 
AB^  CD;  if,  therefore,  from  these  equals^  there  be 
taken  D^and  EB,  it  is  plain  that  AE^EC. 

Prop.  XV. 

%\ .    Problem.    To  draw  two  tangents  to  a  given 
cirele,  tokich  shall  make  wUhnme  another  an  angle. 
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equ(d  to  a  giden  angle  ;  and  shtM  meet  in  a  gwen 
Mameter  ffrodmced. 

Let  JBC  be  the  given  circle.  K  being  its  centre 


— X 


BC  the  given  diameter,  and  DEF  the  given  angle : 
It  is  required  to  draw  two  tangents  to  the  circle 
ABC,  which  shall  meet  in  JSC  produced^  imd  which 
sfaali  include  an  angle  eqnal  to  DSF. 

Produce  DE  to  X;  bisect  the  tJ^FEX  by  E  V; 
at  the  point  K^  in  CK,  make  (E.  xxiii.  1.)  the 
XB  CKJ,  CKH,  each  equal  to  FEY  or  XEY; 
feom  A  draw  AG  at  right  angles  to  KA,  meeting 
BC  produced  in  Gf;.  and  join  O,  H;  GA  and  GH 
are  the  tangents  which  were  to  be  drawn. 

For  {constT.  and  E.  iv.  1.)  the  z  GHK^  z  GAK, 
which  ijoonstr.)  is  a  right  angle.  Wherefore  (E. 
xvi.  3.  Car.)  GA  and  GH  touch  the  circle. 

Again  (E.  xxxii.  1.  Cor.  1.)   the  two    zs  AKH, 

AGH,  are  together  equal  to  two  right  angles^  as  are^ 

also,  the  two  i  s  DEF,  FEK,  of  which  {constr.)  the 

z  FEK  «  I  AKH :    Wherefore   the    z  ^Gfl^  = 

z  DEF. 

Prop.  XVI. 

82.  PROBLEM.  In  ike  slrBigM  line,  joini^  the 
centres  of  txoo  given  drcleSf  that  lie  wholfy  toithoul 


I 
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one  another,  to  find  a  point,  from  which  if  too  ton- 
gent%  be  drawn  to  the  two  circles,  they  shall  make 
equal  angles  with  that  line. 

Let  KL  join  the  centres  K  and  L,  of  the  two 


circles  ABC,  DEF;  it  is  required  to  find  in  KL  a 
pointy  from  which  if  two  tangents  be  drawn^  one  to 
ABCf  the  other  to  D^JF^  they  shall  make  equal 
angles  with  KL. 

Draw  (Supp.  lii.  3.)  BF  touching  the  two  given 
circles  on  contrary  sides,  and  let  it  cut  KL  in  O, 
and  meet  DEF  in  F:  6  is  the  point  which  was  to 
be  found. 

For,  from  G,  draw  the  tangent  GE,  and  join 
L,E,  and  L,  F.  Then  (E.  xxxvi.3.)  GE^GF; 
also,  LE  =  LF,  and  GL  is  common  to  the  two 
AS  GEL,  GFL;  therefore  (E.  viii.  1.)  z  EGL^ 
LGF;  and  (E.  xv.  1.)  ^LGF:^  ^BGK;  .\  ^EGL 
=  I  BGK. 

Prop.  XVII. 

23.  Theorem.  If  two  arches  of  unequal  circles 
babe  a  common  chords  the  arch,  which  belongs  to  the 
greater  circle,  shall  have  the  less  sagilta. 
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Let  the  circles  ABE,  ABF,  of  which  ABF  is  tha 


greater,  cut  each  other  in  A  and  B,  and  let  ADS, 
AC^,  have  a  common  chord  AB;   the  sagitta  of 

ADB  is  less  than  the  sagitta  of  ACB. 

Find  the  centres,  K  and  L,  of  ABE  and  ABF; 
join  L,  K;  let  LK  cot  ^B  in  G,  and  produce  LiST 
to  meet  the  circumferences  in  E  and  F:  then  (Supp. 
.  3.)  UT bisects  AB  at  right  angles,  in  O:  Where- 
fore GD  is  the  sagitta  of  ADh,  and   GC  is  the 

sagitta  of  ACB.    Join  L,  A  and  i^,  u^.     And  since 

(hyp.)  LA  >  KA,  Ll^  >  KA^;   but  (E.  xlvii.  1.) 

XG*  is  the  excess  of  ZZ3*  above  A&,  and  J^*  is 

the  excess  of  KA*  above  the  same  AG'^; 

/.  L<?>KG*;  .\LG>KG; 
also  FL  >  EK;    /.  1?TG  >  JSG. 
But  (E.  XXXV.  3.) 

TG  X  GD^aG  X  J?B^EG  X  GC; 

.'.  FGx  UD  =  EGx  GC; 

and  since  FG  >  EG,  GD  <  GC; 

as  was  shewn  in  the  course  of  the  dhnonstration  of 

Prop.  6. 
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Prop.  XVIII. 

^.  Theobsm.  If  the  arch  cf  a  segment  of  a 
circle  be  dimded  into  angi  two  parts,  the  chord  of  the 
whole  arch  shall  exceed  the  chord  of  the  one  part,  bjf 
the  double  of  the  segment^  which  is  cut  off  from  the 
chord  of^the  whole  arch,  by  a  straight  line  drawn  at 
right  angles  to  it,  from  the  bisection  of  the  other 
part* 

Let  ABC  be  a  segnent  of  a  circle,  and  let  ABC, 


the  chord  of  which  is  AC,  be  divided  into  any  two 

parts  in  F;  also  let  FC  be  bisected  in  B,  let  BD  be 
drawn  at  right  angles  to  AC,  and  let  ^^  F  be  joined, 

then  AC^AF+fiDC. 
From  DA  cat  off  DE,  equal  to  DC,  and  join 
E,  B,  and  E,  F,  and  F,  B,  and  B,  C;  wherefore 

(hyp.  and  E.  iv.  i,)  BE  «  BC,  and  (B.  xxix.  3.) 


=  «F;    ..BF:=^BE, 

and  (E.  v.  l.)   /  BFE«  /  SEF; 
bnt  (E.  xxii  3.)  z  AFB+  l  ACB  is  equal  to  two 
right  angles,  as  is,  also,  i  ^E£+  z  BECi 

.\  z  AFB+  L  ACB^  I  AFM^  z  1URC, 
and  (%p.  and  &  iy.  l.) 

i.  BBC  a  /  ECB  or  /  JCB; 

.-.  z  jiFB  =  /  AEB; 

take  firom  these  the  equal  angles  BFE,  BEF,  and 
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there  remaiM  the  i  AFE^  i  AEF\  tberefMe  (G. 
vi.  1.)  AF^AE; 

.'.  AC^AE^EC=AF-^2DC. 

25.  Cor.  In  like  mannerj  \tAFhe  bisected  in  H^ 
and  if  HO  be  drawn  at  right  angles  to  ^C^ 

_JiC^CF+  2  AG; 

/.  aAC:^AF+FC+2[A0  +  DC), 
and  AC:=:i(AF+FC)+{^G+DC). 

26.  Scholium.  The  figure,  represents  a  segment 
less  than  a  semi-circle;  but  the  same  proof  is  appli- 
cable to  the  other  two  cases^  only  if  one  of  the  points 
6j  2>,  (suppose  Dy)  should  be  in  AC  produced^  then 
will  AC  be  less  than  AF,  instead  of  greater  than  it 
by  twice  AC  And,  by  the  help  of  this  Proposition^ 
if  any  two  arches  and  their  chords^  and  the  chord  of 
their  sum  be  given^  the  chord  of  the  half  of  either 
of  the  arches  may  be  found. 

Peop.  XIX. 

27.  Tbeorbm.  If  the  curve  of  a  semi-circle  be 
subtended  by  any  three  chords^  the  square  of  the 
diameter  shall  exceed  the  squares  of  the  three  chords^ 
by  ttoice  the  rectangle  contained  by  the  middle  chord, 
'and  the  part  of  it  produced,  intercepted  between  its 
extremity,  and  the  perpendicular  drawn  to  it  from 
the  extremity  of  the  diameter. 

Lat  the  curre  of  the  semi^rde  ABCD  be  sub^ 
tended  by  the  three  chords  AB,  BC,  CD;  and  Aom 
A  tiie  Md  of  the  dinroeter  JS>,  let  JDS  be  dMwa 
a4  nght  angfes  to  BC  produced,  and  meetiig  it 
in  JB :       _       _     

liien,  A&^AB'^BC'+CB'+iBCxCB. 
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Join  B,  D;  and^  since  (£.  xxxi.  3.)  the  £ABD  is  a 
right  ang;le,  (E.  xlvii.  1.) 


and  (E.  xii.  2.) 

BUfz^Ba+Ciy^^BCy^CE: 
.\  Aiy^AB'^BC'+CD'+2BC  x  CE. 

Prop.  XX. 

28.  Problem.  TjT  any  number  of  quadrilateral 
rectiUneal  figures  he  inscribed  in  a  given  circle^ 
tuning  the  same  chord  for  their  common  base,  and 
a  diameter  of  the  circle,  for  the  side  opposite  to  the 
basCj  to  find  the  locus  of  the  intersections  of  their 
two  diagonals  in  each  of  them. 


Let  ABCD  be  the  given  circle^  of  which  DC  is 
a  given  chord :  It  is  required  to  find  the  locus  of 
the  intersections  of  the  diagonals  in  each  of  any 
number  of  quadrilateral  rectilineal  figures^  inscribed 
in  ABCD,  having  DC  for  their  common  base,  and 
a  diameter  of  the  circle  for  the  side  opposite  to  it. 

From  D  and  C  draw  the  two  tangents  DE,  CE, 
and  let  them  meet  in  E :  then  if  a  circle  be  described 
from  £  as  a  centre,  at  the  distance  ED,  its  circum- 
ference is  the  locus,  which  was  to  be  found. 

For  let  ADCB  be  any  sucii  quadrilateral  figure. 


^    ^m 
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having  DC  for  its  base,  and  any  diameter  AB,  of 


the  circle  for  its  opposite  side.  Draw  the  diagonals 
ACy  BD,  cutting*  each  other  in  F,  and  join  JS,  F: 
produce  DE  to  M,   so  that  DE  -  EM,  and  join 

The  z  .-IDE,  {hyp.  and  E.  xxxi.  3.)  is  a  right 
angle;  wherefore  (E.  xxxii.  1.)  the  z  DAB  + 
/  DBA,  is  equal  to  a  right  angle ;  but  (E.  xxxii.  3.) 
the  z  DAB^  z  FDE,  and  (E.  xxi.  3.)  the  z  DBA 
=  z  FCD;  therefore  the  z  FDE  +  z  /TCD  is  equal 
to  a  right  angle.  Again  since  ED = EC  =^  EM,  it  is 
plain  that  a  circle  described  upon  DM  as  a  diameter 
will  pass  through  C;  wherefore  (E.  xxxi.  3.)  the 
z  DCM  is  a  right  angle ; 

.-.  z  FDE  +  z  FCD  +  z  DCM, 
is  equal  to  two  right  angles ;  but  z  FCD  +  z  Z>CM 
is  the  z  FC3/  of  the  quadrilateral  figure  DFCM, 
the  four  angles  of  which  are  (E.  xxxii.  1.  Car.  I.) 
together  equal  to  four  right  angles;  and  z  Fl)M 

Cc 
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+  z  FCM  has  been  shewn  to  be  equal  to  two  right 
angles;  /.  z  DFC+  z  DMC  is  equal  to  two  right 
angles,  and  {conv.*  E.  xxii.  2.)  a  circle  described 
about  DCMy  will  also  pass  through  F\  but  since 
ED ^ EC ^  EM,  E  is  (E.  xix.  3.)  the  centre  of  the 
circle  so  described;  .-.  EF^ED.  Therefore  all 
the  intersections  of  the  diagonals  are  equidistant 
from  E,  and  each  of  them  will  be  found  in  the  cir- 
cumference of  a  circle  described  irom  £  as  a  centre, 
at  the  distance  ED  or  EC. 

29-  Cor.  If  EFhe  produced  to  meet  JB  in  G, 
the  angles  at  O  are  right  angles.  For  since  JEF= 
EC,  the  z  EFC^  z  £CF=  (E.  xxxii.  1.)  z  JBC; 
but  (E.  XV.  1.)  z  AFG  =  z  EFC;  /.  z  JFG  = 
z  ABC,  and  z  BAC  is  common  to  the  two  triangles 
AGF,  ACB;  wherefore  the  third  angle  AGF,  is 
equal  to  the  third  angle  ACB,  which  (E.  xxxi.  3.)  is 
a  right  angle. 

Prop.  XXL 

30.  Problem.  Through  two  gifoen  points  in  a 
diameter  of  a  ghen  eirde,  both  on  the  same  side  of 
the  centre,  to  drew  two  parallel  chords,  which  shall 
intercept  the  two  greatest  arches. 

Let  J^  G,  be  two  given  points,  in  the  diameter  AC 
of  the  circle  A  BCD,  both  on  the  same  side  of  the 
centre  E:  it  is  required  to  draw,  through  F,  G,  two 
parallel  chords,  which  shall  intercept  the  greatest 
arches. 

Through  F,  G,  draw  the  chords  HI,  KL,  each  at 
right  angles  to  AC,  and  therefore  (E.  xxviii.  1.)  pa- 

*  The  converse  of  £.  xxii.  3.  is  easily  demonstraled  ex  ahturia^ 
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rallel  to  each  other :  they  AM  intercept  the  greatest 
arches. 
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For  through  F^  G,  draw  any  other  two  parallel 
chords  PQ,  RS;  from  E  draw  EMN  perpendicular 
to  RS,  and  therefore  also  perpendicular  to  PQ.  And 
since  the  z  s  EM6,  ENF,  are  right  angles, 

EG  >  EM,  and  EF>  EN; 
from  EG,  therefore^  cut  off  Em  equal  to  EM,  and 
from  EF  cut  off  En  equal  to  EN,  and  through  m, 
n,  draw  the  chords  rms,  pnq,  parallel  to  HI  or  KL. 

Wherefore  {canstr.  and  E.  xiv.  3.) 

rssiRS,  and  pq-PQ; 
therefore  (E.  xxviii.  3.) 

rJa  =  ^A^;  and  pTq  =  Pl^ 

Therefore  the  diflferenee  of  rAs  and  pjif  is  e%ual  to 

the  difference  of  jC#i$and  PAQ;  and(Supp.xxxv.3.) 

CC2 
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the  arches  of  a  circle,  induded  between  two  parallel 
chords^  bein^  equal  to  one  another. 

Lastly,  join  H^  K,  and  p,  r;  draw  Og  at  right 
an^es  to  PQ;  and  from  H,  p,  draw  HT,  pt,  at 
right  angles  to  KL  and  rs,  respectively.    Then,  if 

pq  fell  between  HI  and  KL,  it  is  manifest  that  HK 
and  pt  will  cut  one  another  in  some  point  X;  where- 
fore (E.  xvi.  1.)  the  z  Kxt,  (which  is  equal  to  the 
/  KHT,)  is  greater  than  the  Lrpf;  and,  since 

pt=:nm^  NM  =  Og, 

and  that  HT^GF,  and  GF>  Gg; 
therefore  HT  >  pt ;   and  it  has  been  shewn  that 

L  KHT  >  ^rpt;  /.  HK  >  pr; 

therefore  (Supp.  xlii.  3.)  nK  >  pr  or  PR. 
But  if  pq  fall  between  KL  and  rs,  it  is  plain  that 

pA8  >HAL;  .\  £prt>  A  HKT; 
/.  KHT  >  zrpt  9LS  before ;  and  HT  is  also  greater 

than  pt;  wherefore^  as  before,  HK  >pr,  or  PR. 

Prop.  XXIU 

30.  Theorem.  If  a  quadrilaterai  rectilineal 
.figure,  having  two  of  its  sides  parallel,  be  described 
about  a  circle,  a  straight  line  drawn  through  the 
centre  of  the  circle,  parallel  to  either  of  the  two 
parallel  sides,  and  terminated  by  the  other  two  sides 
shall  be  equal  to  a  fourth  part  of  the  perimeter  of  the 

figure. 

» 

Let  ABCD  be  a  quadrilateral  rectilineal  figure 
described  about  the  circle  EFGH,  having  the  side 
AD  parallel  to  BC;  and  through  the  centre  K  let 
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there  be  drawn  LKM  |iarallel  to  AD  or  BC,  and 


meeting  AB  and  DC  in  L  and  M:  LM  is  equal  to 
a  fourth  part  of  the  perimeter  of  ABCD. 

For  let  Ah  and  BC  touch  the  circle  in  Fand  Ol 
join  K,  A,  and  iiT,  F,  and  Kj  B,  and  iST,  G.    Then 
(E.  xxxvi.  3.)  BF=BG,  also  KF^KO,  and  iSiSTis 
common  to  the  two  as  BFK,  BGK\  therefore 
(Rviii.  1.)   lFBK^a  GBK; 

but  {constr.  and  ]B,  xxix.  1.)   ^  GBK=  z  BKL; 

.-.  z  lba:  =  z  L^fi, 

and,  (E.  vi.  I.)  LK^LB. 
In  the  same  manner  it  may  be  shewn^  that  LK—LA, 
that  KM-  MC^  MD.  Wherefore,  LM  is  equal  to 
the  half  of  the  aggregate  of  AB  and  DC,  which 
aggregate  is  equal  to  the  semi-perimeter  of  ABCD. 
Therefore,  LM  is  equal  to  a  fourth  part  of  the 
perimeter  of  ABCD. 

SJ.    Cor.    Of  all  quadrilateral  rectilineal  figures, 
described  about  the  same  circle,  and  having  two  of 
their  sides  parallel^  the  square  has  the  least  perimeter. 

S3.     Def.    Curve   lines  being  supposed  to  be 
generated  by  the  continual  motion  of  a  pointy  a  curve 
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is  said  to  be  of  uniform  curvature,  when  its  gene- 
rating pointy  in  describing  equal  arches^  undergoes 
equal  changes  of  direction. 

Prop.  XXIII. 

33.    Theorem.    The  circun^erence  of  a  circk  is 
a  curve  of  uniform  curvature. 

The  figure  ABQ  supposed  to  be  described  by  the 


revolution  of  any  finite  straight  line  KA,  about  the 
fixt  point  A,  in  the  same  plane^  is  manifestly  a  plane 

figure  contained  by  the  line  ABc,  to  which  all 
straight  lines,  drawn  from  Ky  are  equal  to  one 
another;    therefore  (E.  Def.  xv.  1.)  it  is  a  circle, 

having  K  for  its  centre,  and  ABC  for  its  circum* 
ference^  which  circumference  is  described  by  the 
motion  of  the  point  A. 

The  circumference  ABC  is  a  curve  of  uniform 
curvature. 

For  let  AB  be  any  arch  of  ABC;  draw  fix>m  the 
points  A  and  B,  the  straight  lines  AX,  BY,  touch- 
ing the  circle^  and  join  K,  A,  and  K,  B.     Then 


■Bi 


mm 


mm 
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(E.  xviii.  3.)  the  two  z  s  KAD,  KBD,  are  right  angles ; 
therefore  (E.  xxxii.  1 .  Cor.  l .)  the  two  /  s  AKB, 
BDA,  are  together  equal  to  two  right  angles^  as 
(E.  xiii.  1.)  are  also  the  two  zs  BDA^  BDX; 
wherefore,  the  z  BDX^  i  AKB :  But  the  z  BDX 
measures  the  change  of  direction^  which  has  taken 
place  in  the  generating  point  between  A  and  B. 
And  if  the  generating  point  be  supposed  to  describe 

another  arch  BC  equal  to  AB,  and  if  iSC,  C  be  joined, 
it  may  in  like  manner  be  shewn  that  the  change  in 
the  direction  of  that  point,  is  measured  by  the 
z  CKB.    It  is  manifest,  also,  from  the  definition  of 

the  circle,  that  AB  may  be  applied  to  BC,  so  that 
they  shall  coincide ;  wherefore,  the  z  CKB  « 
z  BKA:  Therefore  (32)  the  circumference  is  a 
curve  of  uniform  curvature. 


Prop.  XXIV. 

34.  Theorem.  If,  from  any  of  the  angles  ofamf 
given  rectangle,  a  straight  line  can  be  drawn  cutting 
the  two  straight  lines  that  contain  the  apposite  angle, 
so  that  its  segment,  included  between  those  two  lines^ 
shall  be  the  double  of  the  rectangle's  diameter,  then 
any  given  plane  rectUineal  angle  can  he  trisected. 

For  let  ABC  he  any  given  plane  rectilineal  angle; 


c  B 

from  any  point  A,  in  AB,  draw  AC  a  perpendicular 
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to  BC;  and  complele  the  rectangle  CD:  Then^  if 
a  straight  line  JEF,  can  be  drawn  from  A,  catting 
DB,  and  CB  produced  in  E  and  F^  so  that  its  seg- 
ment EF  shall  be  the  double  of  j4B,  which  is  the 
diameter  of  CD,  the  z  ABC  may  be  trisected. 

At  the  point  i3,  make  (E.  xxiii.  1.)  the  zs  CBH, 
ABK,  each  equal  to  the  /  AFC;  then  shall  the 
three  zs  ABK,  KBH,  HBC,  be  equal  to  one 
another. 

For  bisect  EF  in  G,  and  join  B,  O;  .-.  BO  (Supp. 
xxix.  1.)  =  GE  =  GF;  therefore  (E.  v.  1,  and  E. 
xxxil.  1.)  the  /  AGB^2  l  AFB;  also  the  z  ABC 
s  z  BAF+  z  AFB;  but,  since  J3G  is  equal  to  the 
half  of  £F,  that  is,  {hyp.)  to  AB, 

the    z  BAG,  or  BAF^  z  AGB; 
wherefore  the  lABC^  i,AGB+  lAFC^S  lAFC\ 

And  the  z  s  CBH^  ABK,  were  made  equal,  each  of 
them  to  the  z  AFC;  therefore  the  z  KBH  is  also 
equal  to  the  z  AFC;  so  that  the  three  zs  ABK, 
KBH,  UBC,  into  which  the  given  z  ^J5C  is  divided, 
are  equal  to  each  other. 

Prop.  XXV. 

3 J.  Theorem.  If  ftvm  the  hypotenuse  of  a 
right-angled  triatigk,  a  segment  be  cut  off  equal  and 
adjacent  to  either  of  the  other  two  sides,  and  if  from 
the  r^ht  angle  a  perpendicular  be  draum  to  the 
hypotenuse f  the  straight  line  joining  the  right  cmgle 
and  the  end  of  the  segment,  shall  bisect  the  angle 
contained  by  the  perpendicular  and  the  third  side  of 
the  triangle. 

From  the  hypotenuse  BC,  of  the  A  ABC,  right- 
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angeled  at  ^,  let  CD  be  cut  off  equal  to  CA ;  from 
A,  let  AE  be  drawn  at  right  angles  to  BCy  and  let 
A,  D  be  joined :  AD  bisects  the  z  BAE. 

Let  a  circle  ^2>/^  described  from  Cy  as  a  centre. 


at  the  distance  CA,  or  CD^  cut  ^£  produced  in  F, 
and  join  D,  F,  and  C,  F.  And,  since  CA  =  CF, 
and  CE  is  common  to  the  two  right-angled  triangles 

AEC,  FEC,  (E.  xlvii- 1.)  AE^^FE*;  /.  AE^EF; 
and  JSD  is  common  to  the  two  right-angled  tri- 
mgles  AED,  FED;  therefore  (E.  iv.  1.)  the 
^DAEss  /,DFE;  but  (canstr.  and  E.  xvii.  3.  and 
£.  xxxii.  3.) 

^BAD^lDFE;    .'.   /^BAD^^DAE; 
and  AD  bisects  the  angle  BAE. 

Prop.  XXVL 

36.  Problem.  From  a  given  point,  in  the  dr- 
cumference  of  a  given  circle,  to  draw  a  straight  line, 
which  shall  toiAch  the  circle,  htf  the  help  only  of  the 
parallel  ruler. 
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Let  ^  be  the  g^ven  point,  in  the  given  drde 


ABC;  draw  from  A,  any  two  chords  AB,  AC; 
from  B  draw  BD  parallel  to  AC,  and  from  C  draw 
CE  parallel  to  AB;  join  D,  E;  and  through  A 
draw  XAV  parallel  to  DE :  XA¥  shall  touch  the 

circle  in  A*. 

Prom  A  draw  ^F  perpendicular  to  JBZ>,  and  join 
A,  2>,  and  ^  E.  Then  {constr.)  the  z«  ^BD, 
ACEy  being  opposite  angles  of  a  parallelogram,  are 
(E.  xniv.  1.)  eqoal  to  one  another;  and  (E-  xxi.  3.) 
i,ADE^  zACE,  and  zABD^  /.AED; 

.-.  lADE^  lAED, 
and  the  angles  at  F  are  right  angles,  and  AF  is 
common  to  the  two  as  AFD,  AFE;  .'.  EF^FD; 


*  The  above  inelhod  isj  perhaps,  the  easiest  practical  method 
of  drawing,  with  great  exactnes^y  a  tangent  to  a  cirde^  from  a 
given  point  in  die  drciunference :  And  it  has  &e  advantsige  of 
being  a  general  method :  For  it  is  alike  applicable  to  every  one 
of  the  conic  sections. 
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wherefore  (E.  iii.  3.)  AF  passes  through  the  centre 
of  the  circle ;  and  (constr.)  XAY  is  parallel  to  ED^ 
and  therefore  (E. xxix.  1.)  at  ri^t  angles  to  FA; 
wherefore  (£.  xvi.3.  Cfn^.)  X^F  touches  the  circle 
-^JSC,  in  the  gi?en  point  A. 


Prop.  XXVII. 

37.  Theorem.  The  least  square ,  which  can  he 
inscribed  in  a  given  sqiMre,  is  that  which  is  the 
half  of  the  given  square. 

Let  A  BCD  be  the  given  square :  If  its  four  sides 


be  bisected  in  the  several  points  E,  Fy  G^  H,  and  if 
these  points  be  joined,  HEFG  is  (Supp.xxxv.  1.) 
a  square:  join  E^  G;  then  (hyp.  andE. xxxiii.  1.) 
AEGD  is  a  parallelogram^  and  is  the  double  (E.  xli.  1.) 
of  the  aEGH:  and  likewise,  EBCG  is  the  double 
of  the  aEFG  ;  wherefore,  ABCD  is  the  double  of 
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the  square  EFGH:  let,  now,  PQRS  be  any  other 
square  inscribed  in  ABCD;  PQRS>EFGH. 

For(E.xiii.  1.)  the  /.aAPQ,  QPS,  are  equal  to 
two  right  angles,  as  are  also  (E.  xxzti.  1.)  the 
^sDSP,  PDS,  DPS;  and  (ht/p.)  the  zQPS  = 
£PDS;  .'.  the  ^APQ=^DSP;  and  (hyp.)  QP^ 
PS  ;  therefore  (E.  xxvi.  1.)  the  as  PAQ,  PDS, 
are  equiangular,  and  AQ=PD.  Wherefore,  (E. 
xlvii.  1.) 

Pa^  =  lP'+A^  =  AP'-\-PD'i 

but  (E.  ix.  3.) 

^P»  +  PD» = 2  J5^»  +  3  ^' : 

and  (E.  xlvii.  1.) 

ER*=AH*-i-AE^=^2AH*;   .•.PQ'>EIP. 

Prop,  XXVIII. 

!i8.  Theorem.  If  an  oblong  be  inscribed  in  a 
square  J  each  of  its  sides  ctUs  off  equal  segments  from 
the  sides  of  the  square. 

Let  the  oblong  EFGH  be  inscribed  in  the  square 
JBCD;  AE^AFy  ED^FB,  CG^CH,  and 
GB^HD. 

By  reasoning  as  in  Prop.  27>  it  may  be  shewn 
that  DH^FB,  and  ED^GB;  if,  therefore,  ED^ 
DH,  it  is  manifest  that  AE^AF,  and  CG^CK 
But  if  ED  be  not  eqnal  to  DH,  one  of  them  is  the 
greater;  let  ED  be  greater  than  DH;  from  DC 
cut  off  DKy  each  equal  to  DE;  Join  K,  G,  and 
Ej  G,  and  bisect  DCj  in  L.  And,  since />£^=Z>£ 
^GB,  and  that  CD^CB,  CK^CG;  and  (E.xxxii. 
I.)  the  Z.S  DKE,  CKG,  at  the  bases  of  the  isosceles 
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right-angled  as  EDK,  KCG,  are  each  of  them  half 


^ 


of  a  right  angle:  Wherefore,  (E.  xiii.  1.)  the 
I.EKG  is  a  right  angle. 

Therefore  (E.  xlvii.  l.) 
that  is,  (E.  xlvii.  1.) 

from  these  equals  take  the  common  parts  ED*  and 
CG\  and  there  remains  DH^+HC*^DK^+KC^; 
which  (E.  ix.  2.)  is  impossible.  Wherefore,  DE  is 
not  unequal  to  DH;  and  therefore, 

j4E=AF,ED^EB,  CG^CH,  GB=zHD. 

39.  Cor.  If  the  diameters  AC,  DB  be  drawn, 
since  the  ^DEH=^  /,DAC,  each  of  them  being 
half  of  a  right  angle,  EH  (E.  xxviii.  1.)  is  parallel 
to  ACy  and  in  the  same  manner,  it  may  be  shewn 
that  EF  is  parallel  to  DB. 
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Prop.  XXIX. 

40.  Theorem.    An  oblong  inscribed  in  a  gioen 
square,  is  less  than  the  least  square  inscribed  in  it. 

Let  PQRS  be  any  oblong  inscribed  in  the  square 


ABCD ;  and  the  sides  of  ABCD  bemg  bisected  in 
E,  F,  G,  H,  and  EF,  FG,  GH,  HE,  being  drawn, 
EFGH  is  (Supp.  Part  II.  xxvii.  1.)  the  least  square 
that  can  be  inscribed  in  ABCD ;  PQRS  is  less  than 
EFGH. 

Let  PQ  cut  EH  in  K,  and  FG  in  L;  and  let  SR 
cut  EH\n  M,  and  FG  in  N.  The  /isKEP,  KPE 
are  (Supp.  PartIL  xxviii.  1.  Qn\  and  constr.)  each 
of  them  half  of  a  right  angle ;  therefore  (E.  vi.  1 .) 
EK^KP;  and  EF,  being  equal  to  EH,  is  greater 
than  KM;  wherefore^  the  rectangle  FK  is  greater 
than  the  rectangle  PM;  and^  in  the  same  manner. 
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it  may  be  shewn  that  MG  is  greater  than  QN'; 
adding^  therefore^  KN  to  FK  +  MGy  and  also  to 
PM+  QN,  it  is  manifest,  that  EG  is  greater  than 
PR. 
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ELEMENTS  OF  EUCLID. 


PART   11. 


BOOK  II. 


Prop.  I. 

1.  Problem.  To  dwide  a  given  JinUe  straight 
Une  into  ttoo  unequal  parts,  of  which  the  less  shall 
be  a  mean  proportional  between  the  greater ^  and  the 
part  which  lies  between  the  point  of  section,  and  tkt 
middle  point  of  the  given  Une. 

Let  AB  be  a  given  line^  and  C  its  bbection :  it  is 

c 

A  i)      *     fe  B 

required^  &c. 

Trisect  (Supp.  xx.  I.)  AB  in  the  points  D  and  E\ 
then  BD  :  AD  ::  AD  :  DC 


■v^ 
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For  {constr.)  BA  :  AC  ::  BD  :  AD. 

therefore  (permutando)  BA  :  BD  ::  AC  :  AD, 

and  (dioidendo)  AD  :  BD  ::  DC  :  AD; 

therefore  {mvertendo)  BD  :  AD  ::  AD  :  DC. 


PROI^.   II. 

2.  Problem.  A  given  straight  line  being  divided 
into  any  two  parts,  to  divide  it  again,  so  that  the 
rectangle,  contained  by  the  whole  line,  and  the  part 
between  the  two  points  of  sec  turn,  shall  be  equal  to, 
the  square  of  the  part  between  the  second  point  of 
section  and  the  extremity^  nearest  to  it,  of  the  given 


Let  the  given  straight  line  AB  be  divided  in  the 

point  d:  It  18  required  to  divide  it  again  in  D,  no 
that^x  CD^DBK 

To  AB  apply  (E.xxix.  6.)  a  rectangle  equal  to 

AB  X  IBC,  and  exceeding  by  SE\  and  from  BA  cut 
o«BD  equal  to  BE:  then  AB  x  CD^DB^. 

For  {constr.)  ABxBC=^AEx^B;  that  is,  (B.  i. 
a.)  ABxMD^ABxCD^ABx  BE  +  BE^;  and 
(coMlr.)  BEt^BD;  r.  AB^BD^ABxBE,  and 
.-.  AB  X  CD^D». 


Prop   111 

3.   PapBiiBM.    A  given  straight  line  being  di: 
vided  into  any  two  part^,  to  dioide  it  agcm,  so  that 

Dd 
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the  rectangle,  contained  by  the  whole  line,  and  the 
part  between  the  points  ^  section,  shall  be  equal  to 
the  rectangle,  contained  by  the  two  parts,  into  which 
the  given  line  is  divided  by  the  second  point  of 
section. 

Let  the  (^ven  straight  line  AB  be  divided  in  the 

' n^ 

^  A  t    •    » 

point  C :  It  is  required  to  divide  it  again  in  D,  so  (hat 

ABxCD^ADxDB. 

Produce  BA  to  E,  and  make  AE  equal  to  AB; 
to  EB  apply   (£.  xxviii.  6.)  a  rectangle  equal  to 

ABxBC,  and  deficient  by  ED*:  then 

ABx  CD^ADxDB. 


For  (constr.)  ABxBC^EDxDB;  that  is, 
ABxBD+ABxCD^EAxDB+ADxDB^ 
(becsLUBeEA^AB)  ABxBD^ADxDB; 
.'.  ABx  CD^ADxDB. 


Prop.  IV. 


4.  PiumLEM.  A  straight  Une  having  been  dbniei 
Into  two  equal  parts,  to  divide  it  again,  so  that  the 
re^angle,  contained  by  tAe  two  uneqwU  parts,  dbofl 
be  to  the  square  of  the  Une  between  the  two  points  of 
section,  m  a  given  ratio. 

Let  AB  be  the  given  stnught  line,  which  has 
been  bisected  in  C»  and  let  the  given  ratio  be  that 
of  AC,  or  BC,  to  D:  It  is  required  to  divide  AB 
again  in  G,  bo  th^i  ABxGB  :  CG^  ::  AC  :  1>. 


K  —  ''f 


ifaUM" 


*mmam 
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Find  (E«  xii.  6.)  a  fourth  proportioial  to  {AC^D) 


D,  and  AC,  and  make  CE  equal  to  it ;  upon  EB^  as 
a  diameter^  detK^ribe  the  circle  EFB ;  from  C  draw 

CF  at  right  an^es  to  EB,  and  let  it  iheet  EF^  in 
J*;  then  (%i.  and  E.vii.3.)  CF<CB;  from  CB, 
therefore,  cut  off  CG  equal  to  CF,  and  6  is  the 
point,  which  was  to  be  found. 

Join  F,  E,  and  Fj  B;  and  sinoe  (E.  Kxxi  3.)  Che 
4  iSjPS  is  a  right  angle^ 
(E.  viii.  6.  Car.)  BC  :  CF  ::  CF  :  CE, 
therefore  (E.  xix.  6.  Cor.) 

BC  :  CE  ::  BC*  :  CF*  or  CG* ; 
therefore  (amstr.  and  E.  xi.  5.) 

{BC^D)  :    D    ::  BC^  :   CG*; 
therefore  (dhidendo) 

BC  :    D    ::  BC*^CG*:EG*; 
that  is.  (E.  V.  2,)  BC :    D    ::  AGxGB  :  CG*, 


Prop.  V. 

5.  Pboblem.  Ttro  /joints  C^  and  D,  being  gifoeUy 
in  aj^ite  straight  line  AB,  which,  are  neither  ^ 
them  one  ^  its  extremities^  to  find  an  it 

002 
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point  E,  such  that  the  rectangle  AE  x  EC,  ^attbe 
to  the  rectangle  BE  x  ED,  in  a  given  ratio. 

First,  if  the  g^ven  ratio  be  a  ratio  of  equality, 

£ 


d  •     6 


B 


divide  (E.  x.  6.)  CD,  in  E,  no  that 

DE  :  EC  ::  JD  :  CB, 

an^  E  is  the  point,  which  was  to  be  foand. 
;  For  {constr.  and  E.  xix.  5.) 

AE  :  EB  ::  AD  :  CB  ::  DE  :  EC; 

therefore  (E-  xvi.  6.)  AE  x  EC^BE  x  ED. 

But  if  the  given  ratio  be  not  that  of  equality,  let 

it  be  that  of  AC  to  CF;  take   (E.  xii.  6.)  DG  a 

fourth  proportional  to  AF,  FC,  and  CD ;  upon  AG, 

as  a  diameter,  describe  the  circle  AHG ;  draw  DH 

at  right  angles  to  AG,  and  let  it  meet  AlKf  in^  H; 


in  AG  produced  take  DK  tlie  double  of  DG ;  and 
in  AK  produced  take  KL  a  fourth  proportional  to 
AF^  FC,  and  AC,  and  LM  a  fourth  proportional  to 
AF,  AC  and  DB;  lastly,  bisect  DM  in  N,  join  iV; 
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Hy  and  let  the  circamference  EHP  of  the  cirde, 
described  from  iV  as  a  centre,  at  the  distance  NH^ 
cat  AB  in  Ei  E*  U  the  point  which  was  to  be 
found. 

For  (cbn«<r.  and  £.  xxxv.  3.) 

ab  xWs^mf^pBxTm^^'SiExWij; 

therefore  (£.  xvi.  6.) 

AD  :  EM  ::  ED  :  DO. 
But  (E.  i.  6.) 

AD  :  EM  ::  DAxlF  :  MExAF; 
.-.  J5D  :  I>(?  ::  DAxAF  j  MExAFi 

but  (coiMtr.  pertnutando  and  tmfb'^efMib)^ 
CD  :   AF  ::  DG^:  FC; 
and  CD  :  ^F  ::  CDxAD  :  AFxAD; 
.'.  DG  :   FC  ::  ADxTJC :  DAxAF; 

and,  (as  hath  been  shewn,) 

^D  :  DG  ::  DAxAF  :  MExAF; 
therefore  (ex  aquali,) 

ED  :  FC  ::  ADxDC  :  MExAF. 
But  (E.  i.  2.)  MExAF^ 

DExAF+DRxAF^KLx  AF+TMx  AF; 
and  (eonsfr.  and  E.  xvi.  6.) 
DJT  X  ^F=  3  :FCx  CD,  and  ^  x^«  ^x  C^ 
and  LAf  x  AF^ACx  DB; 
.'.  ED  i  FC  ::  ADxDC  :  (DE  x  AF 
+3  FCx  CD+ACx  CF+ACx  DB). 
Again,  D£  :  FC  ::  D£»  :  EDxFC; 


*  It  is  easily  shewn,  ex  abturdo,  that  the  point  E,  as  deter* 
mined  by  the  oonstruction,  fidls  between  die  two  given  points 
C  and  D. 
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therefore  AD  x  DC  is  to  the  last  mentioned  five 
rectangles,  as  DE*  :  ED  x  FC,  and  (eomponendo), 

DE  :  FC  ::  JDxDC+DE'  :  (EDxFC 
+EDxAF+iiFCx  CD  +  ACx  CF+JCxDB) ; 
hnt  DEx  FC+  DE  x  AF^  DE  x  CA, 
9nidi  AC  X  DB  Jk-  AC  X  ED^AC  X  EBi 

.'.  DE  :  FC  ::  AD  x  DC-^DE* 
:  {ACxEB+2FCxCD+ACxCF). 

Also  (B.  i.  6.) 
DE.FC  ::  (AC+2CD)xDEi  (,AC+aCD)xCF 
::  AC  X  DE+  iCDx  DE  i  ACx  CF+  aDCx  CF, 
.'.  ADieD€+DE*  :  ACxEB 
+  2FCx  CD+ACx  CF ::  ACx  ED 
+  2CDxDE  :  ACxCF±2FCxCD; 

therefore  (E.  xix.  5.)  DE  is  to  FC  as  the  excess  of 
(ADxDC+ED')  above  (ACxCD+2CDxDE) 
is  to  ACxEB;  that  is,  (E.vii.  3.)  aaAExEC  w 
ACxEB:  But(E.  i.  5.) 

AC  :  ED  ::  ACx  EB  :  BExED; 

therefore  (ex  aqvo), 

AC  :  CF  ::  AE  x  EC  :  BE  x  ED. 


Prop.  VI. 

6.  Pboblem.  To  produce  a  given  straight  Usie, 
to  fAa(  the  square  of  the  Une,  which  i»  made  up  of 
the  whole  and  the  part  produced,  together  xoith  the 
square  of  the  part  produced,  shall  be  in  a  given 
ratio  to  a  gioen  square. 

Let  AB  be  the  given  straight  line,  wd  C  the  side 
of  the  given  square ;  and  let  the  given  ratio  be  that 
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of  AB  to  D :   It  18  required  to  produce  AB  to  E, 

so  that  (^iE»+-EB*)  :  C*  ::  AB  :  D. 

Bisect  ^B  in  F;   find  (Supp.  xxi.  6.)  a  square 


which  shall  be  to  C^  as  BF  is  to  D,  and  let  G  be 
the  side  of  it ;  from  B  draw  BH  at  right  angles  to 
AB,  and  make  B^  equal  to  the  side  of  a  square^ 

which  is  the  excess  of  6*  above  the  half  of  .^S^ 
(£.  xiv.  2.  and  Supp.lxxv.  1.) ;  join  F,  H,  and  from 
the  centre  Fy  at  the  distance  FHj  describe  the  circle 
EHLy  cutting  AB  produced  in  E  and  L ;  then  is 
B  the  point  to  which  AB  was  to  be  produced. 
For  (E,  xxxv.  3.) 

LB  X  BE^BH\  that  is,  AE  x  EB^BH\ 
/.  AExEB+^AB'^BH^+^AB'^&i 
but  (conatr.)  BF  :  D  :;  &  i  C*; 

BF  :  D  ::  {AExEB+^AB')  ;  C*; 
and  (E.  iv*  5.) 

2BF  or  AB:  D  ::  {2AExEB+ABy  :  C»; 
but  (E.vii.  2.)  AB^  +  aAExEB^AE^+EB"; 
..  (AE'  +  EB*)  :  C  ::  AB  :  D. 
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Prop.  VII. 

« 

7.  Problebi  .  To  produce  a  given  straight  Une^ 
80  that  the  square  of  the  given  line,  together  witii 
twice  the  rectangle  contained  by  the  given  line  and 
the  part  produced,  shall  he  to  the  square  of  the 
part  produced,  in  a  given  ratio. 

Let  j4B  be  the  given  straight  line,  and  let  the 


given  ratio  be  that  of  ^B  to  BD,  BD  being  placed 
in  the  same  straight  line  with  AB :  It  is  required  tp 
produce  AB  to  C,  so  that 

CaB'^qJBxBC)  :  BO  ::  AB  :  BD. 

Upon  AD,  as  a  diameter,  describe  the   circle 
AED;  from  B  draw  BE  at  right  angles  to  AD, 

meeting  AED  in  E;  join  D,  E,  and  from  the 
centre  D,  at  the  distance  DE,  describe  the  circle 
FEC,  the  circumference  of  which  cuts  AB  produced 
in  C:  Then  is  C  the  point  to  which  AB  was  to  be 
produced. 

Join  A,  E;  and  (E.xxxi.3.)  the  /.AED  is  a  right 
angle ;  also  (E.  xxxv.  3.) 

BE'^ABxBD^FBxBC; 

therefore  (fi.  xvi.  6.) 

AB  :  BC  ::  FB  :  BD; 


^^ — m^wnr^^^H^vvn 
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therefore  (companendo), 

AC  :  BC  ::  FD,  or  DE  :  HD, 

and  (E.  xxii.  6.) 

]?C*  :  BC*  ::  SF  :  B/)*; 
but  (E.yiii.  6.  and  E.xx.6.) 

DE"  :  BIT::  AD  :  BD; 
therefore  (E.  xi.  5.) 

AC  :  BC  ::  AD  :  BD; 
that  is,  (E.  iv.  3.) 

(AB'+2ABxBC+BC)  :  BC*  ::  AD  :  B/>; 
therefore  (cltvideniio), 
(AB'+2ABxBC)  :  BC*  ::  ^JJ  :  BD. 


Prop.  VIIL 

8.  Problem.  To  divide  a  given  Jinile  straight 
line  into  two  parte,  so  that  the  rectangle,  contained 
by  the  whole  line,  and  the  difference  of  those  two 
parts,  shall  be  in  a  given  ratio  to  the  square  of  the 
less  of  the  two  parts. 

Let  AB  be  the  g;iven  straight  line,  and  let  the 


given  ratio  be  that  of  A  to  S:  It  is  required  to 
divide  it  into  two  parts  in  F,  so  that 

ABx  {AF-BF)  :  FE^  ::  R  :  S. 
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Produce  AB  to  C,  ao  that  BC  is  equal  to  a  fourth 
proportional  to  jR,  S,  and  AB ;  ogain^  produce  AC 
to  I>,  so  that  CD=BC;  upon  AD,  as  a  diameter, 
describe  the  circle  AED ;  from  C,  drew  CE  at  right 

angles  to  AD,  meeting  AED  in  E ;  and  from  CA 
cut  off  CF  equal  to  GE :  F  is  the  point  of  division, 
which  was  to  be  found. 

Join  A,  E,  and  D,  E ;  and  from  FA  cut  off  FG 
equal  to  FB ;  then,  (E.  xxxi.  3.  and  E.  viii.  6.) 

AC  :  CE  ::  CIS  :  CA 

that  is,  {constr.)  AC  :  CF  ::  CF  :  CB; 

therefore  (dhidendo)  AF  :  CF  ::  FB  :  BC, 

and  (permutando)  AF  :  FB  ::  CF  :  BC; 

therefore  {dividendo)  AG  :  GF  ::  FB  :  BC; 

therefore  (E.  xvii.  6.)  AGxBC=GFxFB:^FB*; 
therefore  (E.  vii.  5.) 

^AnAG  :  FB'  ::  BAxAG  :  AGxBC 

::  BA  :  BC,  (E.  i.  6.). 
But^G=(^F-FjB),  and  {constr.) 

BA  :  BC  ::  R  :  S; 
. .  y^JJ  X  (AF-  FB)  :  FjB*  ::  fi  :  S. 

Prop.  IX. 

9.  Problem.  To  divide  a  given  ^nite  gtraight 
Une  into  two  parts,  the  less  of  which  shall  he  in  a 
given  ratio  to  their  difference. 

9 

Let  AB  be  the  given  straight  line^  and  AB  to 

A  E  D  B 

J '  1 ^c 

BC  the  given  ratio:  It  is  required  to  divide  ^^jBin 
D,  80  that  DB  :  (AD-^DB)  ::  AB  :  BC. 
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Take  AD  equal  to  a  fourth  proportional  to 
(j4B+AC),  AC,  and  AB;  then  is  D  the  point  of 
division  which  was  to  be  found* 

For  from  DA  cut  off  DE  equal  to  DB;  then 

AB+AC  :  AC  ::  AB  :  AD, 
Iberefore  {dmdendo)  AB  :  AC  ::  DB  :  DA, 
and  {pemnUando)  AB  :  DB  ::  AC  :  DA; 
again  (dioidendo)  AD  :  DB  or  DE  ::  CD  :  D^, 
and  {dioidendo)  AE  :  JBD  ::  CD--DA  :  Z>-^; 
but  {hyp.  and  permufando) 

AB  +  AC  :  AB  ::  ^C  :  ^Z>; 
therefore  {dwidendo)  AC :  AB  ::  CD  :  D^; 

and  {dividendo)  BC  :  ^B  ::  CD-- DA  :  DA; 
therefore  (E.xi.  6.)  AE  :  ED ::  BC  :  AB; 

and  {mvertendo)  ED  or  DB  :  AE  ::  AB  :  BC, 
that  is,  {conatr.)  DB  :  {AD-^DB)  ::  AB  :  BC. 

10.  Scholium.  If  the  given  ratio  be  a  ratio  of 
equality^  it  is  manifest  that  the  straight  line  AB  U, 
by  this  construction^  cut  in  extreme  and  mean 
untkuMtic  ratio;  which  is  more  easily  effected^  by 
trisecting  the  given  line. 

Prop.  X. 

11.  Problem.  To  divide  a  given  finite  straight  ^ 
line  into  three  parts,  that  shall  he  continual  pro* 
portianals,  and  the  square  of  the  greatest  of  which 
shall  be  equal  to  the  squares  of  the  other  two. 

Upon  any  assumed  finite  straight  line,  as  an  hy« 
potenuse,  describe  (Supp.  Ixxiii.  6.)  a  right-angled 
triangle,  having  its  three  sides  continual  propor- 
tionals^ and  place  its  three  in  one  straight  line:  If 
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then  the  given  straight  line  be  divided  (E.x.6.) 
similarly  to  that  line,  it  is  manifest,  that  that  wbieh 
is  required,  will  have  been  done. 

Phop,  XI. 

12.  Problem.  To  dioidea  given  ^Ue  siraigkt 
line  into  four  porta,  which  shall  he  proportionah, 
fice&rding  to  a  gioen  ratio,  and  shaU,  also,  be  such, 
that,  if  the  least  he  added  to  each  of  the  three  least, 
the  greatest,  and  the  three  aggregates,  shall  be  pro- 
portiomds. 

Let  JB  be  the  given  straight  line/  and  let  the 


c  b     ]i 

given  ratio  be  that  ofRto  S:  It  is  required,  &e. 
•    Bisect  AB  in  C;  make  CD  a  fourth  pn^rtional 
to  iZ,  <^  and  BC;  and  divide  BD  in  E,  so  that 

BE  :  ED  ::  R  :  S; 

then  are  AC,  CD,  BE,  ED,  the  parts  into  which 
AB  was  to  be  divided. 
For  {eonatr.  and  E.  xi.  &.) 
CB  or  AC  :  CD  ::  BE  :  ED  ::  R  :  S. 
Again  (constr.)  BE  :  ED  ::  R  :  S; 
therefore  {componendo)  BD  :  ED  ::  R  +  SiS, 

and  BD  :  a  ED  v.  R  +  S:2S. 
Also  (corutr.)  CB  :  CD  ::  R  :  S; 
therefore  (convertendo)  CB  :  DB  ::  R  :  R-'S, 
and  (cofMfr.  and  componendo) 

DB  :  BE  ::  R+S.R, 
therefore  (ex  tffuo)  CB  :  BE  ::  R+S.R-S; 
therefore  {convertendo)  CB  :  CE  ::  R+S'.2S. 
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Wherefore  CBotAC  :  CE  ::  BD  :  a  ED, 

and  CE^CD^DE,  BD^BE+DE, 

aED=ED+ED. 

13.  Cor.  From  the  demonstration  it  is  manifest^ 
that  if  the  three  least  of  any  four  proportionals  be 
together  equal  to  the  greatest^  the  greatest,  and  the 
^Sff^^S^^^  of  each  of  the  others  and  the  least,  shall 
also  be  proporti(fbals. 

Prop.  XIL 

14.  Problem.  To  divide  a  given  finite  straight 
line  into  two  parts,  such  that  the  aggregate  of  their 
squares  shall  be  in  a  given  ratio  to  a  given  square. 

Let  AB  be  the  given  finite  straight  line,  C  the  side 


of  the  given  square^  and  let  the  given  ratio  be  that  of 
Rto  S:    It  is  required  to  divide  AB  in  F,  so  that 

(Al^FV)  :  C^  ::  R:  S. 
From  B  draw  BX,  making  with  AB  an  angle  equal 
to  the  half  a  right  angle;  find  (Supp.  xxi.  6.)  the 
side  Z>  of  a  s^uare^  such  that 

Df  :  C  ::  R  :  S; 
from  ^,  as  a  centre,  at  a  distance  equal  to  D,  de- 
jcribe  a  ^circle,  which^  if  the  problem  be  possible^ 
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will  cut  BX;  let  it  cut  BX  in  E^  and  froin  E  draw 
EF  perpendicular  to  AB :  F  is  the  point  which  was 
to  be  found. 

For  (constr.)  the  /  EFB  is  a  right  angle,  and  the 
z  EBF  the  half  of  a  right  angle;  therefore  (£* 
xxxii.  1.)  the  jl  FEB  ^  jl  EBF,  and  (E,  vi.  1.) 
EF^FB;  slUo,  {constr.  and  £.  xlvijL  l.) 

A^^iy  =  AF'+FE'^AF+FB^; 
therefore  {canslr.)  J F'+FB'  :  C*  ::  R  :  S. 


Prop.  XIII. 

15.  Probusm.  To  dwide  a  gkfenjinite  sktoig^ 
line  into  two  parts,  such  that  the  difference  of  thek 
squares  shall  be  in  a  given  ratio  to  a  gioen  square. 

Let  AB  be  the  given  finite  straight  line,  C  the 


s 


side  of  the  given  square^  and  let  the  given  ratio  be 
tiiat  of  RU)  S:    k  iai  required  to  divide  AB  in  G, 
so  that  {AG'-^GW)  :  C»  ;:  R  :  & 
Upon  AB  as  a  diameter  desoribe  the  cirole  40B; 
find  (Supp.  xxi.  6,)  the  side  JB  of  a  square,  such  that 

E"  :  C    :R^  :  Si 
hi  the  circle  ADB  inscribe  AD  equal  to  Ex  item  A 
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draw  DF  perpendicular  to  AB,  and  biteot  FB  in  G : 
G 18  the  point  which  was  to  be  found. 

Join  D,  B;  then  (E.  iv.  2.) 

JG^^JF'+W^+aAFx  FG; 
but  2AFx  FG^AFx  TB=W^  (E.  viii.  6.) 
..AG^^AF'  +  FD'+FG^, 

that  is,  (E.  xlvii.  1.) 

AG'^Aiy+F&=^Air+GB*; 

..AG^'-GB'=:Aiy: 

Wherefore,  {cmstr.)  AG'' -  GB"  :  C  ::  R  :  S. 

Prop.  XIV. 

16.  Problem.  To  divide  a  given  Jinite  straight 
line  into  four  proportionals,  so  that  the  aggregate 
of  the  extremes  shall  be  in  a  gioen  ratio  to  the 
aggregate  of  the  means. 

Liet  L  be  the  i^ven  straig^ht  line  to  be  divided,  and 


6  ]^ 


if  t  d 

let  the  given  ratio  be  that  of  AD  to  AB :    It  is  re- 
quired, Ac* 

In  CD  produced,  take  any  point  E,  and  in  AB, 
produced,  make  ^F  equal  a  fourth  proportional  to 
ABs  CD  and  ClE :  Also,  in  CE^  produced,  make 
EG  equal  to  a  fourth  proportional  to  DE,  AB  and 
BF;  and^  again,  in  AB  piodUced,  BH  equal  to  a 
fourth  proportional  to  AB,  CE  and  EG:  tf  then 
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tbe.  line  L  be  divided  into  four  parte,  (£.  x.  6.)  pnn- 
portional  to  AB,  CE,  EG  and  BH,  it  will  be  di?ided 
as  is  required. 

For  (cotutr.)  DE  :  BF  v.  AB   :  EG. 

and  AB  :  CE   ::  EG  :  BH; 

therefore  (permtUemdo)  AB  :  EG  ::  CE   :  BH; 

therefore  (E.  xi.  5.)  DE  :  BF  ::  CE    :  BH, 

and  (moertendo)  BH  :  CE   .'.  BF   :  ED. 

But  (constr)  BF  :  ED  ::  EG  :  AB; 

therefore  (E.  xi.  5.)  BH  :  CE  ::  EG  :  AB. 

Again,  BH  :  BF   ::  CE    :  DE; 

therefore  {dxoHendo)  BH  :  FH  ::  CE    :  CD, 

and  (permutando)  BH  :  CE  ::  FH  :  CD; 

therefore  FH  :  CD  ::  EG   :  AB^ 

and  FH  :  EG  ::  CZ>    :  ^A 

But  {constr. )    AB  :  CE   ::  CD    :  AF, 

therefore  {pefTitutando  and  invertendo) 

CD  :  AB  ::  AF    :  CE; 
therefore  (E.  xi.  5.)    AF  :  CD  ::  FH  :  EG, 
and  (E.  xii.  5.)  AH  :  EG  ::  CD    :  AB; 
and  (con«<r.)  ^40,  C£,  EG,  BH  are  proportionals; 
and  AH,  the  aggregate  of  the  extremes,  to  EG  the 
aggregate  of  the  means  in   tbe  g^ven   ratio.     If, 
therefore,  L  be  divided  into  four  parts,  proportional 
to  AB,  CE,  EG  and  BH,  they  will  also  be  propor- 
tional, and  the  abrogate  of  the  extremes  will  be  to 
the  aggregate  of  the  means,  in  the  given  ratio. 

Prop.  XV. 

J 7.  Problem.  To  dmde  a  given  Jiniie  straight 
Une  into  Jour  proportional,  so  that  the  difference  of 
Ike  extremes  shaU  he  to  the  d^erenee  of  the  ntepns, 
m  a  gioen  ratio. 
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Let  L  be  the  given  finite  straight  line,  and  let  the 


ratio  be  that  of  M  to  AB :  it  is  required,  Sec. 

From  A  draw  any  straight  line  AC,  at  right  angles 
to  AB;  join  By  C,  and  from  B  draw  BD  at  right 
angles  to  BC,  meeting  CA  produced  in  D;  about 
the  right-angled  a  DBC  describe  the  circle  CBD^ 
from  AC,  cut  off  AE  a  fourth  proportional  to 
{M+AC),  AC,  (Mi^AD);  and  produce  AB  to  i^, 
so  that  AF  shall  be  equal  to  a  fourth  proportional  to' 
AB,  AC,  AE:  if,  then,  L  be  divided  into  four  parts 
proportional  to  AB,  AC,  AE  and  AF,  it  will  be 
divided  as  is  required. 

For  {constr.  and  E.  viii.  6.  and  E.  xvii.  6.) 

DAxAC^Aff; 

and  (conatr.)  M-^AC  :  AC  ::  M+AD  :  AE; 

..MxAE+AExAC^MxAC^-ACkAD. 
Again  {constr.)  AB  :  AC  ::        AE     :  AF; 

.\FAxAB^CAxAB; 


..FAxAB+AExM^AC 

^CAxAE^ACxM+AD; 
..FAxAB^EAxM^ACxM^ACxAD. 

But  (E.  i.  2.)  AB  X  AF^AB'+AB  x  BF. 

Ee 


418  SUPPLEMENT  TO   EUCUD'0   ELEMENTS. 

and  Aff^DAxACi 
.\  AC  X  Mr^AE  X  M+AB  x  BF. 
Also  ACx  M^M  X  AE^MxEC; 
.\Mx  EC^AB  xBF; 
therefore  (E.  xvi.  6.)  FB  :  EC  ::  M  :  AB; 
and  FB  is  the  difference  of  the  extremes  AB,  AF, 
and  EC  is  the  difference  of  the  means  uilCand  AE; 
wherefore  it  is  manifest  that  if  li  be  divided  into 
four  parts,  proportiional  to  u^B,  AC,  AE,  and  AF, 
these  parts  will  also  be  proportioaalsi  and  the  differ- 
ence of  the  extremes  will  be  to  the  difference  of  the 
means^  in  the  given  ratio. 

Prop.  XVI. 
18.  Problem.  Three  points,  in  a  given  straight 
Une  b&ng  given,  to  find,  in  that  line,  a  fourth  point, 
between  the  second  and  third,  such  that  the  rectangk 
contained  Iqf  the  distance  between  the  Jirst  and 
fourth,  and  the  distance  between  the  second  and 
fourth,  shM  be  equal  to  the  square  of  the  distance 
between  the  third  and  the  fourth  points. 

Let  A  be  the  first,  B  the  second^  and  C  the  third 
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of  three  given  points,  all  in  the  Mine  straight  line 
ABC:     It  is  required  to  find  in  it  a  fourth  point 

D,  such  that  AD  x  DB  =  DC". 

Make  (E.  xxxi.  1.)  AC  the  diameter  of  any  paral- 
lelogram EF ;  through  B  draw  BG  parallel  to  AE, 
or  BF  meeting  EC  in  G;  join  G,  F,  and  let  GF 
cut  AC  in  D:  Dis  the  point  which  was  to  be  fonnd. 
For  (constr.  E.  xv,  1.  E.  xxix.  1.)  the  as  ADF^ 
GDC,  are  equiangular,  as  are^  also,  the  as  GDB, 
CDF; 

therefore  (E.  iv.  6.)  AD  :  DC  ::  FD  :  ^G, 

and  FD  :  DG  ::  DC  :  DB; 
therefore  (E,  xi.  5.)  AD  :  DC  ::  DC  :  DB; 
therefore  (E.  xvii.  6.)  AD  x  DB^DC^. 

Prop.  XVIL 
19.    Problem.    Four  points  being  given  in  the 
same  straight  line^  tojind^  in  that  line,  a  ^th  point 
between  the  second  and  third,  such  that  the  square 
of  the  distance  between  the  first  and  the  second^ 
together  with  the  square  of  the  distance  between  the 
Jirst  and  thej^th,  shall  be  to  the  square  of  the  dist- 
ance between  the  third  and  the  fourth,  togetfier  ioith 
the  square  of  the  distance  between  the  fourth  and  the 
fifths  ^  A  gioen  ratio. 

Let  A,  B,  C,  D,  he  four  given  points  in  the 
straight  line  AD:    It  is  required  to  find  in  it  a 

fifth  point  E,  such   that  (AW+AE^)  shall  be  to 

(CD*  +  DE')  in  the  given  ratio  of  L  to  M. 

From  A  and  D,  draw  ^Fand  DC,  at  right  angles 
to  AD,  and  make  ^F equal  to  AB,  and  D 6  equal  to 
DC:  divide  (Supp.  xxii.  6.)  AB  in  H,  so  that 

AW  :  ffB"  ::     L     :  M; 
EE2 
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dnd  (Supp.  xxiviii.  6.)  find  a  point  E  in  AD,  sach 


that 


7B  :  "5®  :5  y^fl^  :  ^fl; 


E  h  the  point  which  vrab  tb  be  found. 

Fbr  (amtr.)  FE  :  GE  ::  AH  i  HB; 
therefore  (E.  xxii.  6.)  FE*  :  GE*  ::  ^^  :  AB*. 
thiit  is,  (coMtr.  and  E.  xii.  5.) 

FE"  :  G^  ::    L     '.  M; 
that  18,  (E.  xlvii.  1.  and  constr.) 

{AB'.+  AE*)  :  {DC^+DE")  ::  L  :  M. 

20.  Cor.  If  BI  and  CiT  be  drawn  at  right  angles 
to  AD,  and  if  jBI  be  made  equal  to  AB,  and  CK  to 
DC,  it  is  manfest  that,  in  like  manner,  a  point  E  may 

be  found,  such  that  (AB'  +  BE')  shall  be  to  DC*+ 

CE\  in  a  given  ratio. 

Prop.  XVIII. 

81.  Problem.  Two  points  being gwen^  in  a  given 
^nite  straight  line,  to  find  a  third  intermediate  point, 
euch  that  the  rectangle  contained  by  the  two  parts 
mto  tMck  the  tine  is  dioided  by  the  first  given  point, 
together  with  the  square  of  the  distance  between  that 
point  and  the  third  pointy  shall  be  in  a  given  ratio  to 


-T" 


■^^•■■"1^ 
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the  rectangle  eont(nined  by  the  parts,  irUo  which  the 
Une  18  dmded  by  ihe  second  given  pakft,  togdhfr 
with  the  square  of  the  distance  between  pifU  point 
and  the  third  point. 

Let  the  two  points  C,  D  he  given,  in  the  finite 


Straight  line  AB:    It  is  required  to  find  a  third 

point  Ef  between  C  and  D,  snch  that  {JfC  x  VS 

+  CE')  shaU  be  to  {ID  x  DB^+B^)  in  the  given 
ratio  of  L  to  M. 

Upon  AB  as   a   diameter,   describe   the  circle 
AFOB;  divide  (Snpp.  xxii.  6.)  AC  in  H,  so  that 

Ur  :  WC  ::  L  :  M; 
from  C  and  D,  draw  CF,  DO  at  right  angles  to  AB 

meeting  AFGn  in  F  and   6,  respectively;   and 
(Supp.  xxxviii.  6.)  find  in  CD,  a  point  E,  such  that 

FE  :  GE  ::  AH  :  HC;  . 
E  is  the  point  which  was  to  be  found. 

.    For  it  may  be  shewn^  as  in  the  preceding  propo* 
sition^  that 

FB"  lUE"  ::  L  :  M; 
that  is,  (£.  xlvii.  I.) 

FC'  +  C:^  :  U&^DE'  :  L  :  M; 


d^ 
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bat  (E.  iii.  3.  and  £.  xxxv.  3.) 

'/.  (IGx  <m+t^  :  (ii)  xDB  +  Z®»)  iLiiSt. 

Prof.  XIX. 

22.  Problem.  The  first  of  three  continual 
proportumaU  being  gwen,  and  also  the  aggregate  of 
the  other  two,  to  find  those  other  two. 

Let  AB  be  the  first  of  these  proportionab^  and 


let  ^C,  |i)aoe4  ia  ihe  same  atmigbt  line  with  ABy  be 
f^  Bggr^gsile  of  the  secand  aiid  third  of  them  :  It 
is  required  to  find  the  second  and  tfie  third. 

Up0Q  4Cy9a^  adiaoneter,  describe  the  circle  ADC; 
from  B  dnaw  BD  st  light  <angle&  to'  AC,  meeting 

ADCmD;  bisect  DB  in  E;  and  upon  DB,  as  a 
diameter^  describe  the  circle  DFB ;  Jcin  E,  C,  and 

let  EC  cut  5PB  in  F;  also  join  D,  P,  and  B,  P, 
9md  let  DF  produced^  .meet  BC  m  G :  then  are  EG, 
GC,  the  second  and  third  of  the  proportionals  which 
were  to  be  found. 

Draw  AD.  DC,   BF;  also  draw  GH  it  i%Ut 
angles  to  BC,  meeting  Df!  ift  H,  and  E(^  in  K; 
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therefore  (E.  xxviii.  1.)  GIT  is  paraOelto  BDy  and 
{amstr.  and  Supp,  Ixi.  1.)  is  iHsected  in  K:  join 
f,  H;  and  since  (E.xfr.  l.)^I(FG^  ^  DFE^ 
(£•  V.  1.)  ^EDF^  {E.xm.  l,)  ^FGH;  /.  KF^ 
KG,  and  the  eircumference  of  a  circle,  deacribed 
from  Kj  as  a  centre^  at  the  distance  KB,  will  pass 
through  G  and  H,  and  will  touch  the  circle  DFB 
in  F; 

therefore  (Supp.  xix.  6.)  DB  :  BG  ::  BG  :  GH; 
also  (£.  iv.  6.)  AB  :  BD  ::  HG  :   GC; 
therefore  {ex  ttfui)  AB  :  BG  ::  BG  :  GC 

Pbop.  XX. 

23.  Problem.  To  Jind  two  squares,  the  differ^ 
ence  between  which  shall  be  in  a  given  ratio  to  the 
difference  between  the  less  of  them^  and  a  given 
sqmre. 

Let  AC  be  the  given  square,  and  let  the  give^ 


ratio  be  that  of  ^  A  to  BD,  BD  being  |dac^d  in  tht 
same  straight  line  w&h  AB :  It  is  required  to  fiii4 
two  squares,  the  difference  between  which  diall  be 
to  the  difference  between  the  less  of  them  and  AC^ 
as  AB  is  to  BD. 
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Join  C.IX;  from  D  dnwDE,  at  rigbt  tingles  to 
CD,  and  make  it  eqoal  to  a  mean  proportional  be- 
tween AB  and  BD,  and  join  C,  E :  CE}  and  CD' 
are  the  sqbares  which  were  to  be  found. 

For  (constr.  and  E.  i.  6.)  DE*=1Bx'BD; 
therefore  (E.  i.  6.)  DE*  :  BD*  ::  JB  :  BD; 
but  tB.  xlvii.  1.) 

DE'  =CE*-  CD*,  and  BD* = CD*  -  Cff ; 
. ;  CE*^CD*  :  CD'^CB*  ::  AB  :  BD. 

Prop.  XXL 

S4.  Theorem.  7Voo  tmequal  magnitudes  being 
given,  an  intermediate  magnitude  may  he  founds 
tohich  shall  be  commensurable  with  a  third  gioen 
magnitude,  of  the  same  kind. 

Let  AB,  AC,  be  two  given  unequal  roagnitudesy 

A ; -B 

c 


H 

I) ; r 1, 

O         F 


DE  a  third  given  magnitude,  of  the  same  kind  with 
them :  A  magnitude  may  be  found  greater  than  AC 
and  less  than  AB,  which  shall  be  commensurable 
with  DE. 

Bisect  DE  in  F,  DF  in  G,  and  so  on,  until  (E.  i. 
10.  Barrow.)  a  part  DG  shall  have  been  found  less 
MiATiCB;  and  let  H  be  the  least  multiple  of  DG, 
which  exceeds  .^C;  then  is  H  less  than  AB\  for, 
if  not,  a  part  equal  to  DG  might  be  taken  from  H, 
and  there  would  remain  a  multiple  of  DG  greater 
than  AC,  because  DG  is  less  than  CB\  which  is 


■«»«^™»«K»— "^"^^rwiWi^"^^")^-*  p    •  ■   -^w-^p^^p 
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•contrary  to  the.  supposition.  Wherefore  if 'is  less 
thfii>  AB  and  greater  than  JQ  and  DG  measures 
both  H  and  DE. 


Prop.  XXIL 

25.  Theorem.  T\oo  incammensurable  tnagni* 
tudes  being  gweuy  a  third  magnitude  nuxy  hefoundf 
commensurable  with  one  of  them^  and  the  difference 
between  which  and  the  other i  shall  be  less  than  any 
assigned  magnitude^  the  magnitudes  being  qU  of  the 
same  kind.' 

Let  AB  and  C  be  two  given  incommensurable 


h 


c- 


magnitudes,  and  let  D  be  any  assigned  magnitude^ 
of  the  same  kind  with  them:  Another  magnitude 
may  be  found  commensurable  with  C,  and  the  dif- 
ference between  which  and  AB  shall  be  less  than  JD. 
'  For  let  AE  be.  the  difference,  bet  ween  \^j9  and 
Z);  then  (Prop.  19.)  a  magnitude  may  be  found 
greater  than  AE  and  less  than  AB,  which  shall  be 
coQunensurabte ,  with  C;  atidfit  is  plaiii^  that  the 
difference  between  this  magnitude  and  AB,  is  lest 

;  2Q.  >3€HouuM.  Thus  it  appears,  [^U^  although 
two  magnitudes  be  incddiroeasambte,  a  third  mag- 
oilude  may  bet  found,  approaching  indeAoitely  near 
40  a  state  of  equality  with  either  of  theni,  which 


1 
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•ball  be  comoifiiinrable  with  the  other:  and  there 
is  not,  perhaps,  in  the  whole  compass  oi  mathematics, 
a  more  remarkable  truth  than  this.  GavaUerius  says 
of  it,  Hae  sunt  Oeometrue  admiranda,  qtue,  etei  in 
n^niti  abdUU  recesMus  lateant^  guadem  tamen  wn 
et  ^ffUadam  turn  effagiunt. 


Prop.  XXIII. 

%1.  Problem.  Two  unequal  ^nite  straight  linef 
heing  gioen,  to  find  another  intermediate  straight 
Une  which  shall  he  tncommensurable  with  a  third 
gioen  finite  straight  line. 

Let  JBf  AC,  DE,  be  the  three  g^ven  finite 

B  £ 

c 


G- 


atl^igbt  line9 :  It  is  required  to  find  a  straig^ht  line 
F^  gteater  than  AC  and  leas  than  4B^  which  shiA 
lit  tnconimensuraUe  wUh  DE. 

From  ED  cat  off  EG  equal  to  the  side  of  a 
•qnafe>  of  which  ED  is  the  diameter ;  in  like  man^^ 
ner,  from  OD  cut  off  OH  equal  to  the  «de  of  a 
Aq«art»,  of  *  wbicih  Op  is  the  diameter,  and  so  on ; 
and  since  (E.xix.  l.)  EG>iED,  GH>^GD, 
and  fK>  ofit  a  remainder  flD  (E.  i.  ic)  will,  at* 
lei^lhi  be  found,  whieh  is  less  than  CB :  Let  F  be 
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the  least  multiple  of  HD^  which  ||s  greater  than  AC; 
then  J  as  in  Prop.  19,  it  may  be  shewn  that  Fis  less 
than  AB. 

Also,  {constr.)    ED  :  GD  ::  GD  :  HD; 

ED  :  HD  ::  ^E&  :  G&i 

but  {constr.)  ED  and  EG  are  incommensurable; 
wherefore  (E.  xvii.  13.)  ED  and  GD  are  incommen- 
surable^ and  also  (E.  ix.  10.)  £/>^  and  GD^  are 
incoromensurable ;  wherefore  (E.  x.  10.)  ED  and 
HD  are  incommensurable^  and  F^  which  (Ayp.)  is 
a  multiple  of  HD,  is  also  incommensurable  with 
ED  i  and  it  has  been  shewn  to  be  greater  than  AC 
and  less  than  AB. 

28.  Cor.  Hence,  if  two  commensurable  finite 
straight  lines  be  given/  a  third  straight  line  may  be 
found,  which  shall  be  incommensurable  with  either 
of  them,  and  the  difference  between  which  and  the 
otlier,  shall  be  le^s  than  any  assumed  straight  line. 
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Prop.  I. 

1.  TiufcoREii.  The  two  Mesof  a  triangle  art 
to  one  another,  reciprocally,  as  the  perpendiculars 
drawn  to  themjrom  the  bisection  of  the  base. 

From  the  bisection,  Dy  of  the  base,  BC,  of  the 


A  ABCy  let  there  be  drawn  DE  at  rig^bt  angles  to 
AB,  and  DFat  right  angles  to  AC:  Then 

AB  :  At  ::  DF  :  DE. 
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Join^,  D.    Then  (E.  xxxviii.  l .)  the  aADB= 

/^ADC;  also  (E.  xli.  l.)  JBxE!D  is  the  doable 

of  the  ^ADB,  and  1€x  ¥D  is  the  doable  of  the 
£,ADC; 

.:  JBxBE=ACxDF; 
therefore  (E.  xvi.  6.)  AB  :  AC  ::  DF  :  DE. 

3.  Cor.  If  P  be  any  other  point^in  the  base  BC^ 
of  the  A  ABC,  and  if  PQ  be  drawn  perpendicular  to 
ABf  and  PR  perpendicakr  to  AC,  it  may,  in  like 
manner,  be  shewn  that 

AB  :  AC  ::  Wx  PR  :  CPx  PQ. 


Prop.  -II. 

3.  Th£0R£m.  If  perpendiculars  he  drawn  from 
the  three  angles  of  an  acute  angled  triangle,  to  the 
opposite  sides,  the  rectangles  contained  by  the  several 
sides  and  their  corresponding  segments,  shall  be 
equal :  Also,  the  rectangle  contained  bj/ .  the  two 
segments  of  any  one  of  the  perpendiculars^  shall  be 
equal  to  the  rectangle  contained  by  the  segments  of 
of^  other  of  them. 

From  the  angles  A  and  B,  of  the  acote-an^ed 
^AJBC,  let  there  be  drawn  AD  perpendicular  to 
BC,  and  BE  perpendicalar  to  AC,  eutting  one 
another  in  F:  l(,  therefore^  CF  be  drawn  and  pro-- 
duced  lo  meet  AB  in  G,  CO  (Supp.  xxvi.  3.)  will 
be  perpendicular  to  AB : 

ISxBG^CBxSD,  ACxCE^BCxCD, 

and  BJxltG^'CAxAE; 

also  IFxTD^VPxTG^BFx'FE. 
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Upon  AF,  BF,  CF,  as  dt 


,  describe  the 


circles  AEFG.  BGFD,  CDFE,  of  which,  because 
tjbe  angles  E,  D,  G,  are  right  angles,  the  circum- 
ferences will  pa^ff  through  G  and  E,  G  and  D, 
D  and  E,  respectively. 
Also  (E.  xxxvi.  3.  Cot,) 

ABxBGssSExBF^CBxBD; 

and  JC  X  CE  =  GC  x  CF=BC  x  CD, 
BAxAG^'DAxAF^CAxAE. 

Again,  the  as  CFE,  BFG,  are  similar, 
therefore  (E.  iv.  6.)    CF  :  FE  ::  BF  :  FG; 
therefore  (E.  xvi.  6.)  CFx  FG  =  BFx  FE. 
And,  in  lifce  manner,  it  may  be  shewn  that 

BFxFE=DFxFA. 
Wherefore,  AFx  FD^CFx  FG^BFx  FE. 
Cor.    Since  the  as  DAC^  FAE,  are  similar,  as 
are,  also,  the  as  FAE,  FBD,  therefore  the  &.DAC 
is  similar  to  the  triangle  FBD ; 
therefore  (E.  iv.  6.)  CD  :  DA  ::  FD  :  DB, 

.'.    CDxDB'^ADxDF. 


^ 
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'    Agatn^  it  maty,  in  like  roafsner,  ht  shewn 
the  A8  CGB,  GFA  are  similar ; 

.••  CG  :  BG  ::  AG  :  GF; 
/.  CGxGF^BGxU3. 
And  it  roay^  in  like  manner,  be  shewn  that 

cjiSxMa=^b£:xEF. 
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that 


Piiop.  ni. 

4  Problem.  From  am/  of  the  angle$  of  an  equi^ 
bUetal  paraUdogram  to  draw  a  Btraight  Une,  cutting 
the  two  line$,  vbhich  contain  the  opp08ite  angle,  uo 
that  its  segment,  inclMded  between  those  ttSo  lines, 
fnajf  he  equal  to  a  given  finite  straight  line. 

Let  ABCD  be  the  g;tven  equilateral  parallelogram^ 


and  E  the  given  finite  straight  line :  It  is  required 
to  draw^  from  A,  a  straight  line  cutting  BC,  and 
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CD  produced,  so  that  the  part  of  it^  between  tllese 
two  lines,  shall  be  eqnal  to  E. 

Find  (Supp.lxxiv.  1.)  a  sqiiare  which  shall  be  equal  to 

AJS^  +  E*;  from  the  centre  A,  at  a  distance  equal  to 
one  of  the  sides  of  this  square,  describe  a  circle  cuttings 
DC  produced  in  F;  draw  the  diagonal  CA ;  from 
F  draw  FG  parallel  to  CA,  meeting  AB  in  G ;  from 
^  as  a  centre,  at  a  distance  equal  to  E,  describe 
a  circle*  cutting  FG  in  H;  join  A,  i/,  and  let  AH 
produced  meet  CB  in  /,  and  DC  produced  in  K: 
IK^E.  For  join  A,  F;  produce  CD  to  L,  so  that 
DL^DC;  through  L  draw  LP  parallel  to  DA, 
meeting  KA^  CA  atid  FG,  produced;  in  M,  N^  and 
P,  respectively;  also,  draw  LA  and  produce  it  to 
meet  FP  in  Q.  And  since  LD^DC,  and  that  LP 
is  parallel  to  DA,  and  CB,  (E.  x.  6.)  MA^AI,  and 
NA^AC;  also,  since  AD^DL^DC,  the  ^LAC 
is  an  angle  in  a  semi-circle,  and  is,  therefore,  (E. 
xxxi.  3*)  a  right  angle ;  therefore  {constr.  and  E. 
xxix.  1.)  the  zs  LQP,  LQF,  are  right  angles:  and 
since  LQ  bisects  NC^  it  bisects  (Supp.  Ixi.  I .)  FP: 
Therefore  FP  is  the  double  of  QP;  and  (E.  xii.  2.) 

AF^^AIP+HF'  +  2HFx  BQ 
:^AtI'+FHx£tP; 

but  (canstr.) 

AF"^  W  +'AC'==AH'+AC*; 
/.  AC'=:FHxHP: 


•  Since  (E.  xii.  2.)  AF'>  {AG^+GF^),  the  ^AGF  being 
neoeesarily  obtuse,  therefore  (constr.)  {P+GF^y>{A&+GF^; 
•r.  E^>AG\  and  E>  AG,  and  E  <AF;  wherefore,  tfaedxde 
described  from  A  aBA  centre,  at  a  distance  equal  to  £,  wil)  cut 
JPG,  between  r  and  G. 


itW^"— "•"^w- 


' 


BOOK  lU.  4.^ 

and  (E.xvii.  6.)  PH  .  AC  ..  AC  :  HF; 
but  (E.iv.  6.)  PH  :  ^Cor^iV::  ^ilf:  AM, 

J^  and  AC  :  HFv.  AK'.  HK; 

erefore  (E.  xi.  6.)  AM  :  AM ::  ^AT  :  HK; 
therefore  (dmdendo) 

AH  :  MA  ::  i^H  :  f/A^; 
therefore  (E.xiv:  6.)  MA^^rHK;   hnt  MA^AI; 
.'.  AI^HK,mdAH=JK;  hut  (cotutr.)  AH=E; 
.-.  IK=B. 

t 

Prob»  IV. 

« 

'5.  Theorem.  If  from  any  too  pointSj  in  the 
semi'Circumference  of  a  given  circle,  straight  lines 
be  drawn  to  the  extremities  of  the  diameter,  which 
subtends  the  semi-circumference^  the  rectangle  con- 
tained  by  the  twoy  that  are  terminated  in  one  ex- 
tremity  of  the  diameter,  together  with  the  rectan^ 
contained  by  the  other  two,  shall  be  less  than  the 
square  of  the  diameter. 

Let  the  semi-circumference  APB,  of  the  givth 


circle  APBRf  be  subtended  by  the  diameter  jIB, 


t 
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and  from  any  two  points  P,  Q  in  APB,  let  there 
be  drftwn  to  A  and  B^  Ki,  i^,  FB,  5B  : 


In  the  semi-circumference  ARB  place  £i{  equal 
to  AQ,  and  join  A,  R,  and  P,  jR ;  wherefore  (E. 

tavJM.  3.)  AJ^nr^d;   .-.  i^«Q^,  and  (ELxnt. 
S.)  ^AbBQ;    But  (Supp.  Ivii.  6.) 

AP  X  1IA+  PB  X  :MmAB  X  PR, 
that  is,  AP  X  ^a+BP  X  Ba=^B  x  PR, 

Atid,  since  BRsiAQ,  add  to  both  AR,  and 

.^^■pa^^b.  ^^^^"^"^^^  ^^^w^i^K.  * 

ARBi^QAR)  >PAR; 
therefore  (Sopp*  xliv.  3.)  AB  >  PR ; 

/.  APxAQ+BPxBQ<  AB'. 

Prop.  V. 

6.  IThborem.    If  from  the  bisection  of  any  given 

arch  of  a  circle,  two  straight  lines  be  drawn,  cutting 

the  chord  of  the  arch  and  the  circumference,  the 

fmt  points  of  intersection  shall  also  lie  in  the  dr- 

cun^erence  of  a  cirde. 

From  the  bisection  B,  of  the  arch  ABC,  of  the 


circle  ABCF,  let  there  to  drawn  any  two  straight 


« 
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lin^  6F,  BG,  cottiiig  2IC  in  D  mA  B,  a«d  the  cir- 
cotnference  of  ABCF  in  F  aitid  G :  the  four  pointi 
D,  Ef  G,  F,  shall  also  lie  in  the  circumference  of  a 

circle. 

For  join  A,  B;  B,  C;  C,  F;  an*  F,  G:  then 
(E.  xxxii.  1.)  the  /  BED  =  z  BCE  +  l  CBG^ 
(E.  xxvii.  3.  and  E.  xxi.  3.) 

z  BFC  +  z  CFG^  z  BFG; 
and  the  /  FBG  is  common  to  the  two  as  BDE, 
BGF; 

therefore  (E.  iv.  6.)  FB  :  BG  ::  EB  :  BD; 

therefore  (fi.  xvi.  6.)  FBxBD^WSx  SS; 

therefore  (Supp.  Part.  IL  xi.  1.)  the  four  points  F, 
D,  E,  G,  are  ki  the  circumferehce  of  a  circle. 

Prop.  VI. 

7.  Theorem.  If  a  given  arch  of  a  circle  be 
divided  into  three  equal  parts,  their  chords  shall, 
together,  exceed  the  chord  of  the  whole  arch,  4y  a 
straight  Rni^  which  is  to  the  chord  of  one  of  the 
egtud  parts  as  the  square  of  that  chord  is  id  the 
square  of  the  semi-diameter. 

Let  ACDB  be  an  arch  of  the  circle^  of  which 
the  centre  is  K,  and  let  ii  be  divided  into  three  equal 

parts  JJ^,  ^,  D^;  AC+^CD+SS  shalf  exceed 
aS  by  a  straight  line  which  is  to  VB  as  ^S^  is  to 


Join  A,  Kj  and  C,  K,  and  ^,  K.     Let  CK  and 
DK  cut  AB  in  E  and  F  respectively,  and  from  F 

draw  FG  parallel  t^  KC^  cutting  VD  in  6. 

pp2 


\ 


f 
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,  Then  (E.  xx.  30  z  ABD  or  FBD^^  z  AKD^ 
z  DKB;  ftnd  the   z  J^Z>i?  is  common  to  the  two 


abFBB,  DKB;  therefore  z  BDK{^  z  £BZ))» 
z  BFZ>,  and  (E.  vi.  i .)  BD^BR 

Also  (E.  iv.  6.)  UF  :  DB  ::  1>B  :  jD^       

therefore  DF  :  DK  ::  US'  or  JDC^  :  Dif, 
and  DF  :  DK  ::  DG   :  DC; 

therefore  (E.  xvi.  5.) 

DG  :  DC  ::  DC^  :  DK\ 

But,  since  BFszBD,  and  in  like  manner  <^Fs 
-4C,  and  since  {comtr.  and  JB.  xxxi.  l.J  EF^CG, 
it  is  manifest  that  GD  is  the  excess  of  AC+CD 
+DB  above  ^£. 

8.  Scholium.  If  the  chord  /IB,  of  an  arch  ACB  of 
a  circle  be  given^  and  if  it  be  required  to  find,  alge- 
braically, the  chord  of  ^  ACB,  letas^AB,  r^AK, 
and  X  s  the  chord  of  ^  ACh ;  therefore,  by  the  above 

theorem^  3j?sa  +  -j,  and  the  determination  of  the 

value  of  X  is  thus  made  to  depend  upon  the  solution 
of  the  cubic  equation 

«^-3r*x  +  flr^=sO. 


1 
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Prop.  VII. 

9.  TjBEOREM.  The  side  of  an  equilateral  polygon, 
inscribed  in  a  circle^  if  a  mean  proportional  between 
the  side  of  a  similar  polygon  descried  about  it,  and 
the  half  of  the  side  of  an  equilateral  polygon  if  half 
the  number  of  sides  inscribed  in  the  circle. 

In  a  circle,  of  which  K  is  the  centre^  let  AB  be 


# 


the    side    of   an    inscribed    equilateral    polygon; 

bisect  (E.  xxx.  3.)  ACB  in  C,  and  join  K,  A^  and 
K,  B ;  through  C  draw  DCE  touching  the  circle  in 
C,  and  meeting  KA  and  KB  produced  in  D  and  E; 
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and  from  A  draw  AF  at  right  angles  to  KB.  DE 
(E.  XXX.  3.  R  xviii.  3.  and  E.  xxviii.  1.)  is  parallel  to 

AB,  and  it  Is  the  side  of  the  circumscribed  similar 
polygon^  of  the  same  number  of  sides ;  and  AF  is 
the. half  of  the  side  of  an  inscribed  equilateral  polygon 
of  half  Che  n.umber  of  sides. 

Then,  1>E  :  AB  ::  AB  :  AF. 
FjDr  Ibie  AS  DKE^  AKB,  are  &mi\w,  as  are^  also, 
the  right-angled  as  KCE,  AFB,  the  z  KEC  being 
(constr,  and  E.  xxix.  1.)  equal  to  the  /  FBA; 
therefore  (E.  iv.  6.)  DE  :  AB  ::  KE  :  KB  or  KC, 

and  KE  :  KC  ::  BA  :  AF, 
therefore  (E.  xi.  l.)  DE  :  AB  ::  AB  :  AF.         ^ 

10.  Scholium.    Hence  it  is  manifest,  that  tb^ 
chord  of  any  arch  is  a  mean  proportional  between 
the  sine  of  the  arch,  and  the  double  of  the  tangent  of 
half  the  arch.     Or,  \(  A  be  any  arch, 

sin.  2 A  -:  3  sin.  A  ::  2  sin.  A  :  2  tang.  A; 

therefore  sin.  2A=i  — 1— . 

tang.  A 

Prop.  VIII. 

11.  Theohem.  If  two  tangents  he  drawn  to  a 
circle  J  from  any  ghen  point  without  ity  and  j^  Jrom 
either  of  the  two  points  of  contact^  there  be  drawn 
a  perpendicular  to  that  diameter^  which  passes 
through  the  other  point  of  contact,  the  perpendicular 
shall  be  bisected  by  the  straight  line  joining  the  given 
p^nt  ^f^  tiue  end  of  the  diameter. 

From  the  point  Z),  without  the  cirde  ACB,  let 
tfaeM  be  6mvfjx  tbe  iangents  DA,  DB ;  alao,  from  J» 
let  tiheix^  be  drawtt  the  dSumeter  AC,  a^d  from  Bi  JBE 


^  ^ 
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gt  right  angles  to  4C;  and  let  Z^^  C  be  joiaed :  DC 
shall  bisect  BE. 

For  let  DC  cut  UK  in  F;  join  ^,  £,  and  C,  B^ 


and  since  (eonstr.)  CAD  is  a  rig;ht  angle,  and 
(E.  zxxi.  3.)  ACB  is  less  than  a  rig^ht  angle,  AD  and 
CB  being  produced  far  enough,  will  meet ;  let  them 
meet  in  G.  Then  (E.  xxxvi.  3.  Car.)  DA^DB; 
therefore  (E.  v.  l.)  the  /  ABD-  4.  DAB; 
.'.  /.  BAD+  z  DBG^  zABD+z  DBG=^  zABG; 
bat  (£.  zxxi.  3.)  /  ABC  is  a  right  aog^e ;  wherefore 
(E.  xiii.  1 .)  /  ABG  is  also  a  right  angle  ; 

.-.  z  ABG^'  z  ABC; 

and  (E.  xxxii.  l.)   z  ABC=  z  BAO+ 1  G; 

.'.  z  BAD  +  c  DBG=^  4.  BAD+  z  G; 

.'.  /.DBG=^£G'f 
and  (E.  vi.  1.)  DB=:DG;  but  DB'^DA; 

.:  DG:^DA. 
Again,  (eonstr.  and  E.  xxviii.  1.)  BE  is  parallel  to 
GA;  therefore  (E.  iv.  6.) 

CD  :  CP  ::  DO  :  BF  :;  I>^  :  FE; 
and  DG^DA;  therefore  (E.  xiy.  «.)  BF=iFE. 
Cor.    Since  (E.  iv.  6.) 

C£  :  EB  ::  Ctf  :  AG  or  AD-i-DB, 
therefore  (£.  xvi.  5.) 

CP  :  6'^  ::  EB  :  AD+DB, 
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And  tince^  by  continually  bisecting  the  arch  AB,  the 
ratio  of  CE  to  CA  may  be  made  to  approximate, 
indefinitely,  to  a  ratio  (^  equality,  it  is  plain  that  a 
regular  polygon  of  an  even  number  of  sides  may  be 
inscribed  in  a  given  circle,  and  a  regular  polygon  of 
double  that  number  of  sides  described  about  it;  the 
perimeters  of*  which  polygons  shall  have  a  difference 
less  th^n  any  given  finite  straight  line. 

12.  ScHouuM.  If  t;  be  the  versed  sine,  and  s  the 
sine  of  any  arch  {A)  of  a  circle,  the  diameter  of 
which  is  2r,  it  is  manifest  from  the  corollarv,  that 

2r  —  t>  :•  2r  ::  s  :  2  tang.  — ; 

T  6 

wherefore,  tang.  ^  ^  = 


2r  -  t? 


Prop.  IX. 

13.  Theorem.  The  rectangle  conlained  under 
the  tangent  and  the  sine,  of  any  arch  of  a  circle,  is 
greater  than  the  square  of  the  chord  of  the  arch*. 

Let  AB  be  any  arch  of  the  circle  ABC,  of  which 
A  a  IB  the  chord,  the  diameter  AC,  and  BD  at  right 
angles  to  it ;  and  let  JBE,  drawn  to  touch  the  circle 

in  jB,  meet  CA  produced  in  E:  EB  x  ~BB  >  AW. 
•  Join  B,  C:  (E.  xxxii.3.)   z  EBA^  jlACB,  and 
the  lBEC  is  common  to  the  two  as  EAB^  EBC; 
wherefore  they  are  equiangular,  and  (E.  iv.  6.) 


*  The  tenns  of  Trigonometry  are  used  in  enunciatiiig  this 
theorem,  merely  for  the  sake  of  conciseness.  If  the  reader  be  not 
ahready  aoqaainted  with  them,  the  particular  enunciatiim  whidi 
&D0W8,  will  sufficiently  explain  the  meaning  of  the  propoaitioo. 


►  — ■  .■--  -f 
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EB  :  BA  :: 

also  (£•  viii.  6.) 

BD  :  BA    ::        CD 
therefore  (Supp.  i.  6.) 
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EC       :  CB, 


:  CB; 


EB  X  BZ)  :  Bi^*  ::  EC  x  CZ)  : 


but  (E.  viii.  6.  and  E.  xvii.  6.)  IC  x  CD^CB"; 

.\ecxVd>cS';  ..eb.x:bb>ba*. 

14.  Scholium.  Hence  it  may  readily  be  shewn^ 
that  if  the  a  EBD,  and  the  circle  ABC  revolve 
abont  EC,  the  convex  surface  of  the  cone^  generated 
by  the  revolution  of  the  triangle^  is  greater  than  the 
suriace  of  the  spherical  segment  included  within  the 
con^. 

Prop.  X. 

15.  Theorem.  If  the  diameter,  passing  through 
the  extremity  of  a  given  arch  of  a  circle^  he  produced, 
m  that  the  part  produced  ehaU  he  equal  to  the  versed 
stne  of  the  given  arehj  and  if,  /torn  the  end  of  the 


/LiB 
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part  produced^  a  torment  be  draum  to  the  circle,  its 
square  shall  exceed  the  square  of  the  versed  sme^  Ijf 
the  square  of  the  chord  of  the  arch. 

Let  the  diameter  JB^  of  the  circle  ABC,  be  pro- 


daced  to  E,  so  that  AE  shall  be  equal  to  AD,  the 

>  . 

versed  sine  of  the  giren  arch  AC,  (of  which  the 
chord  is  AC)  determined  by  drawing  CD  perpen- 
dicular to  AB ;  and  from  E  let  EF  be  drawn  to 
touch  the  circle  in  F: 

1EP^^A&+A1>. 

Join  C,  B :  then  (E.  xxxvi.  3.) 

EF'^BExEA^{consir.)  {BA-^AD)xAB 
«  (E.  i.2.)'BAxAD'^  A&; 
but  (E.  viii.  6.  and  £.  xvii.  6.) 

'BA  X  AD^AC*;    /.  'EP^AC^  4-  A&. 
•   Cob.    EF'  +  CB*^2AC'. 


w 
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16.    ProbIiEM.    Three  sides  of  a  gtuidrilateral 

rectilineal  figure,  of  which  two  are  equal  to  one 

another,  being  given,  to  construct  ity  so  that  the 

fourth  side  shall  he  the  diameter  of  a  circle  described 

about  thejigure. 

Let  L,  M,  N,  be  the  three  ^iven  sides^  of  which 


N 


^-^-J 


L=iM:    It  18  required  to  construct,  ftc. 

Take  AB^N;  find  (Supp.  Ixxiv.  1.)  a  square 
which  shall  be  the  double  of  U  or  of  ilf ' ;  ^raw  BC 
Bt  right  angles  to  AB^  and  make  it  equal  Co  the  pide 
of  that  square;  bisect  AB  in  D,  and  join  Z>,  C; 
from  the  centre  J),  at  the  distance  DCy  describe  the 
semi-circle  ECF;  also,  upon  AF^  as  ^  diameter^ 
describe  the  semi -circle  AHF;  place  in  ii  AG  eqjual 

to  AB  or  N,  bisect  GHf  in  H,  and  join  6,  H,  and 
H,  F;  AGHF  is  the  figure  which  was  to  be  con- 
structed. 

FttT,  from  If  draw  HK  perpendicular  to  AF,  and 


^  1 
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join  A,  H^  and  B,  §f.    Then  {con^.  and  E.  xxvii  3.) 

the  2  6^£r»  2  ir^F  or  HAB,  GA^AB, 

and  .^i/f  18  common  to  the  as  AGH,  ABH; 

therefore  (E.  iv.  1.)  GE^^HB; 

also  (E.  xxix.  3.) 

GH:=^HF;    .\HB^HF,znAHB^^I^i 
also  (canstr.  and  E.  xlvii.  1.) 

BH^^BK2+KA\jLnd  HF-^FK^+KW; 
. .  BK'^FK\  and  BK^FK. 


Wherefore,  AFx  FB=^2AF. FK. 

Again,  since  ED^DF,  and  AD^DB, 

therefore  EA^BF,  and  EB^AF; 

r.ESxBF^AFx  FB 

==(as  has  been  shewn)  2^  x  Fi^: 

ButOE.  viii.  6.  and  E.  xvii.  6.)  EBxBF^BC^, 

and  AFxFK^Fff%  .-.  BC^^^^FH^^cmstr.)  2L«; 

A  FH^  =  L\  and  Fff^L^HG^M; 

and  ^G  was  made  equal  to  iV.    Therefore  AGUF 
is  the  figure  which  was  to  be  constructed. 

Prop.  XU. 

17.  I^BLBM.  To  describe  the  circumference  of 
a  circle,  which  shall  pass  through  two  given  points, 
within  a  given  circle,  and  shall  cut  the  circumference 
of  that  circle  in  two  points,  the  distance  of  which 
shall  be  equal  to  a  given  straight  line,  not  greater 
than  a  diameter  of  the  gioen  circle. 

Let  A,  B  be  two  points  in  the  circle  HGDC,  and 
Q  a  straight  line^ .  not  greater  than  a  diameter  of 
HGDC:    It  is  required  to  describe  a  circle^  the 
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circumference  of  which  shall  pans  through  A,  B,  and 


shall  cut  the  circumference  of  HGDC  in  two  points, 
the  distance  of  which  shall  be  equal  to  Q. 

Join  A,  B,  and  produce  AB  to  meet  the  circum- 
ference again  in  Q  D.  And,  first,  if  CA=sDB, 
find  the  centre  if,  of  HGDC;  draw  (Supp.  Part  11. 
vii.  1.)  the  chord  HG  equal  to  Q,  and  parallel. to 
CD ;  from  K  draw  KEF  perpendicular  to  HG  and 
CD,  which  (E.  iii.  3.)  bisects  //G  in  E,  and  CD  in 
F;  and,  since  CA  =  BD,  AF  ^  FB;  join  A,  H, 
bisect  AH  in  X#,  and  from  L  draw  LM2X  right  angles 
to  jff4,  meeting  XF  in  M;  wherefore  (coit^fr. .  and 
E.  iv.  1.)  M  is  equidistant  from  H,  A,  B  and  6; 
and  a  circle  described  from  the  centre  3f,  at  the 
distance  MH,  will  pass  through  A  and  B,  and  cut 
HCDG  in  G,  so  that  HG^Q.  ^ 

But  if  CA  be  not  equal  to  BD,  one  of  them  is  the 
greater ;  let  CA  be  greater  than  BD,  and  from  CA 
cut  off  ^£  equal  to  BD ;  also,  from  CD,  produced, 
cut  off  DFequdl  to  a  fourth  proportional  (E.  xii.  6.) 


446  SUPPLEMENT   TO   EUCLID'S   ELEMENTS. 

to  CE,  EA,  and  AD,  and  from  F  draw  'FSlt  so  that 
(Supp.  Part  11.  ix.  1.)  GH  may  be  equal  to  Q; 
tben  if  (E.  v.  4.)  a  circle  be  described,  the  circum- 
ference of  which  shall  pass  through  H,  G,  B,  it  will 
also  pass  through  A. 


EA 

AE  or  BD 

AF 

AF 


AD  :  DF; 
AF  :  FD; 
BD  :  DF; 
:  FD; 


For  (constr.)  CE 

•\  (campanendo)  CA 

and  {altemendo)  CA 

/•  (camponendo)  CF 

therefore  (E.  xvi,  6.)  CF  xFD:=zZF  x  FB; 

but  (E.  xxxvi.  3.  Car.)  CFx  FD^HFx  FG; 
.'.HFxFG^AFxFB, 

and  (Supp.  Part  II.  xi.  1.)  the  circumference  of  the 
eircle,  which  passes  through  H,  G^  B,  shall  also 
pass  through  A. 

Prop.  XIIL 

.  18.  Problem.  In  (he  gwen  stmigkt  UneJMmg 
tke  centres  of  two  eirtlesy  that  He  mhoify  without 
one  another f  to  find  a  point,  euch  that  |f  tangents  he 
drawn  Jrom  k  to  the  too  circles,  the  perpendiculars 
drawn  Jrom  the  points  of  contact,  to  that  gvffen  line, 
shM  cut  off  jrom  the  diatneters  two  segments^  which 
sbaU  he  to  each  other,  as  the  diameters  are  to  each 
other. 

Let  the  given  straight  line  AKLF,  pass  through 
the  centres  K  and  L,  of  the  circles  ABCy  DEF:  It 
is  requSl*ed^  &c. 

Divide  (E.  x.  6.)  CD  in  (?,  to  that 

CG  :  GD  ::  KC  :  DL. 
Then  is  G  the  point  which  was  to  be  found. 


\ 
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From  G  dnw  GB  and  GB  touching  JBQ  DEF,m 


O      O      D     N 


B  and  E  respectively ;  draw  BM  and  EN  perpen- 
dicobr  to  ACDF,  and  join  B,  K  and  B,  L. 
Thcn«ince  {comtr.) 

CG  :  GD  ::  CK  :  DLy 
(permuUmdo  and  componendo) 

GK :  KC  ::  GL  :  LD; 
but  (E.  Tiii.  6.) 

GJC  :  Jf^  or  KC  ::  itC  :  KM, 
and  GL  :  LD  ::  LD  :  LN; 
therefore  (E.  xi.  5.) 

KC  :  KM ::  LD  :  LAT, 
and  (convertertdo) 

KC  :  JtfC  ::  LD  :  iVD; 
therefore  {pertnutando) 

KC  :  LD  ::  MC  :  JVD, 
and  (E.  xt.  5.) 

JC  :  DF  ::  MC  :  iVD. 

Prop.  XIV.      (J 

19.  Problem.  To  dram  a  tangent  to  a  given 
circle,  to  meet  a  given  diameter  produced,  ao  <Aat 
the  tangent  shall  have  a  given  ratio  of  inequality  to 
the  part  produced  of  the  diameter,  whieh  i»  temU^ 
nated  by  t/^  tangtnt. 


%* 
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Jjet  BC  be  the  diameter  of- the  circle  ABC,  and- 


DE  and  F  two  unequal  straight  lines,  of  which  DE 
is  the  greater:  It  is  required  to  draw  a  tangent  to 
ABC,  meeting  BC  produced,  so  that  it  shall  be  to 
the  part  produced  of  BC  as  DE  is  to  F. 

From  ED  cut  off  EG  equal  to  a  third  proportional 
to  DE  and  F;  produce  BC  to  H,  so  that  CH  shall 
be  equal  to  a  fourth  proportional  to  DGy  GE  and 
BC;  and  from  H  draw  HA  touching  ABC  in  A: 
then  is  AH  the  tangent  which  was  to  be  drawn. 

For  since  {conslr.) 

BC  :  CH  ::  DG  :  GE, 
{campitkndo) 

^     BH  :  CH  ::  DE  :  GE, 
but  (E.  xxxij^.  and  E.  xvii.  6.) 

Wk  :  CH  ::  AU*  :  CH* 
also  {conatr.  ^yE,  xvii.  6.) 

2>£  :  GE  ::  BE»  :  F*; 
therefore  (E.  xi.  5.) 

AW  :  HC* ::  5E«  :  F«, 
therefore  (Supp.  i.  6.  Cbr.  3.) 

^H  :  HC  ::  I>£  :  F. 


BiM»&  m. 


%'j^ 


Prop.  XV. 

.  20.  Theorem.  ijT  two  unequal  chords  of  a  circb 
be  terminate  in  the  MMe  gisMi  podti^  and  if,  from 
ike  iKth^r  wlremity  ^  either  f^themy*hen  H  4rmm 
£tperpen^tiajUar  t4>  ^  diameter^  whifJk  terminates  m 
the  given  point,  that  chard  jAaU  he  a  mean  propor- 
tUmal  between  the  other  ^mn  chordy  and  the  seg- 
ment cut  off* from  it,  by  the  perpendicular. 

Let  the  two  unequal  chords  BC,  BD;  of  the 


circle  ABCD^  be  terminated  in  th^  same  point  B 
of  the  circumference ;  let  AB  be  It  diameter,  drawn 
from  B ;  and  from  the  other  ^xtr^nnty  of  either  of 
the  chords,  as  from  C^  let  thet^  be  drawn  CE 
perpendicular  to  AB,  and  meelrhg  the  other  chord 
BD\TiF\  then 

BD  :  BC  ::  BC  :  BF. 

For,  through  B,  let  BG  be  drawn  at  Vight  anglfes 
to  AB,  waA  ttaefefdt^  <E.  x%ml  l.)  paAltel  to  CP, 
flffid  (E.  mi.  3;)  toMhing  the  dide  in  R  Wheife- 
fere^  <fi.  xKix.  U  and  E.  xuii.  3.) 

iGBC^  ^BCF=^aBDC; 

Go 


460  SUPPLEMENT  TO   SUCUD'S   ELEMENTS. 

and  the  z  DBC  is  common  to  the  two  as  BDC, 
BCF;  therefore,  they  are  equiangular,  and  (E.  iv. 

6) 

DB  :  BC  ::  BC  :  BR 

The  proof  is  the  same^  when  the  two  given  chords 
lie  on  the  same  side  of  the  diameter^  which  ter- 
minates in  their  point  of  concourse. 

Prop.  XVI. 

21.  Theorem.  The  equate  of  the  dde  of  an 
equilateral  and  equiangular  octagon^  inscribed  in 
a  given  circle,  and  the  square  of  the  diameter  of  the 
circle^  have  no  common  measure. 

In  the  given  circle  ABFCDE,  inscribe  (E.  iv.  4.) 


the  square  ABCD:  draw  the  diameter  EGF  at 

right  angles  to  AD,  and  cutting  it  in  G,  and  join 

Ai  El  AE  is,  manifestly,  the  side  of  a  regular  octa* 

gon,  inscribed  in  the  circle,  and  AE^  and  EF^  have 
no  common  measure. 
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For,  join  F,  J;  the  / EJF  (£.  xxxi. 3.)  is  a 
right  angle,  and  {anwtr.)  AG  is  at  right  angles 
\o  BF, 

therefore  (E.  ▼&!.  €.)  FE  :  EA  ::  EA  :  EG; 

.'.  EF* :  ^A* ::  EF  :  EG, 

But  EG^^{EF^AB);  and  EF  is  %  diameter  of 
the  circle,  and  ytB  a  side  of  the  inscribed  square ; 
wherefore  EF  and  AB  are  incommensurable/  and 
«i  {EF  -  JB),  or  EG,  and  EF  are  incommen- 
surable. Therefore,  also,  (E.  x.  10.)  EF*  and  EjP 
are  incommensurable. 

2S.  Cor.  1.  Hence,  and  from  E.  ix.  10.  it  is 
plain,  that  the  diameter  of  a  circle,  and  the  side  of 
an  inscribed  regular  octagon  are  incommensurable. 

23.  Cor.  3.  If  the  diameter  HL  be  drawn  at 
right  angles  to  the  side  j4E  of  the  inscribed  regular 
octagon,  and  if  A,  H  be  joined,  it  may,  in  like 

manner,  be  shewn  that  AH^  and  fIV  are  incom- 
mensurable^ and  so  on. 


*  If  iland  jBbeinoonitiifliiaurable,  J±£atid  j<lar«8o. 

.  A  -¥  JB  A 

For;ifitbepo6ttble,  let     ^    ^p,  and  f.^q;  wherefore, 

A      A+B  ^  .  ^      .    J?  .        . 

D^^  ""B"  ^9^^'  '"^  ^  ^  integer,  that  ib,  ^  is  an  integer, 

as  is  also  -g;  so  that  A  and  B  have  a  opmnion  measure,  which  is 

contrary  to  the  supposition.    And  it  is  manifest,  that  if  A±B 
and  A  be  incommensurable,  so  will  be 

m,{A±B),  and  A,  and  -  (A ±B)  and  A. 

fi 

GO  3 
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24.  Problem.  In  a  gwen  circk,  to  draw  a  ehfltd 
paraUeltfi  a gittenstti^ght  ime,  99  as  thaiUtiaU  Ik 
dwided,  .by  fOfkother  ^en,  ohord,  into  two  parts, 
which  shall  he  to  one  another  in  a  given  ratio  of 
ifkeqad^. 

.  {jet  ABC  be  the  given  circle «  Q  tbe  given  aUaigbt 


line^  AB  the  given  chord:  It  is  requireil  to  draw 
a^chord  in  ABC,  which  shall  be  divided  by  AB  into 
two  parts,  which  shall  be  to  one  another  in  the  given 
ratio  of  Q  to  jR. 

From  A  draw  AC  parallel  to  Q;  find  the 
centre  K^  and  from  K  draw  KD  perpendicular  to 

^ACy  meeting  ^^C  in  N,  and  BA  produced  in  D; 
prodtice  CA  to  E^  so  that  AE  may  "be  eqaal  foa 
fourth  proportional  to  Q-jR,  R,  and  Ci4;  join  A 
E  and  produce  it  to  *  meet  the  circumference  in  F, 

*  If  DEy  produced,  do^  not  meet  the  cirde>  the  iffoblem  u 
impomible.  For  the  given  r&tio  of  inequality  hat  manifotly  a 
limit:  And  if  Q  be  perpendicular  to  AE,  the  point  must  be  de- 
termined as  before^  and  EF  must  be  drawn  paraUel  to  AB. 


m         \  i 
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and  from  F  draw  the  ohord  WR  parallel  to  EC  or 
to  Q,  and  catting  AB  in  G :   then 
'        H6  :  6F  ::  Q  :  R. 
Join  D,  C;  and  let  FH  meet  KD  in  L,  and  DC, 
produced,  in  M.    Then 

(E.  iv.  6.)  LG  :  NA  5:  LD  :  iW>  ::  LM  :  JVC; 
therefore  (£.  xiv.  5.) 

LG  :  NA  ::  LM  :  JVC- 
bat   (E.  iii.  3.)    JV^  9  NC;    therefore  (E.  ix.  5.) 
LG=cLM;  also  (E.  iii.  3.)  LF=  LH;  .-.  OF=MH, 
and  .'.  OH^MF;  but  (constr.  and  £.  iv.  6.) 
^  MF  '.  GF  ::  Ce  :  ^E, 

^  that  is,  ^G  :  GF  ::  CE  :  ^J5; 

but  {constr.)  Q-R  :    R    ::  CA  :  AE; 
therefore  (compon&ndo) 

a  :     R    ::  CE  :  AE; 
.-.  HG  :  GF  ::  Q     :  R. 

Prop.  XVIII. 

25.  PaiiBLEH.    To  Jmi  a  point,  in  the  eircum^ 

ference  of  a  given  semi-circlOy  from  whioh  if  a  per- 
pendicular  ke  draxon  to  the  diai^€ler,  U  shall  be 
divided,  by  the  arch  of  another  drele,  which  has  the 
semi-circle's  diameter  for  its  chord,  similarly  to  a 
given  difdded  straight  line. 

Let  ACB  Jbe  the  semi-circle ;  let  its  diameter  AB 

be  the  chord  of  an  arch  ADB,  of  another  circle ; 
and  let  LM  be  the  given  strait  line  divided  into 
two  parts  in  A^:   It  is  reqvjred  to  find  a  point  in 

ACB,  from  which,  if  a  perpendicular  be  drawn  to) 
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ABj  it  shall  be  divided  by   ADBj   similarly    to 
LM. 

Complete  the  circle  ADBE^  and  in  it  (Sopp. 
Part  IL  3.)  draw  the  chord  DFE^  such  that 

EF:  FD  ::  ZSP  :  LN^; 
and  produce  FD  to  C :   C  is  the  point 
For  (E.  i.  6.  and  E.  xi.  5.) 

EFxFB  :  FD"  ::  LM'  :  LN^: 
that  is,  (E.  XXXV.  3.) 
j4Fx  FB  or  FC*  :  FD'  ::  LMT  :  LN^ ; 
.-.  FC  :  FD  ::    LM  :  LN, 
and  (i£mcIendo) 

CD  :  DF  ::  MN  I  NL. 


Prop.  XIX. 

26.  Problem.    To  dhide  the  quadrant  of  the  cvr- 
Qumference  of  a  circle^  into  two  arches,  such  that 
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the  ^gregate  of  (heir,  versed  mies  shall  be  equal  to 
the  right  sine  of  the  less. 

Let  AB  be  a  quadrant  of  the  circumference  of 


the  circle  ABC,  of  which  K  is  the  centre^  and  AKC 
a  diameter,  it  is  required^  &c 

From  A  draw  AD  at  right  angles  to  CA,  and 
make  it  equal  to  KA ;  join  C,  D,  and  let  CD  cut  the 
circumference  in  E:  E  is  the  point  of  division^ 
which  was  to  be  found. 

Join  K,  B;  and  through  E  draw  GEH  parallel 
to  AC,  and^  therefore^  perpendicular  to  BK,  and 
EF  parallel  to  DA,  and  therefore  perpendicular  to 
CA.    Therefore,  BH  is  the  versed  sine^  and  EH  is 

the  sine  of  EB,  and  FA  is  the  versed  sine  of  EA. 
And^  since  the  as  CAD,  EGD^  are  similar, 

(E.  iv,  6.)  EG  :  GD  ::  CA  :  AD  ::  2  :  I ; 
.\  EG^aGD;  that  is,  (E.  xxxiv.  1.)  AF^2BH; 
Ag;ain^  join  E,  A;  and  since  (£.  xxxi.  3.)  (he  angle 
CEA  is  a  right  angle,  the   /^AED  is  also  a  right 
angle, 
and  (E.  viii.  6.)  AG  :  GE  ::  GE  :  GD  ::  2  :  i ; 
r.AG^2GE;  thfiih,  HK^2AF^4BH; 
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mA..aKi^tKjt^iaa;   .\MH+APmBBHi 
also,  EH^KF^ KA  ^  ^F»6 BH--  3  BHa«a BUi 

. .  BH+JF^EH. 

37.  CdR.  1.  By  the  same  eonstradioii,  an  wdi 
(££)  may  be  found,  such  that  the  aggregate  of  its 
sine  and  veiled  sine  {EH-^HB)  shall  be  equal  to 
its  cosine  (HK)^ 

28.  Cor.  3^  By  the  same  construction,  also,  a 
quadrant  of  the  circumference  of  a  circle  is  divided 

into  two  acthes  B^,  EJ,  such  that  Uie  aggregate 
of  the  sine  and  versed  sine  of  the  less  shajl  be  equal 
to  the  sibe^  or  to  the  double  of  the  versed  sine  of 
the  greater;  for 

BH^HE^BFm2AF. 

29.  CoR.  3.  The  fift  ttnes  BH,  AF,  EH,  HK, 
KM,  are  aiitfcnaiictic  fimportiotniis. 


Prop.  XX* 

do.  PttOBLBik.  Tb  divide  the  quadrant  of  the 
drtumference  of  a  cirpte  into  two  arches,  such  that 
the  aggregate  of  the  tangent,  and  the  secant  of  the 
lesser  arch,  shall  be  equal  to  the  diameter  of  the 
circle. 

Let  AB  *  be  a  quadrant  of  the  circumference  of 
the  circle  ABC ;  it  is  required^  &c. 

The  same  construction  being  made^  as  in  the  pre* 
ceding  proposition,  E  is  the  point  of  division,  which 
was  to  be  found. 


*■■  ■  • 


*  Bee  the  figure  to  the  preoeding  prope^hioii 


1 
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fV>r>ota  A  H,  and  ir>  jI^  and  hi  ££,  produc<td, 
ineet  BX>  in  L :  Mriwrefore,  (&  xniit.  i.  E.  xiiM.  1. 
and  E.xvi.  3.  Cor.)  BL  is  the  tangent,  and  iCL  It 

the  Meant  of  A£.    And  nnce  the  i^s  JT/TS,  KBL, 
are  simifcir, 

(E.  m  6.)  £L  :  LJB  ::  KE  :BH; 
therefore  (con^onendo) 

KL+LB'.LB ::  KE^EHt  EH; 
abo,     LB'.BK ::  £:tf :  /MT; 
therefi»e  («r  icqua) 

KL+LB  :  BA' ::  KE^EH:  HK. 
But  it  is  nianif(pst  fiK>ro  the  demooatration  of  the  pre- 
ceding proposition,  that  (KB + Bff) »  a  HK ; 

.:  (KL^LB)  »  3  Bii^=s^C 

f 

Prop.  XXI. 

r 

31.  pROBLEif.  In  the  ghten  Btr^ight  Umjwmg 
the  centres  of  two  given  circles,  that  (ie  vohoUy  with- 
out  each  other^  to  J^nd  a  point,  sueh  that  the  two 
tangents,  drawn  from  it  to  the  two  gioen  circles, 
shall  he  to  one  another  in  a  given  ratio. 

Let  4BC,  DEF,  bt  the  two  given  circles,  and  let 


th^  Btmigki  Hue  AKLF  pass  through  the  centres 
K  at )d  L :  It  t9  required  to  find  a  point  in  CD,  from 
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wbicH,  if  tangents  lie  drawn  to  ABC,  DEFj  they 
shall  be  to  one  another  in  a  given  ratio,  namely^  in 
that  of  ^C  to  JJ. 

Find  (E.  xi.  6.)  a  third  proportional  Mj  to  AC  and 
H;  in  CD  find  (Snpp.  PkrtlL  v*2.)  a  point  G,  such 

that  AGx  GC  :  F(fxGD::  AC  :  M;   G  is  the 

point  which  was  to  be  found. 

From  G,  draw  (E.  xvii.  3.)  the  tangents  GBy  GE, 
to  the  circles  ABCj  DEF;  then  (conatr.) 

AC:  M  ::  AGx  GC :  FGx  GD, 
that  is^  \coMtT.  and  E.  xxxvi.  5.) 

AC*xH^::  BG^xEG^; 
therefore  (Supp.  i.  6.  Oyi\  2.) 

AC  :H  ::  BG  :  EG. 

32.  CoR.    If  the  AS  GBK,  GEL,  are  required 
to  be  in  a  given  ratio  to  one  another^  let  it  be  that 
of  AK  to  a  given  straight  line  M:  find  the  point  G, 
such  that  GB  :  GE  ::  LD  :  M;  then  the 
aGBK:  ^GEL  ::  AK :  M. 
For  aGBK:  aGEL::GBxBK:GEx'M; 
but  (consfr.)  GExEL^GBxM; 
therefore  (E.  i.  6.) 

aGBK  :  aGEL  ::  BK  or  AK  :  M. 


Prop.  XXII. 

33.  Theorem,  if  a  trapezium,  inscribed  m  a 
circle^  have  a  diameter  far  one  of  its  sides,  the  ex- 
cess of  the  square  of  the  diameter  above  the  squares 
of  the  three  remaining  sides  shall  be  to  the  ret^aifple 
contained  by  the  first  and  second  of  those  sides,  as  the 


double  of  the  third  of  them  is  toHhe  diameter  ef  the 
drck. 

Let  the  trapezhim  ABCDj  inscribed  in  the  circle 


ABCD^  have  the  diameter  AB,  for  one  of  its  sides ; 
then 

W'  {1B'+B€^+7JD')  :  ABxBC ::  aCD  :  AD. 
Join  A,  C;  the  zABC  (hyp.  and  E.  xxxi.  3.)  is 
obtnse;  produce  AB,  and  from  C  draw  CE  per- 
pendicuhr  to  it^  and  meeting  it  in  E.  And  since 
(E^xxii.  3.)  the  zuABC,  ADC,  are  equal  to  two 
right  angles,  as  are,  also^  the  two  /  s  ABC,  CBE, 
the  /iADC^^CBE,  and  {conatr.  and  E.  xxxi.  3.) 
the  zs  BEC,  ACD,  are  right  angles;  wherefore, 
the  AS  BEC,  ACD,  are  equiangular,  and  (E.  iv.  6.) 
BE  :  BC :.  DC :  DA. 
Again  {constr.  and  E.  xii.  2,) 

AC^AB^^BC^^^ABxBE; 

and  (E.xlvii.  1.) 

AD'^AC'^CD'^AB^+BC^^CD'^aABxBE; 
/.  AD'''(AB'^Ba+CD')^aABxBE; 
also  (E.  i.  6.)  ABxBE  :  ABxBC  ::  BE  :  BC 

::  DC :  DA; 
.\  iABxBE  :  ^BxjBC  ::  2DC  :  DA; 
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Prop.  XXIII. 

34.  Problem.  To  (2£ricfe  the  ^emi-circumferenee 
of  a  gioen  circle  itdo  two  torches,  m  that  the  square 
of  the  diatMier,  together  with  the  square  off  the 
chord  of  one  iff  them,  shall  be  in  a  gif>en  ratio  to  the 
square  of  the  chard  of  the  other. 

Let  AuB  be  the  given  semi-circumference,  and 


AB  the  diameter,  and  let  the  given  ratio  be  that  of 
DE  to  DF:  It  is  required  to  divide  Jch  in  C,  ao 

that  Aff+la  :  CB"  ::  DM  i  DF. 

Find  (Supp.  ni.  6^)  the  side  FO  of  a  square, 

such  that  EF :  FD  ::  aBf^  :  FO^,  and  l«t  ¥Q 
b9  placed  at  right  angles  t»  DFi  join  D,Oi  at  the 
point  B,  in  ABj  make  <E.  vdii.  1 0  the  /  ABC  ^ual 
to  1)m  /iH?F:  the  puint  C,  in  wiiich  BC  meeto 

ACb^  IB  the  point  of  division  which  was  to  be 
iiratod. 


^«p 
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For  join  A,  C;  and  since  (E.  zuL  3.)Xhe  Z.ACB 
is  a  right  angle,  as  is  the  z  DFGj  and  that  {conslr.) 
the  ^ABC^jiDOF,  the  two  abACB,DFO,  are 
^uiangular. 

But  (QMstr.)  BF ;  FD  :;  iDF"  i-.j^,'^ 
•'.  (comtH^iendo)  DM :  FD  ::  aDF^+OF^  ;  OF\i 

that  is,  (E.  xlvii.  l.)  DM  >  FD ::   1?G»+Di^  >  GF*/ 

And  since  the  as  ACB^  DFGy  are  tiniifor>  it  M 
easily  shewn^  that  ; 

A»^A(^  :  Cir^  a  D&'hDF^ :  GF^; 
therefore  (E*  iii.  6.)  '  . 

AB'^AC^ :  CB"::  DM:  DF. 


:  XXIV. 

85.  PkOBLEM.  7b  dhide  th^  semi-dretfrn^nsiice 
6fi3giden  ititele  iht6  twd  af^hes^  ^  that  the  s^fuan 
w^  tkt  SameMr  shaU  h^  im  a  *  gkm  tath  to  tk9 

reditmgk  cofOamed  htf  the  DAottfe  ofthd»e  arches. 

« 

Let  ACB  be  the  given  semi-<ir€iiliiferen0p»  and 


( 
/ 


let  the  given  ratio  be  that  of  R  to  8:  It  is  requited 


«'  Tht  grreii  ratb  odMit  be  greiUr  Hum  thtt  dftivv  t» 
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to  divide  ACh  in  C,  so  that 

1^  iHCxCB  :.  R  :  S. 
Find  (Supp.  zxi.  6.)  the  side  2>  of  a  square,  snch 
that  R  :  S  ::  AB^  :  D*;  find,  also,  (E.xi.6.)  a 
third  proportional,  BE,  to  AB  and  D,  and  place  BE 
At  right  angles  to  AB ;  through  E  draw  EC  parallel 
to  BA^  and  meeting  ACB  in  C:  C  is  the  point 
which  was  to  be  found. 

For,  join  A,  C,  and  J3,  C;  then 

ACx  CB^2aACB^ABxBE 
es(cofis<r.  E.xvii.  6.)  D^; 
therefore  {canatr.)  AB"  :  ACx  CB  ::  R  :  S. 


Prop.  XXV. 

36.  Probleji*  To  divide  the  semi'drcumference 
0fa  given  circle  into  txeo  arches,  eo  that  the  square 
of  the  chord  ^  one  of  them  ehaU  be  in  a  gwenratio 
to  the  rectangle  contained  by  the  chord  of  the  i^her, 
and  the  perpendictdar  drawn  to  the  diameter  from 
the  point  ff  division. 

Let  ACB  be  the  given  semi-circumference;  and 


let  the  given  ratio  be  that  of  ^J3  to  D:  It. is  required 


^J^PI^^^^^-^^— ^1^— "^'— — •— ^i^^-^^^^pi^^px-^^^^w-^^PWH^r^*    ^^mmmmi^mmmimmr      '    m  »  »  i^j*^^^^- -^». — .  ■■    ^m^^i^w ^pjnijii 
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to  divide  ACE  in  C,  go  that 

€»  :  :iCx  CF::  JB  :  D, 
CF  being  drawn  from  C  perpendicular  to  AB. 

Find  (E.  xi.  6.)  a  third  proportional  £,  to  AB  and 
JD;  divide  (Sopp.  xlii.  6.)  ^^  in  Fy  so  that 

ABxSF  :  J?F»  ::  ^B  :  £; 
from  F  draw  JPC  at  right  angles  to  AB,  meeting 

ACB  in  C:  C  is  the  point  which  was  to  be  found. 
For,  join  A,  C,  and  B,  C:  then, 

(E.  viu.  6.  and  E.  zvii.  6.) 

CB^=AB  X  BF; 
therefore  (coiMtr.)  CB» :  AF*  ::AJ3:E ::  ^B« :  D»; 
therefore  (Supp.  i,  6.  Cor.  3.) 

CB:  AF  ::AB:D; 
and  (E.  i.  6.)  CB» :  CBxAP ::  AB:  D; 
but  (E.  viii.  6.  and  E.  xvi.  6.) 

CBx^F=^CxCi?; 

/.  CB>:ACxCF'.:AB'.D. 


Prop.  XXVI. 

37.  Pboblbm.  To  <2toi(2e  the  sem-circunrference 
of  a  given  circle  into  three  arches,  eo  that  the  dia- 
meter, and  the  chorda  of  the  three  foxhes,  sAott  be 
proporUonaie,  according  to  a  giveh.ratio. 

Let  ACB  be  the  given  semi-circumference,  and 
let  the  given  ratio  be  that  of  Rto  S:  It  is  required 

to  divide  ACB  in  C,  and  D,  so  that 

AW.^U::  CD  :'B2  ::  R  :  S. 
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Find,  and  place  in  tbe  given  circle^  a  fourth  pro- 


portional BC  to  ft,  S  and  A^ ;  also  (Supp.  Ixx.  6.) 

divide  the  arch  jiC  ia  D,  so  that 

CD  :  DA  ::  R  :  Si 
aiid  it  is  manifest  (E.  zi.  5.)  that 

AB  :  BC  ::  CD  :  DA  ::  R  :  S. 

« 

38.  C!oiu   In  like  manner),  if  BC  be  giren,  and 

if  ^  be  divided  in  £«  so  that 

AB  x  BC  ::  AS  I  EC, 
a  trap«fliiim  ABCB,  may  be  inscribed  in  the  semi- 
circle ACB,  so  that  ABxEC^AExBC. 

Pkop.  XXVII. 

319.  Problem.  In  a  given  sem-drck,  to  inscribe 
a  trcgifezium,  Aeo  of  the  opposite  eidee  vfwiich  ehall 
be  equal  to  ea&  otker,  and  the  square  4jf  either  ff 
them  equal  to  11^0  rectangle  contained  by  the  diameter 
and  the.eide  oppoeite  to  it. 

L6t  ACB  be  the  giyen  semi-circle^  of  which  AB 
is  the  diameter,  and  K  die  centre :  It  is  reared  to 
inscribe,  ftc. 
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Trisect  (Supp.  xsixiii.  1.)  KB  in  D  and  £;  dmw 


EC  at  right  angles  to  AB,  meeting  CB  in  C;  from 

Cdraw  CF  parallel  to  BJ,  meeting  ACB  in  F;  and 
join  -B,  C,  and  A,  F;  ABCF  is  the  figure,  which 
was  to  be  inscribed  in  the  semi-circle  ACB. 

Join  A,  C;  and  from  K  draw  the  semi*diameter 
KO  perpendicular  to  FC,  and  therefore  (E.  iii.  3.) 
bisecting  it  in  H.  Then  (Supp.  xlvi.  30  FAtsCB ; 
also  (canstr.) 

CF^2CH^2KE^EB; 
but  {ctmstr.  and  E.  viii.  6.) 

AB  :  BC  ::  BC  :  B£  or  CF; 


therefore  (E.xvii.  6.)  ABx  CF^CB". 
40.  Cor.    It  js  manifest  (Supp.  Ivii.  6.)  that 

ABxFJ^^\AC\ 


Prop.  XXVIII. 

4L  Problem.  To  divide  the  semUeircufnference 
of  a  given  circlk  into  three  arches  ^  so  that  the  rect- 
angle  f  contained  btf  the  chords  of  the  first  and  second 
of  them,  shall  be  equal  to  the  square  of  the  chord  of 
the  third, 

Hh 
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Let  ABCD  be  the  given  semi-circmnference :  It 


is  required  to  divide  it  in  B  and  C,  so  that 

AB  X  BC^  CD". 

Assume  UC  any  arch  that  is  less  than  a  third  of 
the  semi-circumference ;  join  C,  D,  and  C,  A ;  find 
(Snpp.  xxvi.  6.)  the  side^  E,  of  a  square,  such  that 

AD  :  2~nC  ::  DC*  :  E*; 


upon  AC,  as  a  diameter,  describe  the  circle  AFC, 
and  in  it  place  AF  equal  to  E ;  produce  FA  to  G, 

so  that  !F^*=3DC«;  join   G,   C;  divide  (Supp. 
Part  II.  xii.  2.)  GC  in  H,  so  that 

in  the  circle  ABCD,  place  AB  equal  to  6^,  and 
join  B,  C:  then  ABxBC=CD'. 

Join  F,  C;  then  (constr,  and  Supp.  Part  II.  xxii. 
3.) 

AC'=AB'+BC*+AF*=(E. xlvii.  l.)  AF'+F^; 
.♦.  FC*=AB'+BC=  (conatr.)  GH»+HC*; 
and  <c(»tt<r.)  AB^r^GH;   .-.  AB'  =  G1P; 

BC*=HC\  and  BC=^HC. 
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Again,  (E.iv.  12.) 
OC'^GIP+HC^  +  2GHxHC:=^FC^+aABxBC; 
also,  (E.  xlviL  l.) 
OC^^CF^+FO^^  (eonstr.)  CF'+QCIt; 

.\  2ABxBC^2CD^;  and  ABxBC^CW. 


HH  2 


SUPPLEMENT 


TO  THE 


ELEMENTS  OF  EUCLID. 


PART   11. 


BOOK  IV. 


Prop.  I. 

1.  Problem.  Ihb  hjfpotenuse  of  a  right-angled 
triangle i  and  the  ratio  of  one  of  the  two  remaining 
sides  to  the  perpendicular  drawn  to  the  hypotenuse 
from  the  right  angle  being  given,  to  construct  the 
tfiangle. 

Let  AB  be  the  hypotenuse^  and  let  the  given  ratio 
of  one  of  the  remaining  sides  to  the  perpendicular, 
be  that  of  AB  to  C:  It  is  required  to  construct  the 
triangle. 

Upon  AB,  as  a  diameter^  describe  the  circle  ADB; 
in  it  place  AD  equal  to  C,  and  join  D,  B :  then  is 
ADB  the  triangle  which  was  to  be  constructed. 
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For  draw  DE  perpendicular  to  AB :  the  z  ADB 


is  (E.  xxxi.  3.)  a  right  angle^  and  (E.  viii.  6.) 
AB  :  AD  or  C  ::  DB  :  DE. 

Prop.  II. 

3.  Problem.  One  of  the  two  sides  about  the 
right  angle  of  a  right-angled  triangle  being  given, 
and  a  mean  proportional  between  the  other  side  about 
the  right  angle,  and  the  aggregate  of  that  other  side 
and  the  hypotenuse,  to  construct  the  triangle. 

Let  AB  be  the  given  side  of  the  right-angled  tri- 


angle^ and  C  the  given  mean  proportional  between 
the  other  side  and  the  aggregate  of  that  other  side 
and  the  hypotenuse  :  It  is  required  to  construct  the 
triangle. 
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From  AB  prodaced^  cat  off  BD,  equal  to  a  third 
proportional  (E.  xi.  6.)  to  AB  and  C;  divide  (Supp. 

Part  II.  xvi.  2.)  BD  in  E,  so  that  AEx  EB=E]^; 
upon  AE,  as  a  diameter^  describe  the  circle  AFE; 

from  JSdraw  JBFat  right  angles  to  AE,  meettng  AEk 
in  F;  and  join  A,  F  and  E,  F:  AFB  is  the  triangle^ 
which  was  to  be  constructed. 

For  {constr.  and  E.  xxxi.  3.)  the  z  AFE  is  a  right 
an^e ;  and  (E.  viii.  6.  and  xvii.  6.) 

AE  X  ^EB^EP = (coMtr.)  EU^; 
.\EF^ED. 
Again  {eonstr.  and  E.  xvii.  6.)  AB  x  BDs  C; 

that  is,  (E.  i.  3.)  AB  x  BE-^^AB  x  ED^C\ 
therefore  (E.  viii.  6.) 

W^+ABxED  or  WF^+ABxEF^O. 

But  (E,  viii.  6.  and  E.  xvi.  6L) 

ABxEF^AFxFB; 

/.  BF'+AFxBF^C; 

or  (E.  i.  9.) 

Wherefore  (E.  v.  76.)  the  right-angled  A  ^IFC  is 
such  that  C  is  a  mean  proportional  between  the  side 
FB,  and  the  aggregate  AF+  FB  of  that  side,  and 
the  hypotenuse ;  and  it  has  the  line  AB  for  its  re- 
maining side. 

Prop.  111. 

3.  Problem.  The  hypotenuse  of  a  right-angled 
triangle,  and  the  ratio  which  the  aggregate  of  tie 
hypotenuse,  and  one  of  the  two  remaining  sides 
has  to  the  third  side,  being  given,  to  construct  the 
triangle. 


w 


wanvi 
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Let  AB  be  the  hypotenuse,  and  let  the  ratio  be 


that  of  KH  to  KL :    It  is  required^  &c. 

From  KH  cut  off  KM  equal  to  a  third  propor- 
tional to  KH  and  KL ;  produce  MK  to  N,  so  that 
MK:=^KN;  produce^  also,  BA  to  C,  so  that  AC^ 
BA;  find  (E.  xii.  1.)  a  fourth  pri^rtional  to  HN, 
NM,  and  CB,  and  make  BD  equal  to  it;  bisect 
DB  in  J?;  upon  AB  as  a  diameter,  describe  the 
circle  AFB,  and  in  it  place  AF  equal  to  AE\  join 
F,  J3 :  the  A  ^JPS  is  that^  which  was  to  be  con- 
structed. 

For  {con^iT.  and  E.  xxxi.  3.)  the  a  AFB  is  right- 
angled  at  F,  and  if  from  the  centre  A^  at  the  distance 
AE^  a  circle  FF6  be  described,  BF  will  touch  it 
inF. 

{comtr:)  HN  :  NM  ::  BC  :  BD, 
therefore  (dividendo) 

HM  :  MN  ::  CD  or  BA  +  AD  :  BD; 
and  MK  is  the  half  of  MN,  and  i!)F  the  half  of  BD; 

.\  HM  :  MK  ::  BA+AD  :  Z)£; 
and  (componendo) 

HK  :  KM  ::  AB+AE  :  DE, 
that  is,  (constr.) 

HK  :  KM  ::  AB  +  AF  :  DE; 
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but  (canstr.)  HK  :  KL  ::  KL  :  KM, 
and  (E.  xxxn.  3.  and  £.  xvii.  6.) 

BO  or  AB+AF  :  BF  ::  BF  :  BE  or  DE; 
therefore  (E.  xi.  5.) 

HK*  :  KL*  ::  {AB+AFy  :  J5F», 
and  (Supp.  i.  6.  Cor.  2.) 

HK    :  KL    ::     AB+AF     :  BF. 

Prop.  IV. 

4.  Theorem.  If  the  three  sides  of  a  r^hi-at^ed 
triangle  be  continual  proportionals,  and  if  the  greater 
of  the  two  sides,  about  the  right  angle,  be  cut  in 
extreme  and  mean  ratio^  its  greater  segment  shalt  be 
equal  to  the  perpendkndar  drawn  to  the  hypotenuse 
from  the  right  angle. 

Let  the  three  sides  of  the  a  ABC^  right-angled  at  B, 


be  continnal  proportionals ;  let  AB,  which  is  greater 
than  BCf  be  cut  in  extreme  and  mean  ratio  in  D, 
and  let  BE  be  perpendicular  to  AC  :  BD  =  BE. 
Draw  jDF  parallel  to  BC,  and  (E.  ii.  6.) 

CF  :  FA  ::  BD  :  DA; 
wherefore  CA  is  cut  in  extreme  and  mean  ratio  in  F, 
as  (Supp.  Ixxiii.  6.  Cor.  2.)  it  is,  also^  in  E; 

.\  JE^CF: 
Alao  (E.  viii-  6.) 

AB  :.  BE  ::  AC  :  CB  or  AE  or  FC; 
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and  (Evil.  6.)  AC  :  FC  ::  AB  :  BD; 
therefore  (E.  xi.  6.)  AB  :  BE  ::  AB  :  BD; 
therefore  (E.  ix.  5.)  BE^BD. 

5.  Cor.  If  EG  be  drawn  perpendicuhr  to  ABj 
EG^EC. 

For  (E.  iv-  6)  AC  :  CB  or  AE  ::  AE  :  EG; 
and  (Sopp.  Ixxiii*  6.  Cor.  2.) 

AC  :  AE  ::  AE  :  EC; 
therefore  (E.  xi.  5.  and  E.  ix.  5.)  EG^EC. 

Prop.  V. 

6.  Theorem.  If  the  three  sides  of  a  right-angled 
triangle  he  continual  proportionals^  the  straight  line, 
which  bisects  the  greater  of  the  ttoo  acute  angles, 
shall  cut  the  opposite  side  in  extreme  and  mean  ratio. 

Let  the  three  sides  of  the  a  ABC,  right-angled 


at  B,  be  continual  proportionals ;  let  AB  be  greater 
than  BC,  and^  therefore,  the  z  BCA  greater  than 
the  z  BAC;  and  let  CD  bisect  the  z  BCA,  and  cut 
ABin  D: 

BA  :  AD  ::  AD  :  DB. 

For,  draw  J3£  perpendicular  to  AC,  and  join  D,  E, 
Then  (Supp.  Ixxiii.  6.  Cor.  3.)  AC  is  divided  in 
extreme  and  mean  ratio^  in  E,  and  AE=sBC. 

Also  (E.  iii.  6.)  AC  :  CB  or  AE  ::  AD  :  DB; 
wherefore  (E.  ii.  6.)  DE  is  parallel  to  BC, 
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and  (E.  i?.  6.)  CA  :  AE  ::  BA  :  AD; 
therefore  (E.  xi.  5.)  BA  :  AD  ::  AD  :  DB; 
wherefore  AB  is  cut  in  extreme  and  mean  ratio  in  D. 

Prop.  VI. 

7.  PftOBLEM.  To  make  an  isoscdes  triangle^ 
8uch  that  a  perpendicular  drawn  to  either  of  the  equal 
sides  from  the  opposite  angle,  shall  cut  that  side  in 
extreme  and  mean  ratio. 

Assume  any  finite  straight  line  AB;  make  (Supp. 


Ixxiii.  6.)  AB  the  hypotenuse  of  a  right*angled 
A  ACB,  having  its  three  sides  continual  propor- 
tionals ;  from  BA  cut  off  BD  equal  to  BC  the  least 
side,  and  join  Z>,  C:  the  a  BDCis  that  which  was 
to  be  constructed* 

For  draw  CE  perpetidicular  to  BD;  then  AE- 
CB;  and  {constr.)  BC^BD;  ..AE^  BD,  and 
AD  ss  BE;  but  (Supp.  Ixxiii.  6.)  AB  is  cut  in  extreme 
and  mean  ratio  in  E,  and  (Supp.  Ixxii.  6.)  DB  \s, 
therefore^  cut  in  extreme  and  mean  ratio  in  E. 

Prop.  VII. 

8.  Problem*  From  the  summit  of  a  given  tri- 
angle, to  draw  a  straight  line  to  meet  the  base 
producedj  so  that  the  rectangle  contained  by  that 
line  and  one  of  the  two  sides  shall  be  in  a  given  ratio 
to  the  square  of  the  other  side. 


' 
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Let  ABC  be  the  triangle^  of  which  A  is  the 


summit^  and  BC  the  base^  and  let  the  ratio  be  that 

of  L  to  BC:  It  is  required  to  draw  AD  meeting  BC 
produced  in  D,  so  that 

AD  X  AB  :  AC^  ::  L  :  BC. 

Find  (E.  xi#  6.)  a  third  proportional  Mj  to  AB 
and  £C;  find,  also,  (E.  xii.  6.)  a  fourth  proportional 
to  BC,  L  and  JM,  and  make  BCD  equal  to  it ;  join 
A,  D :  AD  is  the  line  which  was  to  be  drawn. 
For  (canatr.  and  E.  xvii.  6.)  AC^  a  ilf  x  AB, 
and(E.i,6.)  BAxAD  :  MxA9  ::  AD  :  ilf; 
but  (canstr.)  AD  :       ilf       ::    L    :  BC; 
therefore  (E.  xi.  6.) 

ADxAB  :  ilfx^A  or  AC  ::     L   :  BC. 

Peop.  VIII. 

9.  PaoBLBM.  The  angle  dt  the  summit  i(f  a  tri- 
angle,  the  perpendicular  dravm  from  it  to  the  base, 
and  the  ratio  of  the  segments  into  which  the  perpend 
dicular  divides  the  base  being  given,  to  construct  the 
triangle. 

Let  A  be  the  angle  at  the  summit,  CB  the  per- 
pendicular, and  let  the  ratio  of  the  segments  of  the 
base  be  that  of  DB  to  BE,  DBE  being  placed  at 
right  angles  to  CB :  It  is  required  to  construct  the 
triangle. 
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Upon  DE  (E.  uxiii.  3.)  describe  a  segment  ci  a 


circle  DFE,  containing  an  angle  equal  to  the  z^, 

and  let  BC,  produced  if  necessary^  meet  JDFE  in  F; 
joitt  F,  D,  and  F,  E;  and  from  C  draw  CE  parallel 
to  FD,  and  CH  parallel  to  FE,  meeting  DE,  pro* 
duced  if  necessary  in  G  and  H  respectively :  the 
A  GCH  is  that  which  was  to  be  constructed. 

For  it  has  BC  for  the  perpendicular ;  also  {canstr. 
and  E.  xxix.  1.)  the  z  GCH  ^  jl  DFE^{constr.) 
/  A :   And  {canatr.  and  E.  iv.  6.) 

EG  :  BD  ::  BC  :  BF  ::  BH  :  BE; 
therefore  (permutando) 

BG  :  BH  ::  BD :  BE. 


Prop.  IX. 

10.  Problem.  The  diameter  of  a  circle  described 
about  a  triangk,  the  aggregate  of  the  two  sides,  and 
the  aUitude  of  the  triangle  being  given,  to  construct 
it. 

Let  AB  be  the  diameter^  BC  the  altitude^  and 
AD  the  aggregate  of  the  two  sides :  It  is  required 
to  construct  the  triangle. 

Upon  AC,  AB,  and  AD  as  diameters^  describe 
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the  circles  AEC,  AHBL,  AFD;  from  B,  draw  BE 


at  right  angles  to  AC  meeting  AEC  in  E;  draw  EF 

parallel  to  AB,  meeting  AFB  in  Fj  draw  FG  per- 
|)endicular  to  AD;  and  in  the  circle  AHBL  place 
AH  equal  to  AGy  and  AL  equal  to  GD^  and  join 
H^Liiht  A  ^jKL  is  that^  which  was  to  be  con- 
structed. 

For  draw  AM  perpendicular  to  HL,  and  join  L^  B. 
Since  {conslr.  and  E.  xxxi.  3.)  the  two  as  BLAj 
HMA,  are  right-angled^  and  (E.  xxi.  3.)  have^  also^ 
the  z  s  AHMf  ABL,  equal  to  one  another^  they  are 
equiangular ; 

therefore  (E.  iv.  6.)  AB  :  AL  ::  AH  :  AM. 

But  (constr.  and  E.  xxxiv.  1.)  EB'zzF&; 
that  is^  (E.  viii.  6.) 

Affx  BC^AGx  GD=^ {constr.)  AHx  AC; 

therefore  (E-  xvi.  6.)  AB  :  AL  ::  AH  :  BC; 

therefore  (E.  ix.  5.)  AM^BC: 

and  BC  is  the  altitude;  and  AH+AL:=:AD,  the 

aggregate  of  the  two  sides. 
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Prop.  X. 

11.  Problem.  The  attitude  of  a  triangle,  (he 
rectangle  contained  hy  the  hasCj  and  the  aggr^ate 
of  the  two  remaimng  eidea,  and  the  diameter  of  a 
circle  vMcribed  in  the  triangle^  being  given,  to  con- 
^ruct  its 

Let  AB  be  the  half  of  the  given  diameter,  AC  the 


I.   X  o 


A 


^ 


gi?en  altitude,  and  D  the  side  of  a  square  equdl  to 
the  given  rectangle  contained  by  the  base,  and  the 
^gP^S^^  ^^  ^^^  ^^^  remaining  sides  :  It  is  required 
to  construct  the  triangle. 

Find  (Supp.  xzi.  6.)  a  square  E*  such  that 

CB  :  BA  ::  IT  :  JB*; 

find,  ako,  a  third  proportional  F  to  E  and  D;  and 
construct  (Supp.  xcviii.  3.)  the  a  OHI,  having  its 
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altitude  GL  equal  to  AC,  its  base  HI  equal  to  E, 
and  the  aggregate  of  the  sides  GH+  GI,  equal  to  F: 
the  A  GHI  is  that,  which  was  to  be  constructed. 

Find  (E.  iv.  4.)  the  centre  K^  of  the  circle  in- 
scribed in  the  a  GHl^  by  bisecting  the  z  s  GHI^ 
GIH;  from  K,  draw  KM  perpendicular  to  HI,  and 
KN  perpendicular  to  GL;  also^  join  G»  K,  and 
produce  GK  to  meet  HI  in  O. 

Then  (constr.  and  E.  xvii.  6.)  E  x  F=Z)*; 

that  is,  (coiMfr.)  m{GH+GI)^iy; 

therefore  (constr.) 

HI(OH+HI) :  HP  ::  CB   :  BA; 

that  is,  (E.  i.  6.) 

GH+GI  :  HI  ::  CB   :  BA. 

Again  (consfr.  and  E«  iii.  6.) 

GI  :  GH  ::  10  :  /TO, 
(com/ionendo) 

GI+GH  I  GH::  HI  :  HO, 
{permutando) 

GI+GH  :  HI . ::  GH  :  HO  ::  GK  :  KO; 

therefore  {constr.  and  E.  ii.  6.) 

GUGH  :  HI  ::  GN  :  NL; 
that  is,  (comir.) 

F.        :    E    ::  GN  :  NL, 

or  (coftsfr.) 

CB        :  BA  ::  GJV  :  iVL; 

therefore  {companendo) 

CA        :  ^B  ::  GL   :  JVL  or  KM; 

but  (constr.)  GL^CA;  therefore  (E.  ix.  5.)  KM==^ 
AB ;  wherefore  GHI  is  the  triangle,  which  was  to 
be  constructed. 


480  SUPPLEMENT   TO    E17CUD*S   ELEMENTS. 

12.    Cor.    It  hets  been  shewn  that 

GI+GH  :  HI  r.'GN:  NL; 
therefore  (componendo) 

GI+GH+HI  :  HI  ::  GL  :  NL  or  KM; 
that  is^  the  aggregate  of  the  three  sides  of  a  triangle 
is  to  the  base  as  the  perpendicular  is  to  the .  semi- 
diameter  of  the  inscribed  circle. 

Prop.  XI. 

IS.  Problem.  The  base  of  a  triangle,  the  per^ 
pendicular  drawn  to  it  from  the  opposite  angle,  and 
a  sqtiare  equal  to  the  rectangle  contained  by  the  two 
remaimng  sides,  being  given,  to  construct  the  tri- 
angle. 

Let  A  be  the  base,  B  the  perpendicular^  and  let  C 


be  the  side  of**t  square  equal  to  the  rectangle  con- 
tained by  the  tj^ p  remaining  sides  of  the  triangle :  It 
is  required  to  construct  it. 

Find  (E.  xi.  6.)  a  third  proportional  DE  to  B  and 
C;  upon  DE,  as  a  diameter,  describe  the  circle 
DBF;  in  it  place  DF,  equal  to  ^;  from  Fdraw  FG, 
at  right  angles  to  DF,  and  make  it  equal  to  B;  from 

n  flriiw  GH  narallel  to  FD.  meeting  DHP  in  H, 
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dTid  join  D,  H,  and  H,  F :  the  A  HDP  is  thut  which 
was  to  be  constructed. 

For  draw  HL  parallel  to  GF^  and  therefore  per- 
pendicular to  DF,  and  (E.  xxxiv.  1.) 

also  (coMtr.)  DF-A;  and  (Supp.  Ivi.  6.) 

J575  X  HF^^JTL  X  iDE^icomtr.)  C\ 

Prop.  XII. 

14.  Theorem.  The  diameter  of  a  trapezium, 
which  has  two  parallel  sides,  divides  it  into  two  tri- 
angles, which  are  to  one  another  as  those  parallel 
sides. 

For  the  two  triangles  have  equal  altitudes,  and, 
therefore^  (£.  i.  6.)  are  to  one  another  as  their  bases. 

15.  Cor.  Trapeziums^  which  are  between  the 
same  parallels,  are  to  one  another  as  the  aggregates 
of  their  parallel  sidesi 

t^ROP.  XIII. 

16.  Problem.  To  divide  a  given  trapezium, 
having  twv  parallel  sides,  by  a  straight  Une  passing 
through' a  given  point  of  one  ofthem^  into  two  parts, 
which  shall  have  to  one  another  a  given  ratio. 

Let  A  BCD  be  the  trapezium,  ha\ing  the  sides 
AD,  BC,  parallel  to  each  other ;  let  £  be  a  point  in 
one  of  the  two  parallel  sides,  as  BC;  and  let  the 
ratio  be  that  of  R  to  S:  It  is  required  to  divide 
ABCD,  by  a  straight  line  passing  through  E^  into 
two  parts,  which  shall  be  to  each  other  in  the  ratio 
of  R  to  S. 

li 
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Produce  Bj4,  CD,  until  Ihey  meet  in  F;   and. 


first,  if  BE  be  to  EC,  as  A  is  to  5,  join  E,  F,  and 
EF  is  the  Une  which  was  to  be  drawn. 
For  (E.  iv.  6.) 

AG  :  BE  ::   GF  i  EF  ::   GD  :  EC; 
therefore  {companendo) 

AG-^BE  :        BE        ::  GD^EC  :  EC\ 
and  (permutando) 

AG+BE  :  GD+EC  ::        BE       :  EC; 
But  (Sapp.  Part  IL  xii.  4.  Cor.) 

ABEG  :     GECD    ::  AG+BE  :  GD+EC; 
therefore  (E.  xi.  5.) 

ABEG  :     GECD     ::        BE       :  EC 
Bat  if  BE  be  not  to  £C  as  A  is  to  S,  divide 
(E.  X.  6.)  AC  in  6,  so  that 

BG  :  GC  r.  R  I  S; 

draw  FGy  and  let  it  cut  AD  in  H;  bisect  HG  in  iC; 
join  j&,  K,  and  produce  £iir  to  meet  AD- inL;  EL 
is  the  line  which  was  to  be  drawn. 

For  (constr.  E.  xxix.  1.  £.  xxvi.  1.)  the  a  HKL 
=:  A  EKG;  add  to  each  the  figure  AHKEB,  and  it 
is  manifest^  that  ALEB  =  AHGB;  in  the  same 
manner  it  may  be  shewn,  that  DLEC=:DHGC; 
and^  by  the  former  case, 

AHGC  :  DHGC  ::  BG  :   GC; 

/.  ALEB  :  DLEC  ::  BG  :  GC  .:  R  :  S, 
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Prop.  XIV. 

17.  Problem.  From  a  given  painty  in  the  base 
produced,  of  a  given  par aUdogr am,  to  drawu  straight 
line,  mating  the  opposite  side  produced,  so  as  to  cut 
off^  from  the  parallelogram  a  trapezium,  which 
shall  he  in  a  given  ratio  to  the  triangle  contained  hy 
the  segment  of  the  opposite  side  produced,  that  of  the 
side  adjacent  to  it,  and  that  of  the  cutting  line. 

Let  ABCD  be  Ibe  parallelogram,  E  the  point  in 


BC  produced^  and  let  the  ratio  be  that  of  BC  to  K : 

It  is  required  to  draw,  from  E,  EF,  meeting  DA 
produced  in  F,  so  that 

DAGH  :  A  FAG  ::  BC  :  K. 
Produce  (Supp.  Part  II.  tii.  2»)  JOA  to  F,  so  (Hat 
BA'  +  2DA  xAF:  AF"  ::  BC  :  A:; 
join  B,  F;  EF  is  the  straight  line  which  was  to  be 
drawn. 

For  the   as  DFH,  AFG,  are  similar,  therefore 
(E.  xxix.  6.) 

A  DFH  :   A  AFG  ::  DF"  :  AF^; 
therefore  (dividendo)  trapezium 

DAGH  :  A  AFG  ::  DF'^AF* :  AF; 

113 
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that  is,  (E.  vii.  2.)  trapezium 

DAGH  :  A  AFG  ::  DA*  +  a  DA  x  AF  :  AF*; 
therefore  (constr.  and  E.  xi.  5.) 

DAGH  :  A  AFG  ::  BC  :  K. 

Prop.  XV. 

18«    Problem.     To  inscribe  a  square  in  a  given 
triangle. 

Let  ABC  be  the  triangle :    It  is  required  to  in- 
scribe in  it  a  square. 


Draw  AD  perpendicular  to  BC.  From  BC  cut 
off  BE,  equal  to  a  fourth  proportional  to  BC+  AD, 
BC  and  AD ;  and  through  E,  draw  EF  parallel  to 
BA^  meeting  -^Cin  F;  from  Fdraw  FG  parallel  to 
BC;  and  rIso  from  F  and  G,  draw  JFXT,  6/,  perpen- 
dicular to  BC:  FGIJt  is  the  square  which  was  to 
be  inscribed. 

For  BEFG  is,  by  construction^  a  pamllelogram ; 
therefore,  (E.  xxxiv.  i.)  FG  =  BE. 
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Let  FG  cut  AD  in  K.    Then  {eonatr.) 
BC+AD'.         BC       ::  AD :  BE; 
therefore  (dividendo) 

AD       1        BC        v.  AD- BE  :  BE, 
and  {permtttar^) 

AD      :    AD -BE    ::  BC  :  BE, 
but  (E.  iv.  6.)  * 

5C  :  GF  or  jB£  ::  JC  :  AF  ::  AD  :  ^JST; 
therefore  (E.  xi.  5.) 

AD       :    AD- BE    ..  AD  :  AK; 

.-.  AD-BE=AK=AD-KDi 
. .  B£or  6F=#rDa(E.  uxiv.  1.)  G/or  jRff: 

Wherefore,  the  parallelogram  FGIH  is  equilateral, 
and  (coiutr.  and  E.  xxxiv.  1.)  its  angles  are  right 
angles.    Therefore  it  is  a  square. 

Prop.  XVI. 

19.  Problem.  In  a  given  triangle,  to  in$cribe  a 
rectat^le,  the  sides  of  which  shaU  be  to  each  other 
in  a  given  ratio. 

Let  ABC  be  the  triangle,  and  let  the  ratio  be  that 
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of  M  to  N:  It  is  required  to  inscribe  in  the  a  ABC 
a  rectangle  DBFG,  such  that 

EF  :  FG  ::  M  :  N. 

From  A  draw  AH  perpendicular  to  BC;  find  P 
such^  that 

BC  :  AH  ::    M   :  P; 
and  Q  such^  that 

iV+P  :    M    ::  /#H  :  9; 

and  from  AC  cat  off  AF  equal  to  a  fourth  propor- 
tional to  BCy  Q,  and  AC;  from  F  draw  FE  parallel 
to  CB^  cuttii^  AH  in  /,  and^  from  E  and  F,  draw 
£Z>  and  FG  perpendicular  to  BC.  The  rectangle 
DF  is  that,  which  was  to  be  inscribed. 

For  {cotutr.)  BC  :    Q   :i  AC  :  AF, 

and  (E.  iv.  6.)  AC  :  AF  ::  BC  :  EF; 

therefore  (£.  xi.  5.  and  E.  i^.  5.)  EF=  Q. 

Again,  {constr.  and  E.  xvi.  6.) 
BCx  P=AHx  M,  and  (AT+P)  x  Q=ZB^x  M; 


:  X  P  =  (JV+P)  X  Q  =  (iV+P)  X  £F; 
therefore  (E.  xvi.  6.) 

iV+P  :    P   ::  BC  :  CF; 
but  (E.  iv.  6.) 

BC  :  EF  ::  ^C  :  AF  ::  ^tf  :  AI; 
'  therefore  (E.  xi.  5.) 

N+P  :    P    ::  ^H:  AI, 
and  (dzTteteTufo) 

A?^  :    P   ::  /fl^  or  FG  :  ^/. 
But,  since 

BC  :  EF  ::  AH  :  AI, 
■    {permutando) 

BC  :  ^/f ::  EF  :  AI, 
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And  (constr.)  BC  :  AH  :t  M  :  P, 

..EF:  AI  .:  M  :  P, 
and^  (as  was  shewn) 

AI  :  FG::  P   :  N; 
therefore  {ex  aqua) 

EF  :  FG ::  M  :  iV. 
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Prop.  XVII. 

20.    Problem.    In  a  given  triangte,  to  inscribe  rz 
rectangle,  which  shall  be  equal  to  a  given  square. 

Let  ABC  be  the  triangle,  and  L  the  side  of  the 


square :    It  is  required  to  inscribe^  in  ABC  a  rect- 
angle equal  to  L^ 

From  A  draw  AD  perpendicular  to  BC;  find 
(Supp.  xxi.  6.)  a  square  which  is  to  L%  as  BC  is  to 
AD\  let  CE  be  its  side,  and  place  CE  at  right 
angles  to  BC;  upon  BC^  as  a  diameter,  describe  the 
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circle  BFC:  through  E  draw  EF  parallel  to  CB*y 

meeting  BFC  in  F;  from  AC  cut  off  AG,  equal  to 
a  fourth  proportional  to  BC,  EF,  and  AC',  from  G 
draw  GH  parallel  to  CB,  and  from  G  and  //  draw 
GI,  and  /fJ^,  perpendicular  to  BC%  the  inscribed 
rectangle  GK=L*. 

For  let  G/f  cut  AD  in  3f,  and  draw  FN  parallel 
to£C. 

Then  since  (constr.) 
CA  :        ^G        ::  BC  :  £F  or  iVC. 
and  (E.  iv.  6.) 

C^  ;        AG       ::  BC  ;  HG; 
therefore  (E.  xi.  5.  E.  ix.  5.)  HG  =  NC, 

Again,  (E.  iv,  6,) 
CA  :        AG       ::  AD  :  ^il/, 
AG        ::  BC  :  «G; 
HG       ::  JD  :  .^AT, 
and  (permutando) 

BC  :       ^/)        ;:  HG  :  //iW; 
that  is, 

BC  :       ^X>        ;:  NC  :  ><il/: 
therefore  (E.  xix.  5.) 

BN :  MD  or  GI  ::  BC  :  AD; 
but  (E.  i.  6.)  

BN:        GI        ::    SNxJ^     :~GIx.GH; 
that  is, 

BiV  :         GI        ::  :2^»  or  C£*  :  IHx'GH'. 


andCy# 
.'.  BC 


*  KEF  d«  not  meet  the  droamftranoe  ci  AFC,  the  problem 
ii  impoasible.  The  inaeribed  rectangle  cannot  exceed  tfuft 
whidi  hm  for  its  altitude  the  half  of  the  altitude  of  the  triangle- 
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therefore  (E.  xi.  5.) 

BC  :  AD  ::  €^  :  Glx 

But  (constr.) 

BC  :  AD  ;;  Cg'  ;  L*, 
GIxGTt=L\ 


•  • 


Prop.  XVIII. 

21.  Problem,  /h  a  ^t^en  triangle^  to  inscribe  a 
rectangle,  which  shall  be  to  the  triangle  in  a  given 
ratio. 

Find  (Supp.  xxi.  6.)  a  square  which  shall  be  to  the 
triangle  in  the  given  ratio;  then  (Supp.  Part  II. 
xvii.  4.)  inscribe^  in  the  triangle^  a  rectangle  equal 
to  that  square ;  and  (E.  vii.  5.)  it  will  be  to  the  tri- 
angle in  the  given  ratio. 

Prop.  XIX. 

23.  Problem.  In  a  given  square  to  inscribe  an 
ohUmg,  the  two  adjacent  sides  of  which  shall  be  to  one 
another  m  a  given  ratio. 

Let  ABCD  be  the  square,  and  let  the  ratio  be 
that  of  AE  to  ED  I  It  is  required  to  inscribe  in 
ABCD  an  oblong,  the  adjacent  sides  of  which  shall 
be  to  each  other  as  AE  is  to  ED. 

From  AB,  CB,  and  CD,  cut  off  AF,  CG,  CH, 
each  equal  to  AE^  and  join  E,  F  and  F,  6,  and  G,  H 
and  H,  E:  EFGH  is  the  oblong  which  was  to  be 
inscribed. 

For  {conslr.  E.  v.  1.  E.  xxxii.  1.)  the  /.%  AFE, 
AEF,  DEH,  DHE,  are  each  of  them  the  half  of  a 
right  angle;  wherefore^  (E.  xiii.  1.)  the  z  FEH  is 
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a  right  angle ;  and,  in  like  manner,  it  may  be  shewn, 


that  the  ^  s  EFG,  FGH,  GHE,  are  each  of  them 
right  angles;  therefore,  the  figure  EFGH  is  an 
oblong. 

Again,  since  the  as  AEF,  DEH,  are  equiangular, 

(E.  iv.  6.)  FE  :  EA   ::  HE  :  ED, 
therefore  (permutando)  FE  :  EH  ::  AE  :  ED; 


Prop.  XX. 

23.  Problem.  In  a  ghen  square,  to  inscribe  an 
obUmg  equal  to  a  gioen  rectUineal^figure  not  greater 
than  the  half  of  the  square. 

Let  A  BCD  (see  Fig.  to  Art.  22.)  be  the  square: 
It  is  required  to  inscribe  in  it  an  oblong,  equal  to 
a  rectilineal  figure,  not  greater  than  the  half  of  it. 

Find  (E.  xiv.  2.)  a  square  U,  equal  to  the  rectili- 
neal figure;    divide  (Supp.  Ixxi.  3.)  AB  in  F,  so 

that  AFxFB  shall  be  equal  to  the  half  of  L';  from 
ItC,  CD,  DA,  cut  off  BG,  DH,  DE,  each  equal  to 
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FBi  and  draw  ^F,  FG,  677,  HF:  EFGH  is  the 
oblong,  which  was  to  be  inscribed. 

For  it  may  be  shewn^  as  in  Art.  32.  that  EFGH  is 
a  rectangle.  Also,  the  square  A  BCD  is  made  up  of 
the  rectangle  EG,  and  of  the  four  as  AEF,  CHG, 
BFG,  DEH;  and  it  is  manifest,  that 

AAEF+ACHG=iAF^, 
and  A  BFG+  a  DEH^.  FB*; 

also  (E.  iv.  3.)  AB'=Ar  +  FB'+aAF>i  FB; 
therefore  the  rectangle  £G  =  2  ^FxFjB=(con«/r.) 
L";  and  L*  was  made  equal  to  the  rectilineal  figure. 

Prop.  XXI. 

34.  Problem.  In  a  given  square  to  insertte  ati 
oblong,  which  shall  be  to  the  square  in  a  given  ratio  ; 
not  greater  than  that  of  one  to  two. 

Find  (Supp.  xxi.  Q.)  a  square  which  shall  be  to 
the  square  in  the  given  ratio ;  inscribe  (Supp.  Part  II. 
XX.  4.)  in  the  square,  an  oblong  equal  to  the  square 
so  found;  and  (E.  vii.  5.)  it  will  be  to  the  square,  in 
the  given  ratio. 

Prop.  XXIL 

25.  Problem.  In  a  given  square,  to  inscribe  a 
square  which  shall  be  to  it  in  a  given  ratio^  not  less 
than  that  of  one  to  two. 

Let  ABCD  be  the  square :  It  is  required  to  in- 
scribe in  it  a  square^  which  shall  be  to  it  in  the  ratio 
of  A  to  iS.  Find  a  mean  proportional  2\  between  R 
and  S;  find,  also,  a  fourth  proportional  r,  to  Ty  R, 
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and  AB;  diride  (Sapp.  Part  IL  xxii.  3.)  AB  in  E, 


T 
V 


80  that  AE'  +  EB^^r^;  from  AD,  DC,  CB,  cutoff 

AF,  DG,  CH,  each  equal  to  EB,  and  draw  EF, 

TGj  GH,  HE:  EG  is  the  square  which  was  to  be 
inscribed. 

For  [canstr.  and  Supp.  xxxv.  1.)  EG  is  a  square : 
Also,  {constr.)  and  £.  xlvii.  1.) 

EF'^AE'=^EB\  r*; 
and  [conslr.) 

R    :   T  ::  r  :  AB; 
therefore  (Supp.  i.  6.  Cor.  1.) 

If  I  r  ::  r*  or  EG  :  AB, 
but  {constr,) 

/?»  :  7*  :.  R:  S; 
therefore  (E.  xi.  6,) 

R    :   S  ::  r*  :  AB\ 


SUPPLEMENT 


TO   THE 


ELEMENTS  OF  EUCLID. 


PART    II. 


BOOK  V. 


Prop.  I. 

1.  Theorem.  If^  from  the  right  angle  of  a 
right^ngUd  triangle,  ttoo  straight  Unea  be  draum^ 
making  equal  angles  with  either  of  the  sides,  the 
straight  Une,  which  is  made  up  of  the  hyj^otenuse 
and '  the  exterior  segment,  is  cut  harmonically  by 
that  side,  and  the  straight  line  so  drawn,  which  is 
within  the  triangle. 

Let  ABC  be  a  right-angled  triangle^  having  the 
angle  BAC  a  right  angle;  and  let  AD  and  AE^ 
cutting  CB  in  D,  and  CB  produced' in  E,  make 
equal  angles  with  AB:  CE  is  cul  harmonically  in 
B  and  D. 


494 


SUPPLEMENT   TO    EUCLID  S    ELEMENTS. 


Produce  EA  to  F:  then  (E.  xiii.  1.)  the    zs  EAB, 


BAC,  CAF,  are,  together^  equal  to  two  right  angles, 
and  (hyp.)  the  z  BAC  is  a  right  angle ;  therefore  the 

lEAB^iCAF^  iBAC^  jiBAD+  iDAC; 
but  {hyp.)  the    /.  EAB  =  z  BAD,   therefore   the 
z  CAF—  z  DAC;  therefore   (Supp.  ii.  6.   Cor.  1.) 
CE  is  cut  harmonically  in  B  and  D. 

Prop.  II. 

2.    Problem.    To  find  a  third  harmonic  propor- 
tional to  two  given  unequal  straight  Unes. 

Let  AC  and  AB  be  the  two  given  unequal  straight 


lines :  It  is  required  to  find  a  third  harmonic  pro 
portional  to  AC  and  AB. 
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Upon    AB,    as  a  diameter,   describe  the   circle 

ADBE]  bisect  JEB  in  E;  join  E,  C;  upon  EC, 
as  a  diameter,  describe   the  circle  EDC^  and  let 

EDC  cut  ADh  in  D;  join  E,  X),  and  let  ED  cut 

AB  in  F:  ^F  is  the  line,  which  was  to  be  found. 

For  {constr,  and  E.  xxvii.  3.)  the  lADF-BDF, 
and  (E.  xxxi.  3.)  the  iFDC  is  a  right  angle: 
wherefore  (Supp.  Part  II.  i.  5.)  AQAB  and  AF, 
are  harmonic  proportionals. 

Prop.  III. 

«S.  Problem.  To  find  an  harmonic  mean  pro- 
portumal  between  two  given  unequal  straight  lines. 

Let  AB  and   AC  be   the   two    given    unequal 


B 

straight  lines :  It  is  requited  to.  find  an  harmonic 
mean  proportional  between  (hem. 

Upon  CB,  as  a  diameter,  describe  the  circle 
CDB;  take  any  point  D  in  its  circumference,  join 
D,  A,  and  D^  C,  and  at  the  poiiit  D,  in  CD,  make 
(E.xxiii.  1.)  the  ^CDE  equal  td  the  zADC:  AE 
is  the  line,  which  was  to  be  found. 

For,  join  D,  B;  and  since  (constr.  and  E.  xxxi.  3.) 
the  z  CDB  is  a  right  angle,  and  the 

z  ADC  ==  z  EDC, 
AE  is  (Supp.  Part  II.  i.  5.)  an  harmonic .  mean  be- 
tween AB  and  AC. 
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Prop.  IV. 

4.*  Problem.    To  divide  a  given  ^nite  straight 
line  in  extreme  and  mean  harmonic  ratio. 

Let  AB  be  the  given  finite  straight  line :   It  !» 


required  to  divide  it  in  extreme  and  mean  harmonic 
ratio. 

From  A,  draw  AC  si  right  angles  to  AB,  and 
make  AC  equal  to  AB ;  join  C,  B ;  from  CBj  cut 
off  CD,  equal  to  CA  or  AB,  and  from  BA,  cut  off 
BE  equal  to  BD:  AB  is  divided  in  extreme  and 
mean  harmonic  ratio  in  E. 

For  (E.iv.3.)  DC'  +  DB'  +  2DCxDB^BC' 

=:  (E.xlvii.  1.  and  constr.)  2AC*^2DC^; 
from  these  equals  take  the  common  square  DC*^ 

and    DB*+  aDC  x  DB  =^DC*, 
that  is,  (E.  i.  2.)  DB  x  {DB+2DC)^DC^; 

and  2DB  x  {DB  +  2DC)^2DC; 
therefore  (E.  xvii,  6.) 

DB^2DC  :  2DC::DC:2DB; 
therefore  {dioidendo) 

DB  :  2DC  ::  DC''2DB  :  2DB, 
and  DB.:    DC  ::   DC--2DB  :  DB; 
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therefore  (invertendo) 

DC  :  DB  ::  DB  :  IK-^DB; 
that  is,    AB  :  BE   ::  AB^AE  :  AE^EB. 
Wherefore,  AB,  AE,  and  EB,  are  harmonic  pro- 
portionals. 

Prop.  V; 

5.  Theorem.  If  from  the  extremities  of  a  given 
straight  line,  which  is  dknded  harmonicaUy^  and 
from  the  points  of  division,  straight  lines  be  drawny 
all  passing  through  a  gioen  point,  without  the  given 
UnCf  anjf  straight  line,  which  is  parallel  to  one  of 
them^  considered  as  the  first,  and  is  terminate 
by  the  second  and  fourth,  shall  be  bisected  by  the 
third  of  them. 


Let  AB  be  divided  harmonically  in  C  and  D ; 


through  any  point  E,  without  AB,  let  there  be 

drawn  the  straight  lines  Aa,  Cc,  Dd,  Bb,  and  Fit, 

Kk 


\ 
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drawn  parallel  to  the  first  A  a,  be  terminated  by  Cc 
the  second,  and  Bb  the  fourth :  FJff  is  bisected,  in 
G,  by />c£,  the  third. 

Through  D,  draw  LDK  parallel  to  Aa,  meeting 
Bb  in  L,  and  Cc  in  K;  then  (E.  xv.  1.  E.  xxix.  1.) 
the  AS  ACE,  DCK,  are  equiangular,  as  are,  also, 
the  AS  AEB,  DLB,  the  as  FEG,  DEL,  and  the 
AS  OEM,  KED : 
therefore  (E.  iv.  6.)  AE  :  AB  ::  DL  :  DB; 
and  {hyp.)  AB  :  AC  ::  DB  :  DC; 
therefore  (ei?  ^e^uo)  AE  :  AC  ::  DL  :  DC; 
but  (E.  iv.  6.)  ^E  :  AC  ::  DK  :  DC; 
therefore  (£.  ix.  5.)  DK^DL; 
and  ED  :  EG  ::  JTD  :  Gfl^ ::  DL  :  GF; 

.-.   GH^GF. 


Prop.  VI. 

6.  Theorem.  If  four  given  straight  lines  have 
a  point  common  to  than  all,  and  if  a  straight  Une, 
drawn  parallel  to  amj  one,  considered  as  the  first, 
and  terminated  by  the  second  and  fourth^  be  bisected 
by  the  third  of  them,  any  straight  line^  which  cuts  all 
the  four  given  straight  Unes,  shall  be  dwided  by 
them  harmonically. 

Let  the  four  given  ^raight  lines,  A  a,  Cc,  Dd, 
Bb,  (see  the  figure  to  Art.  5.)  have  the  common 
point  E,  and  let  FH,  drawn  parallel  to  Aa,  and  ter- 
minated by  Cc  and  Bb,  be  bisected  by  Dd  in  G; 

also,  let  AB  cut  the  four  given  straight  lines,  in  A, 
Cj  D,  and  B:  AB  is  divided  harmonically  in  Cand 
D. 
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Through  D,  draw  KL  parallel  to  A  a,  meeting  Cc 
m  Ky  and  Bh  in  L ;  then  » 

(E.  iv.  6.)  EQ  :  ED  ::  GH  :  if/)  ::  OF :  DL; 
and  {hyp.)  GH^GF-,  /.  (Rxiv.  5.)  KD^DL. 

And^  since  (E.  xt.  1.  E.  xxix.  l.)  the  as  AEB, 

DLB,  are  equiangular,  as  are,  also,  the  as  ACE, 
DCK, 

(E,iv.  6.)  AB  :  AE  ::  DB  :  DL, 

and  ^J5  :  AC  ::  D/T  or  DL :  DC, 

therefore  (e^  (equo)  AB  :  ^C  ::  DB  :  DC. 
Wherefore,  AB  is  cut  harmonically  in  C  and  D. 

7.  ScHOLivM.  It  is  evident,  that  the  above  j^to^ 
position  furnishes  a  ready  practical  method,  requiring 
no  instrument  but  the  parallel  ruler,  for  finding  an 
harmonic  mean  between  two  given  unequal  straight 
lines,  and^  also,  a  third  harmonic  proportional  to 
them. 

Prop.  VII. 

8.  Theorem.  If  four  gwen  straight  lines  ^  having 
a  paint  common  to  them  all,  cut  ajifth  straight  line 
harmonicalfy,  any  other  straight  line,  which  is  cut 
hy  the  four  given  straight  lines,  shaU  he  diirided  by 
them  hofmanicaUy. 

Let  the  four  straight  lines  A  a,  Cc,  Dd,  Bh, 
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having  the  common  point  £,  cut  ^MB  harmohically ; 
and  let  FK  be  any  other  straight  line  cut  by  thero^ 
in  the  several  points^  F,  6,  H^  K:  FK  is  divided 
harmonicaliy  in  6  and  H. 

For,  if  LM  be  drawn  parallel  to  Cc,  it  will  (Supp. 
Part  II.  V.  5.)  be  bisected  in  N,  by  Bb;  wherefore 
(Supp.  Part  11.  vi.  5.)  FK  is  cut  harmonicaliy  in  G 
and  H. 


Paop.  vni. 

9.  Peoblbm.  To  draio  four  straight  linesy  so 
that  any  other  straight  line^  which  is  cut  ly  them 
all,  shall  be  divided  hy  them  harmomcaUy. 

Take  any  three  points  A^  B  and  C,  which  are 


not  in  the  same  straight  line ;  join  any  two  of  them, 
as  ^,  jB;  bisect  AB  in  D,  through  C  draw  the 
straight  lines  ACa,  DCdj  BCb,  and  also,  Cc  parallel 
to  AB:  then  (Supp.  Part  II.  vi.  5.)  shall  any 
straight  line  PQ,  which  is  cut  by  Aa  in  P,  by  Dd 
in  R,  by  Bb  in  S,  and  by  Cc  in  Q,  be  divided  har- 
monically in  R  and  aS'. 
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Prop.  IX. 


10.  Problem.  To  find  four  geometrically  pro- 
portional straight  lines  j  the  differences  of  which  shall 
be  harmonic  proportionals. 

Assume  any  finite  straight  line  AB;    divide   it 


B 

• 


(Supp.  ii.  6.  Cor.  l.)  harmonically  in  C  and  D;  find 
(E.  xii.  6.)  a  fourth  proportional  E  to  BC,  CA,  and 
AC^AD:  then  are  E,  E+AQ  E+AC+AD,  and 
E+AC-^-AD-^-AB,  the  proportionals  which  were 
to  be  found. 

For  {hyp.)  BC :  CA  ::  CA^AD  :  E, 
therefore  (componendo) 

AB :  AC ::  AC+AD+E  :  E, 
and  {permutando) 

AB  :  AC+AD+E  ::  AC :  E; 
therefore  (componendo) 
AB+AC+AD+E  :  AC+AD-^E ::  AC+E  :  E; 

Wherefore,  the  four  lines  are  proportionals,  and 
{constr.)  their  differences  AB,  AD  and  AC,  are 
harmonic  proportionals. 

11.  CoR.  If  the  four  proportionals,  thus  deter- 
mined, be  placed  in  the  same  straight  line,  it  is 
manifest^  that  by  dividing  any  given  straight  line 
similarly  to  it,  the  given  line  will  be  divided  into  four 
proportionals,  the  differences  of  which  shall  be  har- 
monic proportionals. 
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Prop.  X. 

12.  Problem.  To  find  a  square,  which  $kaU  he 
an  harmonic  mean  proportional,  between  two  gioen 
unequal  squares. 

Let  AB  and  AC  he  the  sides  of  the  two  given 


squares :  It  i^  required  to  find  a  square,  which  shall 

be  an  harmonic  mean  proportional  between  AB^  and 

J[C\  '  . 

From  A,  draw  AD  perpendicular  to  .^,  and 
make  AD  equal  to  AB ;  join  D,  C,  and  D^  By  and 
from  AB  cut  off  AE  equal  to  a  fourth  proportional 

to  DC,  DB  and  AC:  AE*  is  the  square,  which  was 
to  be  found. 
For  {constr.) 

DC  :    DB  ::  AC  i  AE, 

therefore  (Supp.  i.  6.  Cor.  1 .) 

jDC*:   DS"  ::  AC  :  AE' ; 

(constr.  and  E.  xlvii.  1 .) 

AB'+AC^ :  2AB' ::  AC^ .  AE\ 
therefore  {convertendo) 

AB^  +  AC  :  AB'^AC  ::  AC  :  AE\^  AC, 
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and  (permutando) 

therefore  (dividendo) 

Aff  :  AC* ::  Aff^AE^ :  AE^^Aa. 
Wherefore,  AB^^  AE\  and  AC^,  are  harmonic  pro- 
portionals. 

Prop.  XL 

13.  PjiOBtBM.  To  find  a  square,  whibh  shaU  be 
a  third  harmonic  proportional  to  two  gwen  unequal 
squares. 

Let  AB  and  ^C  be  the  sides  of  the  two  given 


-4— 


B- 


squares :  It  is  required  to  find  a  square,  which  shall 

be  an  harmonic  third  proportional  to  Aff  and  AC^: 
From  A  draw  AD  perpendicular  to  AB,  and  make 
AD  equal  to  AB;  join  D,  B;  find  (Supp.lxxv.  1.) 
the  side  E,  of  a  square^  which  is  equal  to  the  excess 

oiD&  zhove  AC*:;  and  from  AB  cut  off  AF  equal 

to  a  fourth  proportional  to  E,  AB  and  AC:  AF*  is 
the  square,  which  was  to  be  found.  * 
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For  {constr.)  E  :  JB  ::  AC  :  AF, 
therefore  (Supp.  \.6.  Cor.  1.) 

E^  :  AE'v.ACi  AF^; 
that  IB,  (c<msfr.  and  E.  xItu.  1.) 

^AB'^AC  :  AV  v.  AO  :  AF"; 
therefore  {dioidendo) 

AB'-'AC^  :  AB"  ::  AC^^AF^ :  AF*; 
and  (}ier9nK<aiufo) 

A»'-AC^  :  AC^^AJF^ ::  ^J5* :  ^F\ 

Wherefore^  Jf,  ^C%  and  AF\  are  barmonic  pro- 
portionals. 

Prop.  XU. 

• 

14.  Problem.  To  find  Jimr  geometrkalfy  pro- 
partianal  straight  Unas,  the  differences  of  the  sqiuxre^ 
of  which  shall  he  harmonic  proportionals. 

Assnme  any  two  unequal  straight  lines,  AB  and 


C;  upon  AB,  the  greater,  as  a  diamelw,  describe 
the  circle  ADB,  find  (Supp.  Fart  IL  li.  5.)  a  gqnare 
which  shall  be  a  third  harmonic  proportional  to  AB* 
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and  (?,  and  place^  in  the  circle  ADB^  BD  equal 
to  the  side  of  that  square;  join  A,  D^  and  in  DA, 
produced  if  necessary^  take  DE  equal  to  C,  and 
join  B,  E;  find  a  fourth  proportional^  F,  to  A  J), 
DB,  and  BE;  produce  AD  to  G,  so  that  DO^F, 
and  join  B,  G ;  produce^  also,  DB  to  H,  so  that 
DH^BG^  and  join  E^  H;  lastly,  draw  BK  per- 
pendicular to  AB,  make  it  equal  to  EH^  and  join 
AK :  Then  are  AK,  EH,  BG,  and  F,  the  four  pro- 
portional which  were  to  be  found. 
For  (constr.) 

AD  2  DB  ::  BE  :  F, 
therefore  (Supp.  i.  6.  Car.  1.) 

Al>  iDB'iiBE^ :  F\ 
and  (camponendo) 

AD'+Dff :  DB" ::  BE'  +  F^  ;  F'; 
therefore  (permnftfiufo) 

AD'+DB'  I  BE^+F"  ;:  DB* :  F", 
and  (conyonendo) 

^Z>*  +  DiB*+B£'+^  :  BE^^F^ ::  DB'^F^ :  F*. 
But  (E.xlvii.  1.) 

AD^  +  DB'^AB',  and  jBJB»  +  F»  =  nE»+DB»+F* 
=  {constr. )JDE'  +  DB' + D& = DF* + BG* 
^DE^+DW^EW^BK^i 
AD'  +  DB'+BE'+F^^AB'+BK^a:.AK\ 


•     m 


Wherefore,   AK*  :  EH*  ::  B& :  F», 
and  (Supp.  1. 6.  Cbr.3.)  AK   :  EH  ::  £G  :  F. 
Therefore,  AKy  EH,  BG  and  F,  are  geometrically 
proportional,  and 

AK*  -  EH*  =.  ABf,  EH*  -  5G»  a  D^ = C*, 
B&-F*^BG*-D&  =  Biy; 
and  (cofMfr.)  the  squares  of  ^fi,  C  and  BD)  are 
hannoQic  prqiiortionals. 
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15:  Gob.  If  the  four  proportionals,  thus  deter- 
mined^ be  placed  in  the  same  straight  line^  any  g;iTen 
finite  straight  line,  which  is  divided  simihriy  to  it^ 
is  divided  into  four  geometric  proportionals^  the  dif- 
ferences of  the  squares  of  which  are  harmonic  pro- 
portionals. 

Prop.  XIIL 

16.  Theorem.  If  the  base  of  a  triangle  be  pro- 
duced, and  if,  from  any  point  in  the  part  produced, 
a  straight  line  be  drawn  cutting  the  one  side  of  the 
triangle  and  meeting  the  other,  it  shall  be  cut  har- 
mtmicalfy  by  the  side  of  the  triangle,  and  by  the 
straight  line  draum  from  the  summit  of  the  tri- 
angle, through  the  intersection  of  the  tvx>  straight 
Unes  that  join  the  angles  at  the  base,  and  the  points, 
in  which  the  opposite  sides  are  cut  by  the  Une  itself 
so  drawn. 

From  any  point  D,  in  the  base  BC,  produced^  of 


the  ^ABC,  let  DE  be  drawn,  meeting  AB  in  E, 
and  cutting  AC  in  F;  also^  let  BF,  CB,  cut  one 
another  in  G,  and  let  ZfG  cut  DE  in  H:  DE  is 
divided  harmonically  in  ^and  F. 
For,  if  DH  be  not  an  harmonic  mean  between 
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DE  and  DF,  let  DK  be  an  harmonic  mean  between 
tbem ;  join  K^  G,  and  G,  D,  and  A^  D ;  produce 
KG  to  meet  BD  in  L ;  and  join  A,  L,  and  let  AL 
cut  DE  in  M.  And,  because  (hyp.)  ED,  which 
cuts  GE,  GK,  GF,  GD,  is  divided  harmonically  in 
K,  and  F,  JSD,  which  cuts  the  same  four  lines,  is 
also  (Supp.  Part  II.  vii.  5.)  divided  harmonically  in 
L,  and  C;  wherefore,  likewise,  DE  is  divided  har- 
monically in  M  and  F;  so  that  DM  is  an  harmonic 
mean  between  DE  and  DF;  wherefore,  DM  is 
equal  to  DK,  the  greater  to  the  less ;  which  is  im- 
possible. Therefore*  no  line,  but  DH,  is  an  har- 
monic mean  between  DE  and  DF. 

17.  Cob.  If  AG  be  produced  to  meet  the  base 
BC,  in  N,  BD  is  (Supp,  Part  II.  vii-  5.)  divided  har- 
monically in  iVand  C. 

Prop.  XIV. 

18.  Theorbm.  If  straight  Unea  be  drawny  from 
the  extremities  of  the  base  of  a  triangle,  through  any 
the  same  point  of  the  perpendicular,  kt fall  from  the 
summit  on  the  base,  the  straight  Une  joining  the  two 
points,  m  which  they  meet  the  sides,  shall  be  divided, 
ty  the  perpendictUarf  into  two  parts,  that  subtend 
equal  angles,  at  the  point  where  the  perpendtcuM" 
meets  the  base. 

Let  AD  be  the  perpendicular,  drawn  from  the 
summit  A^  to  the  base  BC,  of  the  a  ABC;  and 
through  any  point  E  of  AD,  let  there  be  drawn 

BEF,  CEG,  meeting  AC,  and  AB,  in  F  and  G, 
respectively ;  let  GF  be  cut,  by  AD  in  H,  and  join 
F,Aand  G,D:  the  iFDH^  lGDH. 
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Fbnt,  if  OF  be  parallel  to  BC,  through  E  draw 


A 


iS:£L  also  paraDel  to  BC.    Then 

(E.  ii.  6.)  BF  :  B£  ::  CG  :  C£, 
abo  (E.iv.  6.)  BF  :  ££  ::  FG  :  EL, 
and  CG  :  CJB  ::  FG  :  EK; 
thei«fore  (E.  zi.  5.  E.-iz.  5.)  LEtsEK; 
therefore  (Sopp.  Ixi.  l.)'  6H=ifF;    and   HD  is 
oommon  to  the  two  as  GHD,  PIfD,  and  {hjfp.  and 
E.  xxiz.  1.)  the  zs  GAD,  FHD  are  right  angles; 
wheitefore,  (E.iv.  1.)  the  /.FDH=  i.GDH. 

Bat  if  GF  be  not  parallel  to  BC,  let  GF  meet 
BCt  produced,  m  K;  and  through  F,  drew  FL 
parallel  to  BC,  cutting  AD  in  M,  and  meeting  GD 
in  Z<.  Wherefore,  (Sopp.  Part  II.  ziii.  5.)  GK  is  cut 
harmonically  in  /Tand  F,  and  (Sopp.  I^rtll.  t.  5.) 
FL  is  bisected  in  M;  it  may  be  shewn,  therefore, 
as  in  the  former  case,  that  the  /  FDM—  ^LDM; 
that  is,  the  /.FDH-  JiGDH. 


SUPPLEMENT 


TO  THE 


ELEMENTS  OF  EUCLID. 


PART   II. 
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Prop.  I. 

L    Theorem.   If  two  unequal  arches  of  a  circle 

he  each  of  them  less  than  a  quadrant,  the  greater  of 

them  shall  have  to  the  less  a  greater  ration  than  the 
supplement  of  the  less  has  to  the  supplement  of  the 

greater. 

Let  the  arches  CD,  CE,  of  the  circle  ABCE,  of 
which  CA  is  a  diameter^  be  each  of  them  less  than  a 
quadrant : 

C^  :  €b>Ab      :  A^. 

Since  {hyp.)  AE  >  6B,  if  ^^  be  added  to  each^ 
(Supp.  xi.  5.) 

AE  :Dt;>  Jed  -.  dD)B. 


510  SUPPLEMfiHT  TO   EUCLID'8   ELEMENTS. 

therefore  (Sopp.  vii.  5.) 

^  :Ab>^     :CE, 

and  (Supp.  vi.  5.) 

^:^>Ab      :AE. 


3.  Cor.  The  greater  of  two  angles  has  to  the 
less  a  greater  ratio,  than  the  supplement  of  the  less 
has  to  the  supplement  of  the  greater. 

Prop.  II. 

8.  Theorem.  If  two  unequal  arches  of  a  cirde 
he  each  of  them  less  than  a  quadrant^  the  tangent 
of  the  greater  shaU  have  to  the  tangent  of  the  less, 
a  greater  ratio  than  the  greater  arch  has  to  the  less. 

Let  the  arches  AC  and  AD,  of  the  circle  ABC, 
of  which  AB  is  a  diameter,  and  K  the  centre,  be 

eiich  of  them  l6ss  than  a  quadrant ;  and  let  KCE^ 

KDFy  meet  Af,  which  touches  the  cirde  at  A,  in 
E  and  F,  respectiTcly, 

AF  :'AS>2b  :Ad. 
Through  C  draw  GCH  parallel  to  AF,  meeting  KP 
in  G,  and  KA  in  H.    Then  (E.  viii.  5.) 


I 
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A  HKC  :  A  CKG  <  sector  AKQ  :  a  Cif  G  ; 
and  sector  ^iiCC  :  aCKC 

<  sector  ^A^C  :  sector  CKD; 
.*.  A  HKC :  A  CJiTG  <  sector  AKC  :  sector  CICD. 
But  (E.  i.  6.) 

A  HKC  :  A  CA:G  ::  HC  :  CG, 


A K 

H ><^& 


•  • 


and  (E.  xxxiii.  6.) 

sector  v^JTC  :  sector  CJf/)  ::  ^  :  ^ 

.'.HC  '.  CG<2d'.  CI), 

or  CG  X  HC>CDi  AC; 
therefore,  (Snpp.  z.  6.)  ■ 

HG  :  HC>ADi  AC; 

but  (E.  iv.  6.) 

HG  :  HC  ::  AF :  ^^; 

.-.  -<4F  :  AE>AD  :  ^C. 


Paop.  ill. 

4.  TdEOBEM.  J^tiDo  triangles  have. their  ^oer- 
tical  angles  equal  to  one  another,  and  have  the  tu)0 
remaining  angies  in  each,  neither  of  which  is  obtuse. 


L 
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unequal,  the  side  adjacent  to  the  greater  angle,  in 
the  one  triangle,  shaU  have  to  the  base  a  less'  ratio, 
than  that  which  the  side  adjacent  to  the  correspond- 
ing angle,  in  the  other  triangle,  has  to  the  bas&. 

ft 

In  the  two  as  ABCy  DEF,  let  the  z  ^  be  equal 


to  the  /  D ;  and  let  the  /  ABC  be  greater  than 
the  /.  DEF',  therefore  (£.  xxxii.  l.)  the  z  ACB  is 
less  than  the  z  DFE;  and  let  none  of  the  zs  ABC, 
ACB,  DEF,  DFE,  be  obtuse; 

AB  :  BC>DE  :  EF. 
At  the  point  B  in  AB,  make  the  /  ABO  equal  to 
the  /  DEF;  wherefore,  the  two  as  ABG,  DEF, 
are  (E.  xxxii.  l.)  equiangular;  and  since,  (%p>)  the 
z  DFE,  ot 'AOB,  is  not  obtuse;  the  z  BGC  is  not 
acute ;  wherefore  (E.  xxxii.  I .)  the  z  BCG  is  le« 
than  the  z  BGC,  and  (E.  xix.  l.)  BC>BG;  bat 
(cotMfr.  and  E.  iv.  6.) 

DE  :  EF  ::  AB  :  BG, 

and,  (E.  viii.  5.) 

AB  :  BG  >  AB  :  BC; 
.-.  DE  :  EF  >  AB  '.  BC, 
OT  AB  I  BC  <  DE :  EF. 
b.   CoK.    If  the  z  DFHhfi  made  equal  to  ACB, 
it  may,  in  like  mannor  be  shewn,  that 

DF'.  FE<  AC  :  CB. 
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Prop;  IV. 

.6.  Theorem.  If^  from  the  greater  of  two  un- 
equal aidei  of  a  gwen  triangle,  be  cut  off  a  part 
equal  to  the  lees,  that  segment  shall  have  to  the 
reaiaimng  segment,  a  ratio  greater  than  the  ratio 
which  the  angle  adjacent  to  the  remaining  segment, 
has  Uythe  angle  adjacent  to  the  segment  first  cut  off. 

Let  the  side  AB,  of  the  triangle  ABC,  be  less 


Then  {BD  ;  DC)  >  (^ACB  :  ^  ABC). 
For  draw  ^ID,  and  complete  (E.  xxxi.  i.)  the 
a  ADBE;  from  the  centre  A,  at  the  distance  AB, 
describe  the  circle  BEF,  the  circumference  of  which, 
since  (E.  xxxiy.  i.  and  constr.)  4E^BD  or  AB, 
will  pass  through  E;  produce  CA  to  meet  the  cir- 
cumference BEF  in  F,  and  BE  produced  in  G;  so 
that  (E.  xxix.  1.)  the  as  GEA,  GBC,  are  equi- 
angular. ^ 

Then,  since  the  sector  ABF  is  less  than  the 
A  AEG,  and  ti)e  sector  AEB  greater  than  the 
A  AEB,  therefore 

(A  AEG  :  sector  AEF)  >  (a  AEB  :  sector  ^5) : 
therefore  (Sopp.  vii.  a.) 

( A  AEG  :  A  ABB)  >  (sector  .^^^F :  sector  AEB) : 
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But  (E.  i.  6.)  A  AEG  :  a  AEB  ::  GE  :  EB, 
and  (E.  iv.  6.  and  E.  xxxiv.  1.) 

GE  :  EB  ::  BD  :  DC; 
1  .-.  (BD  :  DC)  >  (sector  ^^F  :  sector  AEB). 

Also  (£•  xxxtii.  6.) 
sector  ACF  :  sector  AEB  ::   z  £^F  :  z  ^/fB 
and  (E.  xxtx.  l.) 

the  z  E^F=  z  ^d7B,  and  the  z  E^lBs  z  ^BC 
therefore 

sector  ^BF  :  sector  AEB  ::   z  ACB  :   z  ^BC 
/.  {BD  :  DC)  >  (z  ACB  :  z  ^BC). 

7.  Cor.  If  any  part  BP  be  taken  of  BC^  that  is 
greater  than  AB,  then^  much  more,  is 

(BP  :  PC)  >  z  {ACB  :   z  ^BC). 

Prop.  V. 

8.  Theorem.  If  two  unequal  arches  of  a  circk 
have  a  annmon  extremity,  the  one  being  a  part  of 
the  other,  and  if,  from  their  two  other  extremitks, 
any  two  parallels  be  drawn^  to  meet  the  diameter 
passing  through  the  common  extremity,  the  greater 
arch  shall  have  to  the  less,  a  greater  ratio  than  the 
paraUd  terminating  the  greater  arch,  has  to  the 
parallel  terminating  the  less. 

Let  BC,  BD,  be  any  two  unequal  arches  of  the 
circle  ABCD,  of  which  K  is  the  centre,  and  BKA  a 
diameter;  and  let  CF,  DG  be  any  two  paraOeb 
meeting  BA  in  F  and  6  ; 

"Sb  :  ^>DG  :  CF. 
Joih  D,  C;  and,  first,  if  DC  be  parallel  to  AB; 
{hjfp.  and  E,  xxxiv.  l .) 

fC=  GD,  and  BD  >  BC; 

.'.  BD  :  BC>GD  :Fa 


i 
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But,  if  DC  be  not  parallel  to  AB,  DC  and  AB, 


produced^  will  meet  either  towards  A,  or  towards  B : 
if  they  meet  towards  A,  FC>GD, 

and  /.  JbB  :  'Dd  >  GD  :  FC: 

but  if  they  meet  towards  B,  let  them  meet  in  the 

point  Et  and  join  K,  C,  and  K,  D ;  therefore  (E. 

viii.  5.) 

sector  BCK  :  sector  CKD<£^ECK  :  sector 'CJ^Z>, 

and  A  ECK  :  sector  CKD  <  a  ECK  :  a  CDK; 

therefore 

sector  BCK  :  sector  CKD  <  a  ECK :  a  CDK, 

that  is^  (E.  xxxiii.  6.) 

§C  :  6B<  A  ECK:  ^CDKot'ECi  CD, 
therefore  (Supp.  vi.  5.) 

CD  :  BC>CD  .  EC, 

therefore  (Sapp.  x.  6.) 

S^  :  'Bd>DE  :  EC, 

but  (E.  iv.  6.) 

ED  :  EC ::  DG  :  CF; 

.-.  ^  :  ^Sd  >  Z>G  :  CF. 

9.    CoR.  1.    If  CF  and  i)Gr  be  each  perpendicular 

LL  2 


i 


I 
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to  AB,  they  are  the  sines  of  ^C  and  BD:  where- 
fore, the  greater  of  two  arches  of  a  circle  has  to  the 
less^  a  greater  ratio,  than  the  sine  of  the  greater  has 
to  the  sine  of  the  less. 

10.  Cor.  2.  The  greater  of  two  arches  of  a 
circle  has  to  the  less  a  greater  ratio,  than  the  chord 
of  the  greater  has  to  the  chord  of  the  less. 

11.  Cor.  3.  If  from  any  pointy  in  the  diameter 
prodaced,  of  a  given  circle,  a  straight  line  be  drawn, 
cutting  the  circle,  the  part  of  it  without,  has  to  the 
part  of  it  within  the  circle,  a  greater  ratio  than  the 
arch  between  the  diameter  and  the  cutting  line,  has 
to  the  arch  cut  off. 

For  it  was  shewn,  that 

EC  :  CD>Bd:  cb. 

Prop.  VL 

12.  Theorem.  The  tangent  of  the  greater  of 
two  arches  of  a  circle  has  to  the  tangent  of  the  less^ 
a  greater  ratio  than  the  secant  of  the  greater,  has  to 
the  secant  of  the  less. 

Let  j4B  arid  w^C,  of  which  AB  is  the  greater,  be 


arches  of  the  circle  ABC,  the  centre  of  which  is  K; 
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and  let  KC^  RBy  produced^  meet  in  D  and  E  re- 
apectively,  AE,  which  touches  the  circle  at  ^ : 

AE  .  AD>  KB  :  KD. 

For   in  the   right-angled    as  KAE,  KAD,  the 

^KDA>  zKEA; 
therefore  (Supp.  Part  11.  iii.  6.) 

AD  ;  DK<  AE    :  EK, 
or  AE  :  EK>AD  :  DK, 
therefore  (Supp.  vii.  6.) 

AE  :  AD>  EK   :  DK. 


Prop.  VII. 

13.  Theorem.  The  sine  of  the  greater  of  two 
arches  of  a  circle  has  to  the  sine  of  the  less,  a  less 
ratio  than  the  chord  of  the  greater  has  ta  the  chord 
of  the  less. 

Let  AB,  AC,  be  two  unequal  arches  of  the  circle 


ADB,  of  which  AD  is  the  diameter,  let  A,  B,  and 
A,  D,  be  joined^  and  let  jB^and  CF  be  drawn  each 
of  them  perpendicular  io  AD; 
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CF  :  BE<AC  :  AS. 

For,  in  the  right-angled  As  AFC,  AEB,  the 
z  BAE  is  greater  than  the  z  CAF;  therefore 
(Supp.  Part  II.  iii.  6.) 

FC  :  CA<EB  :  BA, 
(E.  viL  5.)  FC  :  EB  k'CA  :  :E1. 

Prop.  VIII. 

14.  Theorem.  The  chard  of  the  greater  of  two 
arches  of  a  circle ,  has  to  the  chord  of  the  less,  a  less 
ratio  than  the  versed  sine  of  the  greater,  has  to  the 
versed  sine  of  the  less. 

The  same  hypothesis,  and  construction,  being  made 
as  in  Art  13. 

AC  :AB<AF  :  AE. 
For  (Sopp.  Part  II.  iii.  6.) 

EA  :  AB<  FA  :  AC, 
or  FA  :  AC>  EA  :  AB; 
therefore  (Supp.  vii.  5.) 

FA  :  EA>AC  :  AB; 
that  is,  AC  :  AB<FA  :  AE. 

15.  CoR.  The  sine  of  the  greater  of  two  arches 
of  a  circle  has  to  the  sine  of  the  less,  a  less  ratio  than 
the  versed  sine  of  the  greater  has  to  the  versed  sine 
of  the  less. 

Prop.  IX. 

16.  Theorem.  J^  the  semi-circumference  of  a 
given  circle  be  divided  into  amf  two  unequal  arches, 
the  semi-circumference  has  to  the  greater  arch,  a 
greater  ratio  than  the  less  arch  has  to  its  sine. 

Let  ABB,  the  semi-circumference  of  a  circle,  of 
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which  K  is  the  centre^   and  AD  a  diameter,  be 


divided  into  two  unequal  parts  in  C,  and  let  BV  > 
AC;  also^  let  CD  be  drawn  perpendicular  to  AB ; 

ACh  :  ^  >^  :  CD. 

For  join  K,  C;  draw  AF,  FG,  BO,  touching  the 
circle  in  A^  C,  and  B,  respectively ;  also^  draw  KE 
parallel  to  DC.    Wherefore,  (E.  xxxvi.  3.) 

FA^FC,  GB^GC, 

and  (Supp.  Part  11.  xxii.  1.) 

KE^EG^EF; 

wherefore,  the  /  FKG  is  an  angle  in  a  semi-circle ; 
that  is,  it  is  a  right  angle;  and  (E.  xviii'.  3.)  KC\% 
at  right  angles  to  FG;  therefore  (E.  viii.  6.)  the 
AS  KCFy  KCG,  are  equiangular,  as  are,  also, 
{constr.  and  E.xxix.  1.)  the  abKDC,  KCE;  there* 
fore  (E.  iv.  6.) 

KE  :    KC    ::     KC  :  CD, 
and  KC  :    CG    ::     CF  :  KC; 
therefore  {ex  aquo) 

KE  :    CG     ::     CF   :  CD, 
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and  (E.  iv.  5.) 

4KE  :  3CG  ::  2CF  :  CD; 
that  w,  aCG  +  aCF  :  aCG  ::  nCF  :  CD. 

Bat  3  CG^GC+  GB>lBd, 

and  3  CF=FC+  FA  >  "AC; 
wherefore,  (Supp.  xi.  5.  Cor.) 

Jed  :q^>^:  CD. 

17.  Cor.  Join  A.  C,  and  B,  C;  then  (Supp. 
Part  II.  V.  6.  Cor.  2.) 

Ad  :  ^>  A€  :  5C^ 
therefore  (Supp.  x.  5.) 

y<^  :  C^  >  BC^AC  :  BC. 

If,  therefore^  A*  be  a  fourth  proportional  to  ACB^ 

CB  and  AC^  X  \%  greater  than  a  foorth  proportional 
to  (AC^BC),  BC  and  AC,  and  it  is  less  than  a 
fourth  proportional  to  AB.  BC  and  AC;  for 

AB  :  BC  ::  AC  :  CD. 

Prop.  X. 

18.  Theorem.  If  from  any  point  in  the  dxameter, 
produced,  of  a  semi-circle^  two  straight  lines  be  drawn 
to  the  concave  circun^erence,  the  greater  of  them 
shall  have  to  the  less,  a  less  ratio  than  that,  which 
the  greater  of  the  two  arches  cut  off  by  them^  has  to 
the  less. 

From  the  point  A,  in  the  diameter  CB  produced, 

of  the  semi-circle  BE  DC,  let  AD  and  AE  be  drawn, 
meeti,ng  the  concave  circumference  in  D  and  E,  and 

cutting  off  the  arches  FD  and  GE,  of  which  FD  is 
the  greater : 


..£.  .  ..^a.JBnt^.k-^- 


■^^^^J 
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AD  :  AE<  fB  '.  6^. 

For  (E.  XV.  3.)  FD  >  OE, 
and  {IS..  yiW.  3.)  AG  >AF', 
therefore  (Supp.  xii.  5.) 

FD  :  GE>AD:  GE+AF, 
andj  therefore, 

FD  :  GE>AD  :  AE-, 
but  (Supp.  Part  II.  v.  6.  Cor.  2.) 

FD  :  §^  >  FD  :  GE; 

..  fB  :  'G^>AD:  AE. 


5S1 


19.  Cor.  Since  (£.  xxxvi.  3.  Cor.  and  E.  xvi.  6.) 
AD  :  AE  ::  AG  :  AF; 

therefore,  JiG^ :  ^<  fJD^  :  ^. 

Piiop.  XI. 
30.   Theorem.   (/^  any  given  arch  of  a  circle, 
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and  Us  chord,  be  each  of  them  divided  into  two  un- 
equal  parts,  by  the  same  straight  line  drawn  from 
the  centre  of  the  circle,  the  greater  segment  of  the 
arch  shaU  have  to  the  less  a  greater  ratio,  than  that 
which  the  greater  segment  of  the  chord  has  to  the 
less. 

Let  K  be  the  centra  of  the  circle  ACDH,  and  let 


KB  divide  ABD  into  two  unequal  parts^   in  the 

point  jB,  of  which  AB  is  the  less^  and  let  it  cut 

AD  in  E;  if  the  diameter  HKC  be  drawn  at  right 
angles  to  AD^  it  will  bisect  (E.  iii.  3.  E.  xxx.  3.) 

both  AD  and  Asb;  and  since  ^<  bB,  XC  will 
fall  between  KB  and  KD,  and  therefore  DE  >  EA ; 

then  ^  :  BA>DE  :  EA. 
From  A  and  D,  draw  AF,  and.  DG  perpendicular 
to  BK;  therefore  (jSupp.  Part  II.  v.  6.  Cor.  l.) 

J5b  :  ^>DG  :  AF; 
and  (E.  iv.  6.)    DO  :  AF ::  DE  :  EA; 

/.  DB  iBA  >  BE  :  EA. 
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21.  Cob.  If,  from  the  extremity  H,  of  the  di- 
ameter CKH,  HB  be  drawn,  cutting  AD  in  L, 

15^  :1SA>DL  :  LA. 

For  draw  AB,  BD,  and  since  ^Alt^Slt,  the 
/^BL=  iDBL  (E.  xxvii.  3.); 

••.  (E.iii.  6.)  DL  :  L^  ::  DB  :  W3, 
and  (Supp.  Part  II.  v.  6.  Cbr.  2.) 

Dh  .^>DB  \  BA; 
.\  D^  :1SA>DL  :  LA. 

Prop.  XII. 

22.  Problem.  If  the  two  angles^  at  the  base  of 
a  triangle  be  unequaly  the  greater  has  to  the  less, 
a  greater  ratio  than  that,  which  the  side  opposite 
to  the  greater  has  to  the  side  opposite  to  the  less. 

For,  if  a  circle  be  described  about  the  triangle, 
the  angles  at  the  base  will  (E.  xxxiii.  6.)  be  to  each 
other^  as  the  arches  which  subtend  them^  and  of 
which  the  two  sides  are  the  chords;  and  (Supp. 
Part  II.  V.  6.  Cor.  3.)  the  greater  arch  has  to  the 
less,  a  greater  ratio  than  the  chord  of  the  greater 
has  to  the  chord  of  the  less :  Wherefore,  also,  the 
greater  angle  has  a  greater  ratio  to  the  less,  than 
the  side  opposite  to  the  greater  has  to  the  side  op- 
posite to  the  less. 

Prop.  XIIL 

23.  Theorem.  If  the  two  angles  at  the  base  of 
a  triangle  be  uneqtuil,  and  if  a  straight  line  be 
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drawn  bisecting  the  vertical  angle,  and  cuai$ig  the 
basCf  of  the  two  angles,  at  the  bascj  the  greater  has 
to  the  less,  a  greater  ratio  than  that  which  the 
greater  segment  of  the  base  has  to  the  less.  _ 

For,  if  a  circle  be  described  about  the  triang^le, 
the  angles  at  the  base  will  (E.  xxxiii.  6.)  be  to  each 
other  as  the  arches^  which  sobtend  them;  and 
(Supp*  Part  II.  xi.  6.  Car)  the  greater  arch  has  to 
the  less  a  greater  ratio  than  the  greater  segment  of 
the  base  has  to  the  less :  Wherefore^  also,  the  greater 
of  the  two  angles  at  the  base  has  to  the  less,  a  greater 
ratio,  than  that  which  the  greater  segment  of  the 
base  has  to  the  less. 

Prop.  XIV. 

24.  Theorem.  If  a  straight  Une  be  drawn  from 
the  summit  of  a  given  isosceles  triangle,  which  di- 
vides the  angle,  at  the  summit,  into  two  unequal 
parts,  it  shall  also  divide  the  base  into  two  unequal 
parts;  and  the  greater  segment  of  the  an^,  at  the 
summit,  shall  have  to  the  less  a  greater  ratio,  than 
that  which  the  greater  Segment  of  the  base  has  to  the 
less. 

For  if  the  straight  line,  drawn  from  the  summit;  be 
produced  to  meet  the  circumference  of  a  circle,  de- 
scribed about  the  triangle,  it  will  divide  4lie  arch, 
subtended  by  the  base  into  two  unequal  arches, 
of  which  the  greater  has  (Supp.  Part  II.  xi.  6.)  to 
the  less  a  greater  ratio,  than  the  greater  of  the  two 
segments  of  the  base  has  to  the  less :  and  (E.  xxxiii. 
6.)  these  unequal  arches  are  to  each  other  as  the 
segments  of  the  angle,  at  the  summit :  Wherefore, 
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the  greater  segment/  of  the  angle  at  the  summit/  has 
to  the  less^  a  greater  ratio  than  that  which  the  greater 
segment  of  the  base  has  to  the  less. 

Prop.  XV. 

25.  Theorem.  If  from  the  summit  of  a  given 
triangle^  a  perpendicular  be  drawn  to  the  base,  pro- 
disced  ^  it  be  necessary y  of  the  angles  which  it 
makes  with  the  other  two  sides,  the  greater  shall 
have  to  the  les9  ^  less  ratio,  than  that,  which  the 
greater  segment  of  the  base,  or  the  base  produced, 
has  to  the  less. 

« 

Let  ABC  be  the  given  triangle,  and  AD  the  per- 


pendicular, drawn  from  the  summit  A,  to  the  base 
BC,  produced  if  it  be  necessary : 

BD  :  DC>  lBAD  :   ^CAD. 

In  CD  produced,  take  DE  equal  to  DC;  join  A,  E ; 
and,  first,  if^Z>  fall  within  the  £i  ABC,  from  the 
centre  A^  at  the  distance  AD,  describe,  the  circle 
DFG;  then  (Supp.  Part  11.  ii.  6.) 

BD  :  ED  or  DC>^  :  ft; 

and  (E.  xxxiii.  6.) 

'Gb  i7^:.  ^  BAD  :  zEAD  or  z  CAD; 
.'.  BD  :  DC > /.BAD  :   /CAD, 
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Bot,  if  AD  fall  without  the  t^ABC^  then  (comfr. 
and  E.  iv.  1.)  cEAD^  lCAD,  and^  by  the  former 
case^ 

BD  :  DC>  tBAD  :   iCAD. 

Prop.  XVI. 

26.  Theorem.  If  a  perpendicular  to  the  base  of 
a  scalene  triangle,  drawn  from  its  summit,  fall  with- 
in the  triangle,  of  the  angles  at  the  base,  the  greater 
has  to  the  less,  a  less  ratio,  than  that  which  the 
greater  segment  of  the  base  has  to  the  less. 

Let  AD,  drawn  from  the  summit  A,  of  the  a  ABC, 


to  the  base  BC,  &11  within  the  triangle,  and  let  AB 
b«  greater  than  AC,  and  therefore  (E.  XYiii.  i.) 
^ACB>  jlABC;  and  it  is  manifest  from  E.  xl?ii.  i., 
that  BZ>>Z>C:  then 

DB:DC>  lACB :  ^ABC. 
From  C  draw  CE  parallel  to  DA,  and  meeting 
BA  produced  in  E;  also,  from  A,  draw  ^/*  parallel 
to  BC,  and  let  it  meet  CE  in  F.    Then,  AF  is  per- 
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pendicular  to  CE,  and    z  CAF>  c  "RAFy  because 
(E.  xxix.  I.)   /  CAF  =  z  ACBy  and    l  EAF  = 
/^BC,  and  (Ajfp.)  /.ACB>iABC; 
therefore  (Supp.  Part  II.  xv.  6.) 

CF  :  F^  >  zC^F  :  /.EAF; 
and  (E.  ii.  6.) 

CF  :  FJ5  ::  BA  :  ^J?  ::  BD  :  DC; 
.'.  DB  :  DC>  /  C/*F  :   /  EAF, 
that  is,  DB  :  DC>  z^CB  :   /ABC. 


THE  END. 


GENERAL   INDEX, 

EXHIBITING    THE    ENUNCIATIONS    OF   ALL    THE 

PROPOSITIONS. 


Part  I.  Book  f . 

I.  PROB.  A  GIVEN  plane  rectiUneal  angle  being  divided 
into  any  number  of  equal  angles,  to  divide  die  half  of  it  into 
the  same  number  of  angles,  all  equal  to  one  another. 

II.  Pr.  From  the  vertex  of  a  given  scalene  triatigle, 
to  draw,  to  the  base,  a  straight  line  which  shall  exceed  the 
less  of  the  two  sides,  as  much  as  it  is  itself  exceeded  by  the 
greater. 

III.  Pr*  In  a  straight  line  given  in  position,  but  in« 
definite  in  length,  to  find  a  point,  which  shall  be  equidistant 
from  each  of  two  given  points,  either  on  contrary  sides,  or  both 
on  the  same  side  of  the  given  line,  and  in  the  same  plane  with 
it ;  but  not  situated  in  a  perpendicular  to  it. 

IV.  Th.  If  the  three  sides  of  a  given  triangle  be  bisected, 
the  perpendiculars  drawn  to  the  sides,  from  the  three  several 
bisections,  shall  all  meet  in  the  same  point :  And  that  point  is 
equidistant  from  the  three  angular  points  of  the  given  triangle 

V.  pR.  To  find  a  point,  in  a  given  plane,  which  shall  be 
equidistant  from  three  given  points  in  the  plane,  that  are  not 
all  in  the  same  straight  line. 

VI.  Th.  There  cannot  be  drawn  more  than  two  equal 
straight  lines,  to  another  straight  line,  from  a  given 'point 
without  it. 

Mm 
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VII.  Th.  The  perpendicular  let  fidl  from  the  obtuae  angle 
of  an  obtuse-angled  triangle^  or  from  any  angle  of  an  aeote- 
angled  triangle,  upon  the  opposite  side,  fidls  within  that  side : 
But  the  perpendicular  drawn  to  either  of  the  sides  containing 
the  obtuse  anglfe  of  an  obtuse-angled  triangle,  fixm  the  angle 
opposite,  falls  without  that  aide. 


VIIL  Th.  If  a  straight  line,  meetii^  two  other 
lines,  nukes  the  two  interior  angles  on  the  same  side  of  it  not 
less  than  two  right  angles,  these  lines  shall  never  meet  on  that 
side,  if  produced  ever  so  ftr. 

IX.  Th.  The  three  sides  of  a  triangle  taken  together, 
exceed  the  double  of  any  one  side^  and  are  less  than  the  doable 
of  any  two  sides. 

X.  pR.  Any  side  of  a  triangle  is  greater  than  the  differ- 
ence between  the  other  tw/>  sides.- 

a 

XI.  Th.  Any  one  side  of  a  rectilineal  ^gure  is  less  than 
the  aggregate  of  the  remaining  sides. 

Xn.  'Th.  The  two  sides  of  a  triangle  are  together,  greater 
than  the  double  of  the  straight  line  which  joins  the  vertec  and 
the  bisection  of  the  base. 

XIII.  Th.  The  two  sides  of  a  triangle  are,  togedier, 
greater  than  the  double  of  the  straight  line  drawn  from  the 
vertex  to  the  base,  bisecting  the  vertical  angle. 

XIV.  Th.  If  a  trapesium  and  a  triangle  stand  upon  the 
same  base,  and  on  the  same  side  of  it,  and  the  one  figure  fidl 
within  the  other,  that  which  has  the  greater  surface  shall  have 
the  greater  perimeter. 

XV.  Pr.  One  of  the  angles  at  the  base  of  a  triangle,  the 
base  itself,  and  the  aggregate  of  the  two  remaining  sides,  being 
given,  to  construct  the  triangle. 

XVI.  Th.  If  two  right-angled  triangles  have  the  three 
angles  of  the  one  equal  to  the  three  angles  of  the  other,  each 
to  each,  and  if  a  side  of  the  one  be  equal  to  the  perpendicnlir 
let  fall  from  the  right  angle  up<m  the  hypotenuse  of  the  Other, 
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then  shall  a  side  of  'this  latter  triangle  be  equal  to  the  hypo^ 
tenuse  of  the  former. 

'  XVII.  Th;  Jf  the  sides  of  any  given  equilateral  and  equi-* 
angular  figure  of  more  than  four  sides^  be  produced  so  as  to 
meet,  the  straight  lines,  joining  their  several  intersections,  shall 
contain  an  equilateral  and  equiangular  figure,  of  the  same 
number  of  sides  as  the  given  figure. 

XVIII.  Th.  If  two  opposite  sides  of  a  quadrilateral  figure 
be  equal  to  one  another,  and  the  two  remiaining  sides  be  also 
equal  to  one  another,  the  figure  is  a  parallelogram. 

XIX.  Th.  Every  parallelogran^  which  has  one  angle  a 
right  ang^e,  has  all  its  angles  right  angles. 

XX.  Pe.  7p  trisect  a  right  angle ;  i.  e.  to  divide  it  into 
^hree  equa^  parts. 

XXI.  Pr.  Hence,  to  trisect  a  given  rectilineal  angle, 
whidi  is  the  half^  or  the  quarter,  or  the  eighth  part,  and  so  on, 
of  a  ri^t  angle. 

XXII.  pR.  In  the  hypotenuse  of  a  right->angled  triangle, 
to  find  i6  point,  the  perpendicular  distance  of  which  from  one 
of  the  sides,  shall  be  equal  to  the  segment  of  the  hypotenuse 
between  the  point  and  the  other  side. 

XXIII.  Pr.  In  the  base  of  a  given  acute^angled  triangle, 
to  find  a  point,  through  which  if  a  straight  line  be  drawn  per- 
pendicular to  one  of  the  sides,  the  segment  of  the  base,  between 
^t  side  and  the  point,  shidl  be  equal  to  the  segment  of  the 
perpendicular,  between  the  point  and  the  other  side  produced* 

XXIV.  Pe.  From  a  given  isosceles  triangle  to  cut  off  a 
trapesium,  which  shall  have  the  same  base  as  the  triangle,  and 
dudl  have  its  three  remaining  sides  equal  to  eadi  other. 

XXV.  Pr.  To  draw  to  a  given  straight  line^  from  a 
given  point  without  it,  another  strai^t  line  which  shall  make 
.with  |t  ap  iidgle  ^eqiial  to  a  given  rectilineal  angle. 

XXVI. ,  Th.  If  all  the  angles  but  one  of  any  rectilineal 
figure,  be  together,  equal  to  all  the  angles  but  one,  of  another 
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rectilineal  figure  having  the  same  number  of  aidea,  thfc  remul' 
ing  angle  of  the  one  figure,  shall  be  equal  to  the  remaining 
angle  of  the  other :  And,  oonverselj,  if  an  angle  in  the  one 
figure  be  equal  to  an  angle  in  the  other,  the  remaining  angles 
of  the  one  shall  be  equal,  together,  to  the  remiu&ing  angles  of 
the  other.' 

XXVII.  Th.  The  angle  at  the  base  of  an  isosceles  tri« 
angle  is  equal  to,  or  is  less,  or  greater,  than  the  half  of  the 
vertical  angle,  accordingly  as  the  triangle  is  a  right-angled^  an 
obtuse-angled,  or  an  acutto-angled  triangle. 

XXVIII.  Th.  If  either  of  the  equal  sides  of  an  isosceles 
triangle  be  produced,  towards  the  vertex,  the  straigfat  line, 
which  bisects  the  elterior  single,  shall  be  parallel  to  die  base. 

XXIX.  Th.  The  distance  of  the  vertex  of  a  triangl* 
from  the  bisection  of  its  base,  is  equal  to,  greater  than,  or  less 
than  the  half  of  the  base,  accordingly  as  the  vertical  angle  is  a 
right,  an  acute,  at  an  obtuse  angle. 

XXX.  Pr.  Upon  a  giten  finite  straigfat  line,  as  a  dia* 
meter,  to  describe  a  square. 

'XXXI.  Th.  If  either  of  tile  acute  angles  of  a  givte  right- 
angled  triangle  be  divided  into  any  number  of  equal  i^les, 
tiien,  of  the  segments  of  tiie  base,  subtending  tiiose  equal 
angles,  the  nearest  to  the  right  angle  is  tiie  least;  and,  of 
the  rest,  that  which  is  nearer  to  the  right  angle  is  less  than 
that  which  is  more  remote. 

XXXII.  Th.  If  either  angle  i±  the  base  of  a  triangle  be 
a  right  angle,  and  if  the  base  be  divided  into  any  number  of 
equal  parts,  that  which  is  adjacent  to  tiie  right  angle  shall  sub- 
tend the  greatest  angle  at  the  vertex;  and,,  of  the  rest,  tiiat 
which  is  nearer  to  the  right  ai^le  shall  subtend,  at  the  vertex, 
a  greater  angle  than  tiiat  which  is  more  remote. 

XXXIII.  Pr.    To  trisect  a  given  finite  straigfat  line^ 

XXXIV..  Pr.  To  describe  a  triangle  which  A»ll  havfc 
its  three  sides,  taken  together,  equal  to  a  given  finite  straigfat 
line,  and  its  three  angles  equal  to  three  given  angles,  eadi  to 
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each ;  die  three^  given  angles  being  together  equal  to  two  right 
angles.  / 

XXXV.  Th.  I^  in  the  sides  of  a  given  square^  at  equal 
distances  %om  .the  four  angular  points^  four  other  points  be 
takes,  one  in  each  side>  the  figure  contained  by  the  straight 
lines  which  join  them,  shall  also  be  a  square. 

XXX VI.  Th.  If  the  opposite  angles,  o^  a  quadrilateral 
figure  be  equal  to  each  other,  the  figure  shall  be  a  parallelo- 
gram. 

XXXVII.  Pr.  In  a  given  square  to  inscribe  an  equi- 
lateral triangle,  having  one  of  its  angular  points  upon  one  of 
the  angular  points  of  the  square,  and  its  two  remaining  an-* 
gular  points  one  in  each  of  two  adjacent  sides  of  the  square. 

XXXVIII.  Th.  If,  at  the  extremities  of  the  base  of  a 
given  triangle,  two  straight  lilies  be  drawn,  both  above  the 
base,  and  each  of  them  equal  to  the  adjacent  side,  and  making 
with  it  tfi  angle  equal  to  the  vertical  angle  of  ^e  triangle ; 
then,  if  two  straight  lines,  let  fall  from  the  extremities  of  the 
two  so  drawn,  make,  with  the  base  prodtfccd,  two  angles  that 
are  equal  each  of  them  to  the  vertical  angle,  they  shall  cut  off 
equal  segments  from  the  base  produced. 

XXXIX.  Th.    If  four  straight    lines   cut    each  other, 
without  including  space,  but  so  as  to  make  three  internal ' 
angles,  towards  the  same  parts,  which  together  are  less  than 
four  right  angles,  the  two  lines,  which  are  not  joined,  shall 
meet,  if  produced  far  enough. 

XL.  Pr.  To  inscribe  a  square  in  a  given  right-angled 
isosceles  triangle.    ^ 

XLI.  Pr.  To  find  a  point,  in  either  of  the  equal  sides  of  a 
given  isosceles  triangle,  from  which,  if  a  straight  line  be  drawn, 
perpendicular  to  that  side,  so  as  to  meet  the  other  side  pro- 
duced, it  shall  be  equal  to  the  base  of  the  triangle. 

XLII.  Th;  The  diameters  of  a  parallelogram  bisect  each 
otl^er. 

r  ■ 

XLIIL    Th.    If  in  two  opposite  sides  of  a  parallelogram 
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two  poinU  be  mBtnmed,  one  in  eacb  of  tfaoie 

fmn  two  opposite  tti|^  of  the  figure,  andif  twoodier 

be  likewise  aMomed,  in  the  two  odier  uppmite  «des»  ttfoi- 

distant  firom  the  same  two  angles,  the  figuie,  contaipfd  bj  tbe 

straigfat  lines  joining  the  Ibar  points  so  assiimfdj  diall  he  a 

parallelogram. 

XLIV.  Th.  If  any  nomber  of  paralleiognms  be  in- 
scribed in  a  given  panUelogram,  the  diameters  of  aQ  the 
figores  shall  cat  one  another  in  the  same  point 

XLV.  Th.  The  diameters  of  an  equilateral  four-sided 
plane  rectilineal  figure  bisect  one  another  at  rig^  engles. 

XLVI.  Th.  The  diameters  of  a  rectangle  are  equal  to 
one  another. 

XLVIL  Pr.  To  inscribe  a  square  in  a  given  equHalenl 
Ibar-sided  figure. 

XL VIII.  Th.  If  two  opposite  sides  of  a  parallelogram  be 
divided  each  into  the  same  number  of  equal  parts,  the  straigfat 
lines,  joining  the  opposite  points  of  division,  shall  also  divide 
the  diameter  of  the  parallebgram  into  the  same  number  of 
equal  parts. 

XLIX.  Pr.  To  divide  a  given  finite  straight  line  into  any 
given  number  of  equal  parts. 

L.  Pr.  Upon  a  given  finite  straight  line  to  describe  an 
equilateral  and  equiangular  octi^n. 

LI.  Th.  If  either  diameter  of  a  parallel(^:ram  be  equal 
to  a  side  of  the  figure,  the  other  diameter  shall  be  greater  than 
any  side  of  the  figure. 

LI  I.  Pr.  From  a  given  point  to  draw  a  straight  line 
cutting  two  parallel  straight  lines,  so  that  the  part  of  it,  inter- 
cepted between  them,  shall  be  equal  to  a  given  finite  straight 
line,  not  less  than  the  perpendicular  distance  of  the  two 
parallels. 

LIII.  Th.  If,  firom  the  summit  of  the  right  angle  of  a 
scalene  right-angled  triangle,  two  straight  lines  be  drawn,  one 


perpendicular  to  the  hypotenust,  and  the  other  biflecttog  it, 
they  shall  contain  an  angle  equal^  to  the  difference  of  the  two 
acute  angles  of  the  triangle. 

LIV.  Pr.  To  bisect  a  parallelogram  by  a  straight  line 
drawn  through  a  given  point  in  one  of  its  sides.  , 

LV.  Th.  a  trapexium,  which  has  two  of  its  sides  parallel, 
is  the  half  of  a  rectangle  between  the  same  parallels,  and 
having  its  base  equal  to  the  aggregate  of  the  two  parallel 
sides  of  the  trapezium. 

LVI.  Pr.  Any  two  parallelbgrams  having  been  de8(7ibe4 
on  two  sides  of  a  given  triangle,  to  apply,  to  the  remaining 
side,  a  parallelogram,  which  shall  be  equal  to  their  aggregate. . 

LVII.  Pr.  a  plane  rectilineal  figure  of  any  number  of 
sides  being  given,  to  find  an  oqual  rectilineal  figure,  which 
shall  have  the  number  of  its  sides  less^  cur  greater,  by  one,  than 
that  of  the  given  figure. 

LVIII.  Th<  The  diameters  of  any  parallelogram  divide  it 
into  four  jequal  triangles. 

LIX.  Pr.  If  two  triangles  have  the  two  adjacent  sides  of 
a  parallelogram  for  their  bases,  and  have  their  common  vertex 
fitoated  in  the  diameter,  or  in  the  diameter  produced,  they 
shall  be  equal  to  one  another. 

LX.  Th.  Of  all  triangles,  which  are  between  the  same 
parallels,  that  which  stands  on  the  greatest  base  is  the  greatest. 

LXr.  Th.  The  straight  line,  joining  the  vertex  and*  the 
bisection  of  the  base  of  any  triangle,  bisects  every  othor 
straight  line  that  is  parallel  to  the  base,  and  is  terminated  by 
the  two  remaining  sides  of  the  triangle,  or  those  sides  pro* 
duced. 

LXil.  Th.  If  two  opposite  sides  of  a  tr^pesium  be  parallel 
to  one  another,  the  straight  line,  joining  their  biaeetions,  .bi- 
sects the  trapezium. 

XXIII.   Pr.   To  Jbiaect  a  giy^n  ti:9ipesium  by  a  ultxti^t 
line  drawn  Ibom.  any  «f  its  i^les. 
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LXIV.  Pr.  To  biBect  a  given  trumgk  bj  a  ttnoffA  line 
drawn  throogh  a  given  point  in  my  one  of  its  sidet. 

LXV.  Pr.  Equal  triangles,  which  have  their  bases  in  the 
same  straight  line  and  which  are  between  the  same  paraHels, 
stand  upon  equal  bases. 

LXVI.  Pr.  To  describe  a  paraUelegrain,  die  snrfiKse  and 
perimeter  of  which  shall  be  respectively  equal  to  the  mxAce 
and  perimeter  of  a  given  triangle. 

LXVII.  Th.  The  two  triangles  formed  by  drawing 
strai^t  lines,  from-  any  point  within  a  parallelogram,  to  the 
extremities  of  either  pair  of  opposite  sides,  are,  together,  half 
oi  the  pawdlelogram. 


LXVIII.  Th.  If  two  sides  of  a  trapesium  be  parallel,  the 
triangle  contained  by  either  of  the  other  sides,  and  the  two 
straight  lines  drawn  from  its  extremities  to  the  bisection  of  the 
opposite  side,  is  the  half  of  the  trapesium. 

LXIX.  Th.  The  triangle  contained  by  the  straight  lines 
joining  the  points  of  the  bisection  of  the  three  sides  of  a  given 
triangle,  is  one-fourth  part  of  the  given  triangle,  and  is  equi- 
angular with  it 

LXX.  Pr.  To  describe  a  parallelogram,  which  shall  be 
of  a  given  altitude,  and  equiangular  with,  and  also  equal  to, 
a  given  parallelogram. 

LXXI.  Th.  If  there  be  any  number  of  rectilineal  %ure8y 
of  which  the  first  is  greater  than  the  second,  the  second  than 
the  third,  and  so  on,  the  first  of  them  shall  be  equal  to  the  last 
t(>getlier  with  the  aggregate  of  all  the  differences  of  the  figures. 

LXXIL  Pr.  To  find  a  rectangle,  which  shall  have  one 
of  its  sides  equal  to  a  given  finite  straight  line,  and  which  shall 
be  equal  to  the  excess  of  die  greater  of  two  given  rectQineal 
figures  above  the  leas. 

LXXIII.  Th.  If  two  right-angled  triangles  have  two 
sides  of  die  one  equal  to  two  sides  of  the  odier,  each  to  eadi, 
the  triangles  shall  be  equal,  and  similar  to  eadi  odier. 
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LXXIV.  Pr.  To  find  a  square  which  shall  be  equal  ta 
any  number  of  given  squares. 

LXXV.  Pr.  Two  unequal  squares  being  given,  to  find  a 
third  square,  which  shall  be  equal  to  the  excess  of  the  greater 
of  them  above  the  less. 

LXXVI.  Th.  If  the  side  of  a  square  be  equal  to  the 
diameter  of  another  square,  the  former  square  shall  be  the 
double  of  the  latter. 

LXXVI  I.  Th.  In  any  right-angled  triangle,  the  square 
which  is  described  on  the  side  subtending  the  right  angle,  as  a 
diameter,  is  equal  to  the  squares  described  upon  the  other  two 
sides,  as  diameters. 


Book  IL 


Prop.  I.  Th.  If  two  given  straight  lines  be  divided,  each 
into  any  number  of  parts,  the  rectangle  contained  by  the  two 
straight  lines,  is  equal  to  the  rectangles  contained  by  the  several 
parts  of  the  one  and  the  several  parts  of  the  other. 

II.  Th.  If  a  straight  line  be  divided  into  two  unequal 
parts,  in  two  different  points,  the  rectangle  contained  by  the 
two  parts,  whidi  are  the  greatest  and  the  least,  is  less  than  the 
rectangle  contained  by  the  other  two  parts ;  the  squares  of  the 
two  former  parts,  together,  are  greater  than  the  squares  of  the 
two  latter,  taken  together;  and  the  difference  between  the 
squares  of  the  former  and  the  squares  of*  the  latter,  is  the 
double  of  the  difference  between  the  two  rectangles. 

III.  Th.  In  any  isosceles  triangle,  if  a  straight  line  be 
drawn  firom  the  vertex  to  any  point  in  the  base,  the  square 
upon  this  line>  together  with  the  rectangle  contained  by  the 
s^;ments  of  the  base,  is  equal  to  the  square  upon  either  of  the 
equal  sides. 

IV.  Th.  The  rectangle  contained  by  the  aggregate  and 
the  difference  of  two  unequal  straight  Unes  is  equal  to  the 
difference  of  their  squares. 
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V.  Th.  The  square  of  the  exceas  of  the  greater  of  two 
given  straight  lines  above  the  less,  is  lets  than  the  squares  of 
the  two  lines,  by  twice  the  rectangle  contained  by  them. 

VL  Th.  The  squares  of  any  two  unequal  straight  lines 
are,  together,  greater  than  twice  the  rectangle  contained  by 
those  lines. 

VII.  Th.  If  a  straight  line  be  divided  into  five  equal  patts, 
the  square  of  the  whole  line  is  equal  to  the  square  of  the  straight 
line,  which  is  nude  up  of  four  of  those  parts,  together  with  the 
square  of  the  straight  line  which  is  made  up  of  three  of  those 
parts. 

VIII.  pR.  Upon  a  given  straight  line,  as  an  hypotenuse, 
to  describe  a  right-angled  triangle,  such  that  the  hypotenuse, 
together  with  {he  less  of  the  two  remaining  sides,  shall  be  the 
double  of  the  greater  of  those  sides. 

IX.  Th.  In  any  triangle,  the  squares  of  two  sides  are, 
together,  the  double  of  the  squares  of  half  the  base,  and  of  the 

line  joining  its  bisectkn  and  the  oj^posite  angle. 


.  X.    Th.    The  squares  of  the  sides  of  any  parallelogram  are, 
together,  equal  to.  the  squares  of  its  diameters  taken  together. 

XI.  Th.  If  either  diameter  of  a  parallelogram  be  equal  to 
one  of  the  sides  about  the  opposite  angle  of'tiie  figure,  its 
square  shall  be  less  than  the  square  of  the  otlier  diameter,  by 
twice  the  square  of  the  other  side  about  that  opposite  angle. 

XII.  Th.  If  two  sides  of  a  trapezium  be  panJld  to  each 
other,  the  squares  of  its  diagonals  are,  together,  equal  to  the 
aggregate  of  the  squares  of  its  two  sides,  which  are  not  parallel, 
and  of  twice  the  rectangle  of  its  parallel  sides. 

XIII.  Th.  The  square  of  the  base  of  an  isoseeles  triangle 
18  the  double  of  the  rectangle  contained  by  either  side,  and  by 
the  straight  line  intercepted  between  the  perpendicular,  let  fidl 
upon  it  ficom  the  opposite  angle,  and  the  extremity  of  the  base. 

XIV.  Th.^  If  from  any  point,. in  the  circumference  of  the 
greater  of  two  given  concentric  circles,  two  straight  lines  be 
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drawn  to  the  extremities  of  any  diameter  of  the  leas,  their 
aquares  ahall  be,  together,  the  double  of  the  squares  of  the  two 
semi-diameters  of  the  two  given  circles* 


Book  III. 

Prop.  I.  Th.  If  two  circles  cut  each  other,  the  straight 
line  joining  their  two  points  of  intersection  is  bisected,  at  right 
angles,  by  the  straight  line  joining  their  centres. 

A 

II.  pR.  Through  a  given  point  within  a  circle,  which  is 
not  the  centre,  to  draw  a  chord  which  shall  be  bisected  in  that 
point  ' 

III.  Th.  If  two  isosceles  triangles  be  of  equal  altitudes, 
and  the  side  of  one  be  equal  to  the  side  of  the  other,  their 
bases  shall  be  equal. 

IV.  Th.  Any  two  chords  of  a  circle,  which  cut  a  diameter 
in  the  same  point,  and  at  equal  angles,  are  equal  to  one 
another. 

V.  pR.  Through  a  given  point,  within  a  given  circle,  to 
draw  two  equal  chords,  making  with  one  another  an  angle 
equal  to  a  given  rectilineal  angle.  ^ 

-  VI.  Th.  If  the  diameters  of  two  circles  are  in  the  same 
straight  line,  and  have  a  common  extremity,  the  two  circles 
shall  touch  one  another. 

VI L  Ph.  Three  points  being  given  in  the  circumference 
of  a  circle,  and  the  middle  point  being  equidistant  from  the 
other  two,  to  describe  two  equal  circles;  which  shall  touch 
each  other  in  the  middle  point,  and  which  shall  pass  the  one 
through  one  of  the  extreme  points,  and  the  other  through  the 
other  extreme  point. 

VIII.  Pr.  To  draw  a  tangent  to  a  circle,  whidi  shall  be 
pandlel  to  a  given  finite  straight  line. 
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IX.  Pr.  The  diameter  of  a  circle  having  been  produced 
to  a  given  point,  to  find  in  the  part  produced,  a  point  from 
which^  if  a  tangmt  he  drawn  to  the  circle,  it  shall  be  equal  to 
the  s^pnent  of  the  part 'produced,  that  is  between  the  given 
point  and  the  point  found. 

X.  Pa.  To  describe  a  circle  which  shall  have  a  given 
semi-diameter  and  its  centre  in  a  given  straight  line,  and  shall 
also  touch  another  straight  line,  indined  at  a  given  angle  to 
the  former. 

XI.  pR.  To  describe,  a  circle,  the  circumference  of  whidi 
shall  pass  through  a  given  point,  and  touch  a  given  straight 
line  in  another  given  point. 

XII.  pR.  To  describe  a  circle,  the  circumference  of  which 
shall  pass  through  a  given  point,  and  touch  a  g^vea  circle  in 
another  given  point ;  the  two  points  not  lying  in  a  tangent  to 
the  circle 

XIII.  Pr.  To  describe  a  circle,  which  shall  touch  a  given 
straight  line  in  a  given  point,  and  also  touch  a  given  cirde. 

XIV.  pR.  To  describe  two  circles,  each  having  a  given 
semi-diameter,  which  shall  touch  the  same  given  straight  line, 
both  on  the  same  side  of  it,  and  shall  also  touch  eadi  other. 

XV.  Pr.  To  describe  two  equal  circles,  each  having  its 
diameter  equal  to  a  giveai  straight  line,  each  touching  a  given 
circle,  and  each  also  passing  through  a  given  point  without  that 
circle :  The  given  straight  line  being  greater  than  the  shortest 
distance,  between  the  given  point  and  the  circumiei«ioe  of  the 
given  circle. 

XVI.  Pr.  To  find  a  point  in  the  diameter,  produced,  of 
a  given  circle,  from  which,  if  a  tangent  be  drawn  to  the  cirde, 
it  shall  be  equal  to  a  given  straight  line. 

XVII.  Th.  If  the  straight  line,  drawn  from  a  pc»nt  in 
the  produced  diameter  of  a  cirde  to  the  convex  circumference 
be  equal  to  the  half  of  the  diameter,  the  angle  at  the  centre, 
subtoided  by  the  comeave  drcumferenoe  induded  between  the 
diameter  and  the  line  so  drawn,  is  the  triple  of  the  angle,  at 
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the  centre,  subtended  by  the  convex  circumference  included 
between  the  sune  two  lines. 

XVIII.  Pa.  Through  a  given  point,  either  within,  or 
without  A  given  circle,  to  draw  a  straight  line,  so  that  the  part 
of  it  within  the  circle  shall  be  equal  to  a  given  finite  straight 
line,  which  id  not  greater  than  the  diameter. 

XIX.  Th.  If,  from  anj  two  points  in  the  circumference 
of  the  greater  of  two  given  concentric  circles,  two  straight 
lines  be  drawn  so  as  to  touch  the  less  circle,  they  shall  be 
equal  to  one  another. 

XX.  Th.  If  a  quadrilateral  rectilineal  figure  be  described 
about  a  circle,  the  angles  subtended,  at  the  centre  of  the  circle, 
by  any  two  opposite  sides  of  the  figure,  are,  together,  equal  to 
two  right  angles. 

XXI.  Th.  If  two  given  straight  lines  touch  a  circle,  and 
if  any  number  of  other  tangents  be  drawn,  all  on  the  same  side 
of  the  centre,  and  all  terminated  by  the  two  given  tangents, 
the  angles  which  they  subtend,  at  the  centre  of  the  circle/  dhall 
be  equal  to  one  another. 

XXII.  Fr.  ^o  draw  a  tangent  to  a  given  circle,  such  that 
its  segment,  contained  between  the  point  of  contact,  and  an 
indefinite  straight  line,  given  in  position,  shall  be  equal  to  a 
given  finite  straight  line. 

XXIII.  Th.  If  a  straight  line  touch  the  int^or  of  two 
concentric  circles,  and  be  terminated  both  ways  by  the  cir- 
cumference <^the  outer  circle,  it  shall  be  bisected  in  the  point 
of  contact 

XXIV.  Th.  If  a  polygon  be  described  about  a  circle,  the 
straight  lines  joining  the  several  points  of  contact  will  contain 
a  polygon  of  the  same  number  of  angles  as  the  former ;  and 
toy  two  adjacent  angles  of  the  circumscribed  figure  shall  be, 
together,  the  double  of  that  angle,  of  the  inscribed  figure,  whidi 
lies  between  them. 

XXV.  Th.  If  f^om  any  given  point,  in  the  drcumference 
of  a  circle,  two  straight  lines  be  drawn  to  the  extremities  of  a 
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giyett  chords  the  angle  which  the  one  makes  with  any  perpeo* 
dicular  to  the  chord,  shall  be  equal  to  the  angle  which  the 
other  makes  with  the  diameter  of  the  circle  that  passes  through 
the  given  point  ^ 

XXVI.  Th.  The  perpendiculars  let  fall  from  the  three 
angles  of  any  triangle  upon  the  opposite  sides,  intersect  each 
other  in  the  same  point. 

XXVII.  pR.  From  either  of  the  two  given  points  in 
whidi  two  given  circles  intersect  each  other,  to  draw  ^  chord 
cutting  the  one  circumference,  and  meeting  the  other,  such 
that  the  part  of  it,  contained  between  the  two  circnmferenoes, 
shall  be  equal  to  a  given  finite  straight  line. 

XXVIII.  Th.  If  two  opposite  angles  of  a  quadrilateral 
figure  be  together  equal  to  two  right  angles,  a  circle  may  be 
described  about  it. 

XXIX.  Th.  a  circle  cannot  be  described  about  a  rhom- 
bus, nor  about  any  other  parallelogram  which  is  not  rect- 
angular. 

XXX.  Th.  If  from  any  point,  in  the  drciyiferenoe  of  a 
given  circle,  straight  lines  be  drawn  to  the  three  angles  of  an 
inscribed  equilateral  triangle,  the  greatest  of  them  shall  be 
equal  to  the  aggregate  of  the  two  less. 

XXXI.  Th.  The  first,  third,  fifth,  &c  angles  of  any 
polygon,  of  an  even  number  of  sides,  which  is  inscribed  in  a 
given  circle,  are  together  equal  to  the  remaining  angles  of  the 
figure ;  any  angle  whatever  being  assumed  as  the  first- 

XXXII.  PR.  To  mske  a  trapeaium,  about  which  a  circle 
may  be  described,  having  its  four  sides  respectively  equal  to 
four  given  straight  lines,. two  of  which  are  equal  to  ^ach  other, 
and  any  three  together  greater  than  the  fourth ;  the  two  equal 
sides  of  the  trapezium,  also,  being  opposite  to  each  other. 

XXXIII.  Pr.  Upon  a  given  finite  straight  line  to  de- 
scribe a  segment  of  a  Qircle,  which  shall  be  siynilar  to  a  given 
segment  of  another  circle. 
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XXXIV.  Th.  If  upon  two  opposite  sides  of  an  oblong, 
two  aimildi*  segments  of  circles  be  describedj  the  one  of  them 
lying  wholly  within  the  oblong,  and  the  other  wholly  without 
it,  the  figure  contained  by  the  two  remaining  sides  of  the 
oblong  and  the  two  circular  arches,  shall  be  equal  to  the  oblong. 

XXXV.  Th.  The  arches  of  a  circle  that  are  intercepted 
between  two  parallel  chords  are  equal  to  one  another. 

XXXVI.  Th.  If  two  chords  of  a  given  circle  intersect 
leach  other,  the  angle  of  their  inclination  is  equal  to  the  half 
of  the  angle  at  the  centre  standing  upon  the  aggregate,  or  the 
difference,  of  the  arches  intercepted  between  them,  accordingly 
as  they  meet  within,  or  without  the  circle. 

XXXVII.  Th.  In  equal  circles  the  greater  angle  stands 
upon  the  greater  circumference ;  whether  the  angles  compared 
be  at  the  centres  or  the  circumferences. 

XXXVIII.  Th.  If  from  any  given  point,  without  a  circle, 
there  be  drawn  two  straight  lines  cutting  the  circle,  then  of  the 
circumferences  which  they  intercept,  that  which  is  the  nearer 
to  the  given  point  is  less  than  the  other. 

XXXIX.  Th.  The  straight  lines  joining  the  extremities 
of  the  chords  of  two  equal  arches  of  the  same  circle,  toward 
the  same  parts,  are  parallel  to  each  other. 

XL.  Th.  In  equal  circles,  the  greater  of  two  circum- 
ferences aubtends  the  greater  angle,  whether  the  angles  com- 
pared be  at  the  centres  or  the  circumferences. 

XL  I.  pR.  If  any  equilateral  rectilineal  figure,  of  an  even 
number  of  sides,  be  inscribed  in  a  given  circle,  to  find  a  curvi- 
lineal  figure  that  is  equal  to  it,  and  that  is  bounded  by  arches 
of  circles,  each  of  which  circles  is  equal  to  the  given  circle. 

XLII.  Th.  In  equal  circles,  the  greater  chord  subtends 
the  greater  circumference. 

XLIII.  Th.  If  firom  a  given  pimnt  witliin  a  circle,,  which 
is  not  Ae  centre,  stn^gfat  luies  be  drown  te  the  drcmnfeflmiee, 
making  with  each  other  equal  Migles,  the  two,  which  «re 
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nearer  to  the  diameter  passing  through  the  given  t>oint,  shall 
cut  oiF  a  greater  circumference  than  the  two,  which  are  more 
remote. 

XL IV.  Th.  In  equal  circles,  the  greater  circumference 
has  the  greater  chord. 

XLV.  Th.  The  straight  line  joining  any  of  the  angular 
points  q£  an  equilateral  polyg«m  inscribed  in  a  circle  and  the 
centre,  passes  through  the  opposite  angular  point,  or  else 
bistots  the  opposite  side  at  right  angles,  accordingly  as  the 
figure  has  an  enen,  or  an  odd  number  of  sides. 

XL VI.  Th.  The  two  straight  lines  in  a  circle,  whidi 
join  the  extremities  of  two  parallel  chords,  are  equal  to  each 
oth^« 

XL VII.  pR.  To  divide  a  given  circular  arch  into  two 
parts,  so  that  the  aggr^ate  of  their  chords  may  be  equal  to  a 
given  straight  line,  greater  than  the  chord  of  the  whole  ardi, 
but  not  greater  than  the  double  of  the  chord  of  half  the  arch. 

XLVIII.  Pr.  To  divide  a  given  circular  arch  into  two 
parts,  so  that  the  excess  of  the  chord  of  the  one  above  the 
diord  oi^e  other,  may  be  equal  to  a  given  straight  line,  less, 
than  the  chord  of  the  whole  arch. 

XLIX.  Th.  If  from  any  point,  in  the  diameter  of  a  semi- 
circle, there  be  drawn  two  straight  lines  to  the  circumference, 
one  to  the  bisecUon  of  the  circumference,  the  other  at  right 
angles  to  the  diameter,  the  squares  upon  these  two  lines  are, 
together,  the  double  of  the  square  upon  the  semi-diameter. 

L.  Tn.  If  the  chords  of  two  arches  of  any  the  same  Girde 
cut  each  other  at  right  angles,  the  squares  of  the  four  s^;ments 
of  the  chords,  are,  together,  equal  to  the  square  of  the  diameter. 

LI.  Pr.  To  draw  a  straight  line,  cutting  two  concentric 
circles,  the  diameter  of  the  greater  of  which  does  not  exceed 
the  double  of  the  diametor  of  the  less,  so  that  the  part  of  it 
which  lies  within  the  greater  circle  may  be  the  double  of  the 
part  which  lies  within  the  less.  , 
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{.IL^/'Plt.  To  draw  a  strai^t  line  wljkh  shall  touch  two 
given  circles. 

LIIL  Th.  If  two  straight  lines^  which  touch  two  given 
circles,  the  one  touching  both  the  circlet  on  the  one  side  of 
them,  the  other  on  the  odier,  be  cut  by  a  third  tangent,  which 
touches  the  two  circles  on  contrary  sides  of  them,  then,  of  the 
segments  into  which  the  two  first  tangents  are  thus  divided, 
«those  which  are  alternate  are  equal  to  one  another. 

LIV.  Pr.  The  perimeter,  the  vertical  imgle,  and  die 
altitude  of  a  triangle  being  given,  to  construct  the  triangle. 

LV.  Th.  If  the  point,  in  which  two  straight  lines  that  are 
perpendicnkur  to  eadi  other  meet,  be  applied  to  the  cixcum- 
ferenoe  of  a  circle  so  that  the  stnight  lines  tliemaelves  cat  the 
circi^mference,  the  centre  of  the  cxtcLe  is  in  the  bisection  of  the 
straight  line  joining  those  two  intersections. 

LVI.  Th.  If  from  the  extremities  of  any  diameter,  of  a 
given  circle,  perpendiculars  be  drawn  to  any  chord  of  the 
circle,  that  is  not  parallel  to  the  diameter,  the  less  perpen- 
dicolar  shall  be  eqind  to  the  segment  of  the  greater,  csntained 
between  the  circumference  and  the  diord. 

LVII.  Th.  If  from'  the  extremities  of  any  diameter,  of  a 
given  circle,  perpendiculars  be  drawn  to  any  chord  of  the 
circle,  they  shall  meet  the  chord,  or  the  chord  produced,  in 
two  points  which  are  equidistant  from  the  centre. 

LVIII.  Th.  If  upon  either  radius,  bounding  a  quad- 
rantal  circular  arch,  as  a  diameter,  a  semi-circle  be  described, 
any  chord  of  the  semi-circle,  drawn  from  the  centre  of  the 
quadrant,  shall  be  equal  to  the  perpendicular  distance  of  the 
point,  in  which  the  chord  produced  meets  the  quadrantal  arch, 
from  the  other  radius. 

LIX.  Th.  If  the  angle  contained  by  two  straight  lines, 
one  of  which -cuts  the  circle  and  the  other  meets  it,  be  equal  to 
the  angle  in  the  alternate  segment  of  the  circle,  the  straight 
^ne  which  meets,  shall  touch  the  circle. 

LX.  Th.  a  straight  line  touching  a  drcnlar  aidi  in  the 
bisection  of  that  ardi,  is  parallel  to  its  chord. 

'     Nn 
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LXI.  Ps.  The  iMue,  the  Tertical  m^^,  and  Oie  altibide 
of  a  triangk  being  givcn^  to  oonstruct  the  tnmf^ 

LXII.  Pr.  To  find  a  point  in  a  given  strai^it  line^  fram 
which  if  straight  Unes  be  drawn  to  two  given  points,  on  the 
same  side  of  the  given  line,  they  shall  ocmtain  an  angle  equal 
to  a  given  rectilineal  angle. 


LXIII.  fu.  The  vertical  angle,  the  base,  and  the  aggre- 
gate of  the  three  sides  of  a  triaqgle  being  given,  to  construct 
the  triai^^ 

LXIV.  Pk.  The  vertical  sn|^;,  the  base,  and  the  excess 
of  the  greater  of  the  two  remaining  sides,  of  a  tnmifie,  dieve 
tiieka^  beiiygiiven^  to  eonalnMi  the  Inangie^ 

LXV*  Pb«  From  two  given  points^  in  the  drcomfefeiioe 
of  a  cirde,  to  draw  two  equal  diords  of  that  cffde,  which, 
produced  if  ntfeeaHory,  shdl  make  with  one  another  an  angle 
equal  to  a  given  redCilineal  an^. 

LXVL  PR'  in  a  giM«  paraiMogtam  to  inscribe  a  pand* 
lelogram  whidi  shall  haira  on&of  its  angles  equal  to  a  given 
angle,  and  posited  in  a  given  point  of  one  of  the-sides  of  the 
given  parallelogram. 


LXVII.  Pr.  To  produce  a  given  straight  line  so  that  the 
rectangle,  under  the  given  straight  line,  and  the  part  of  it  pn>- 
dttoed,  shall  be  equal  to  a  given  square. 

LX  VIII.  Th.  If  through  any  point  in  the  common  chord 
of  two  circles,  which  intersect  one  another,  there  be  drawn  any 
two  other  chords,  one  in  each  circle,  their  four  extremities 
shall  all  lie  in  the  circumference  of  a  cirde. 

LXIX*  Th.  If  through  the  given  extrcnuty  of  any  diameter 
of  a  drde  straight  lines  be  drawn  to  meet  an  indefinite  straight 
line  without  the  cirde,  which  is  perpendicular  to  the  diameter 
produced,  the  rectangles  contained  by  the  segments  of  these 
lines  lying  between  the  given  point,  the  point  in  which  each  of 
them  cuts  the  dremnference  again,  and  the  indefinite  line,  «hall 
be  equal  to  each  other. 


i 


LXX*  Pa.  FiMm  tke  obldfle  angle  of  an  •bctM^-aDf  led 
tnanigjk^  t9  dr^^  a  atnught  line  ta  the  base^  the  sqvaro  <if 
which  ihaU  he  e^ual  to  the  veetaagle  oootained  b)r  the  acg^ 
!» into -which  k  divides  the  baae^ 


LXXI.  Pr.  To  make  a  rectangle  which  ahall  be  equal  to 
«  pren  aiqiiare,  and  shall  have  its  two  adjacent  sides,  togedier, 
equal  to  a  given  stnught  line;  the  side  4f  the  given  square 
b^ng  less  Aan  €be  half  of  the  given  straight  line. 

LXXII.  Th.  If  from  a  given  point  without  a  ciicle>  two 
equal  straight  lines  be  drawn  to  the  convex  circumference,  one 
of  which  touches  the  circle,  the  other  shall  also  touch  it 


JUaXIIL  .  Pr.  To  produce  «  given  straight  Uae,  so  that 
the  rectangle  nontajned  by  the  whole  line  thus  produced,  and 
the  part  of  it  produced,  shall  be  equal  to  a  given  square. 

LXXIV.  Th.  .If^ifmattheJaaectiaaof  anygrveaardiof 
a  cttde,  aatraightiline  fae«inKvm«ottiBgtheclioid.#f  th«t  «Klt> 
oflc  the  ohdrd  produced,  and  thejeixcomfisBencealsoof  Ihe  chttb^ 
the  rectangle  ebntainedbj  the  two  paxta  ef  the  sferaiighit  luie  so 
drawn,  the  one  lying  between  the  point  of  biMotian^ind  the 
circumference,  the  other  between  the  point  of  bisection  and 
the  chords  shall  lie  equal  to  the  square  of  the  ighord  of  half  the 
arch. 

* 

LXXV.  Pk.  'From*  the  biaeetkin  of  .a  given  arch  of  a 
cirde,  to  draw  a  straight  line,  anch  that  the  part  ef  it  inters- 
cepted  between  the  chord,  or  the  chord  produced,  of  the  given 
arch  and  the  circumference,  shall  be  equal  to  a  given  strai^t 
line. 

LXXVL  Pr.  Through  any  given  angle  of  a  givasi  eqnb 
lateral  four-sided  ligure,  to  draiw  a  stra^ht  line  teiafluiated  by 
the  sides  produced,  containing  the  angle  opposite  to  the  given 
angle,  which  shall  be  equal  to  a  given  straight  line. 

LXXVII.  Th.  If  two  cvdes  cut  each  other,  and  from 
any  point,  in  the  straight  line  produced,  which  joins  their  in- 
tersections, two  tangents  be  drawn,  one  to  eadi  cfarde,  they 
ahall  be  equal  to  one  another. 

NN2 


^48  INDEX. 

LXXVIH.  Th.  If  two  circles  cut  Mdi  other,  and  if  two 
ttiigentt  drawn,  one  to  each  circle,  from  any  point  without 
them,  be  equal,  the  straight  line,  joining  the  hitersectioiis  of 
the  circles,  shall,  if  it  be  produced,  pass  through  the  oommen 
extremity  of  the  equal  tangents. 

LXXIX.    Pr.    Two  circles  being  given,  neither  of  which 
lies  within  the  other,  to  draw  a  straight  line,  such  that  the 
tangento,  to  the  two  drdes,  drawn  from  any  point  of  the 
shall  be  equal  to  one  another. 


LXXX.  Pb.  To  find  a  point  from  which  if  straight  lines 
be  drawn  to  touch  three  given  circles,  none  of  which  lies  within 
another,  the  tangents  so  drawn  shall  be  equal  to  one  anotha. 

LXXXI.  pR.  To  divide  a  given  straight  line  into  two 
parts,  so  that  the  square  of  the  one  shall  be  equal  to  the  rect- 
angle contained  by  the  other  and  a  given  straight  line. 

LXXXn.  Th.  If  a  given  drele  be  cat  by  any  number 
of  cirdes,  whidi  all  pass  throng  the  same  two  given  points 
without  the  given  circle,  the  atni^bt  lines,  joining  the  points 
of  each  of  these  interseotioiiSy  are  cather  all  panlki,  or  all  meet 
when  prodnoed  in  the  same  point 

LXXXIII.  Th.  If  a  perpendicular  be  let  fidl  from  the 
ri|^t  angle,  of  a  right-angled  triangle,  on  the  hypotenuse,  the 
rectangle  contained  by  the  hypotenuse,  and  either  erf*  the  s^- 
ments,  into  which  it  is  divided  by  the  perpendicular,  is  equal 
to  the  square  of  the  side  ad^eoent  to  that  acgmeat 

LXXXIV.  Th.  To  draw  a  tangent  to  a  circle,  such,  that 
the  part  of  it  intercepted  between  two  straight  lines,  given  in 
poaitioD,  but  of  indefinite  length,  shall  be  equal  to  a  given 
finite  straight  line : 

\tt.  When  the  indefinite  straight  lines  both  pass  through 
the  centre  of  the  circle. 

^dfy.  When  they  are  parallel  to  one  another. 
&%,  When  they  are  not  parallel,  but  are  equidistant  from 
the  centre* 

LXXXV.  Th.  If  from  the  intersection  of  any  two  tan- 
gents to  a  circle,  any  straight  line  be  drawn,  cutting  die  chord 
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which  jaiiu  the  two  pmnts  ci  contact  and.  again  meeting  the 
drcumferenoe,  it  shall  .be  divided  by  the  ciicuinfareiiee  and 
the  chord  into  three  8^pcnent8>  such,  that  the  rectangle  con- 
tained by  the  whole  line  and  the  middle  part,  shaU  be  equal  to 
the  rectangle  ocmtained  bj  the  extreme  parts. 

LXXXV I.  Pr.  To  make  a  rectangle  which  ahall  be  equal 
to  a  given  square,  and  have  the  difference  between  its  two 
adjacent  sides  equal  to  a  given  straight  line. 

LXXXVIL  Pr.  From  a  given  point  without  a  circle,  to 
draw  a  strai^t  line  cutting  the  circle,  so  that  the  rectangle 
contained  by  the  part  of  it  without,  and  the  part  within,  the 
circle,  shall  be  equal  to  a  given  square. 

LXXXVIII.  Pr.  To  describe  a  circle  which  shall  touch 
a  given  straight  line,  and  pass  through  two  given  points,  both 
on  the  same  side  of  the  given  line,  i^id  in  the  same  plane  with 
it 


LXXXIX.  Pr.  To  describe  a  circle  which  shall  have  its 
centre  in  a  given  straight  line,  which  shall  pass  through  a  given 
point,  and  shall,  also,  touch  another  given  straight  line. 

XC.  Pr.  To  describe  a  circle  which  shaU  toudi  two  given 
straight  lines,  and  pass  dutmgh  a  given  point  between  them. 

XCI.  Pr.  To  describe  a  circle  whidi  shall  touch  two  given 
straight  lines,  and  also  touch  a  given  circle,  which  doen  not  lie 
wholly  without  the  two  given  straight  lines.. 

XCII.  Pr*  To  describe  a  drde  whidi  shall  touch  both  a 
given  drde,  and  a  given  straight  line,  and  which  shall,  also, 
pass,  first,  through  a  given  point  without  the  given  drde ;  and, 
seoMidly,  through  a  given  point  within  the  cirde. 

XCIII.  Pr.  In  a  stn^ight  line  of  indefinite  length,  but 
given  in  position,  whidi  outs  «  given  drde,  to  find  a  point, 
from  whic^  if  a  straight  line  be  drawn  to  touch  the  dide>'it 
shall  be  equal  to  a  given  finite  strai^^t  line. 

XCIV.  Pr.  To  describe  a  cirde  thitt  shall  touch  a  given 
strught  line,  and  that  dball  also  touch  two.  given  cirdes. 
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XCV.  Pr.  To  dMOAte  a  drde  wbidi  sImU  toneh  a  ghrcn 
ctrde^  and  pMs  dmnigb  two  given  fioiatiy  ehhar  botk  widioKt 
the  cirete,  or  both  wiAin  it. 


XCVI.  Pe.  To  find  a  point  in  a  straight  line»  given  in 
position^  from  which  if  two  straight  lines  be  drawn  to  two 
given  points,  witliout  the  given  Kne,  they  shall  have,  first, 
their  dMisrence,  and,  *  secondly,  their  sggn^gate,  eqoal  to  a 
given  finite  straight  line. 

XCVII.  Pr.  The  base  and  the  altttttde  of  a  triangle  being 
given,  together  with  the  aggregate,  or  the  diflerenoe,  of  the 
two  remaining  sides^  to  oonstruct  die  triangle. 

XCVIII.  Pr.  Three  points  being  given,  to  find  a  fourth, 
from  which  if  straight  lines  be  drawn  to  the  other  three,  two 
of  them  shall  be  equal,  and  the  difference  between  either  of 
these  and  the  third  shall  be  equal  to  a  given  straight  line. 


XCIX.  Pr.  To  describe  a  circle  that  shall  touch  three 
given  circles,  of  which  two  are  equal  to  one  another. 

C.  Pr.  To  find  a  point,  in  the  circumferenoe  of  a  given 
curdcy  from  which  if  two  strai|^  lines  be  drawn  to  two  given 
points,  without  the  circle,  the  chord  joiniiig  the  inta'secdons 
of  the  lines  so  drawn  and  the  circumference,  shall  be  parallel  to 
the  straight  line  joining  the  two  given  points. 


Book  IV. 

Prop.  I.  Th.  If  an  equilateral  triangle  be  described  about 
a  given  drd0,  the  8tru|^  lines  >»ning  the  points  of  contact 
shall  ooDtun  anodisr  eqwlatoral  triangle;  and  the  side  of  the 
drcumsodbed  triangle  la  the  doable  of  the  side  of  tlie  inscribed 

sooontiined* 


n.  Tb.  If  a  triangle  be  detcribed  about  a  giv«n  drde, 
the  rectangle  j^ntimin^  by  the  perimetBr  of  the  tiiai^le  mtd 
the  semi^diameier  of  die  drde  shall  be  double  of  the  triangle. 
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III.  Pr.  Three  fllni|||lit  liBet  bring  gtirai»  lirliich^  when 
produced,  do  not  allthiieemtitt  in  the  tenepoiat,  and^f  m^iieh 
the  middle  line  is  not  paralld  to  either  of  theoChcrs,  to 
a  circle  whidi  shall  touch  each  of  them. 


IV.  Th.  The  three  straight  lines,  which  bisect  the  three 
angles  of  a  triangle,  meet  in  the  some  point 

V.  Th.  If  fi  circle  be  inscribed  in  a  right-angled  triangle, 
the  excess  of  the  ty^o  sides,  containing  the  right  angle,  above 
the  third  side,  is  equal  to  the  diameter  of  the  inscribed  cirde. 

VI.  Th.  The  straight  line  bisecting  any  angle  of  a  tri- 
angle, inscribed  in  a  given  circle,  cuts  the  circumference,  in  a 
point  which  is  equidistant  from  the  extremities  of  the  side 
opposite  to  the  bisected  angle,  and  from  the  centre  of  a  circle 
inscribed  in  the  triangle. 

VII.  Pr.  In  a  given  circle,  to  inscribe  three  equal  circles, 
toudiing  each  other  and  the  given  circle. 

VIII.  Pr.  To  inscribe  three  circles  in  an  equilateral  tri- 
angle, touching  each  other,  and  each  of  them  toudiing  two  <^ 
the  three  sides  of  the  triangle. 

IX.  Th.  The  square,  inscribed  in  a  cirde,  is  equal  to  the 
half  of  the  square  upon  its  diameter. 


X.  Pr.  In  a  given  cirde,  to  inscribe  a  rectangle  equal  to 
a  given  rectilineal  figure,  not  exceeding  the  half  of  the  square 
upon  the  diameter. 

XI.  Th.  If  firom  any  point,  in  the  circumference  of  a 
given  cirde,  straight  lines  1^  drawn  to  the  four  angular  points 
of  an  inscribed  square,  the  aggregate  of  the  squares  of  the  four 
lines;,  so  ^rawn,  shall  be  the  double  of  the  square  of  the 
diameter. 

XII.  Pr.  In  a  given  dfde,  to  inscribe  &ar  drdes  equal 
to  eadi  othqr>  and  in  mutual  contact  with  each  other  and  the 
given  drde. 

XIII.  Pr.  To  inscribe  a  drde  in  a  given  trapeaium^  of 
which  two  oppottte  sides  are,  together,  equal  to  the  other  two 
sides  taken  together. 
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XIV.    Pu.   Upon  a  given  finhe  itraiglit  Hne,  to  describe 
an  equilateral  and  equiangnlo*  decBgon. 


XV.  Pr.  Upon  a  given  finite  straight  line^  to  deacribe  an 
equilateral  and  equiangular  pentagon. 

XVI.  Th.  The  angle  of  a  regular  pentagon  exceeds  a 
right  angle  by  one-fifth  part  of  a  right  angle;  and  is  three 
times  as  great  as  the  angle  contained  by  any  two  sides  of  the 
figure,  which  are  not  adjacent  to  eadi  odier,  produced  so  as  to 
meet. 

XVII.  Th.  The  square  of  the  side  of  a  regular  pentagon, 
inscribed  in  a  given  circle,  is  equal  to  the  square  of  the  side  of 
a  regular  decagon,  together  with  the  square  of  the  side  of 
the  r^^ular  hexagon,  both  inscribed  in  that  given  circle. 

XVIII.  Pr.  Upon  a  given  finite  straight  line,  to  describe 
an  equilateral  and  equiangular  hexagon. 

XIX.  PRf  A  circle  being  given,  to  describe  six  other 
drdes,  each  of  them  equal  to  it,  and  in  contact  with  eadi 
other  and  with  the  given  drde. 


'  XX.  Pa.  In  a  given  ciide  to  inscribe  six  circles  equal  to 
one  another,  touching,  each  of  them,  the  given  circle,  and 
touching,  also,  one  another. 


Boor  v. 

Prop.  I.  Th.  If  the  first  of  four  proportional  magnitudes 
be  greater  than  the  second,  the  third  is  also  greater  Uian  die 
fourth;  if  equal,  equal;  and  if  less,  less.  * 

II.  Th.  If  four  magnitudes  are  proportionals,  they  are 
proportionals  also  when  taken  inversely. 

III.  Th.  If  the  first  of  four  magnitudes  be  the  same  nmU 
tiple  of  the  second,  or  the  same  part  of  it,  that  the  third  is 
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of  the  fourth,  the  first  is  to  the  second,  as  the  third  is  to  the 
fiourdi. 

IV.  Th.  If  the  first  of  four  proportional  magnitudes  be 
a  multiple,  or  a  part,  of  the  second,  the  third  is  the  same  mul*- 
dple,  or  the  same  part,  of  the  fourth. 

V.  Th.  If  any  number  of  equal  ratios  be  each  greater 
than  a  given  ratio,  the  ratio  of  the  sum  of  their  antecedents  to 
the  sttm  of  their  consequents,  shall  be  greater  than  that  given 
ratio. 

VI.  Th.  If  the  first  of  four  magnitudes  have  a  greater 
ratio  to  the  second  than  the  third  has  to  the  fourth,  the  second 
shall  have'  to  the  first  a  less  ratio  than  the  fourth  has  to  the 
third. 

VII.  Th.  If  the  first  of  four  magnitudes,  of  the  same 
kind,  have  a  greater  ratio  to  the  second  than  the  third  has  to 
the  fourth,  the  first  shall  have  to  the  third  a  greater  ratio  than 
the  second  has  to  the  fourth. 

VIII.  Th.  If  four  magnitudes  of  the  same  kind  be  pro- 
portionals, and  if  die  first  of  them  be  the  greatest,  the  fourth 
shall  be  the  least;  but  if  the  first  of  them  be  the  least,  the 
fourth  shall  be  the  greatest. 

IX.  Th.  If  the  first,  together  with  the  seoond,  of  four 
magnitudes,  have  a  greater  ratio  to  the  second,  than  the  third, 
together  with  the  fourth,  has  to  the  fourth,  the  first  shaD  have 
a  greater  ratio  to  the  second  than  the  third  has  to  die  fourth. 

X.  Th.  If  the  first  of  four  magnitudes  have  a  greater 
ratio  to  the  second  than  the  third  has  to  die  fourdi,  the  first, 
together  with  the  second,  shaU  have  to  the  second,  a  greater 
rado  than  the  third,  togedier  with  the  fourth,  has  to  die  fourth. 

XI.  Th*  If  die  first  term  of  a  rado  be  less  than  the 
second,  the  rado  shall  be  increased  by  adding  the  same  quan- 
tity to  both  terms ;  but  if  the  first  term  be  greater  than  the 
second,  the  rado  shall  be  diminished  by  adding  the  same 
quandty  to  both. 


&64  IM&KX. 

XII.  Th.  if  the  Ifawt  of  ibiir  nuigiikvdes^  of  ^m 
kind^  have  a  greattr  ratio  to  the  seoond  than  the  third  km  to 
the  fourth,  the  first,  ti^gether  with  the  third,  shall  have  to  the 
second,  to^^edier  with  ihe  fourth,  a  greater  ratia  than  the  third 
has  to  the  fourth,  and  a  less  ratio  than  the  first  -has  to  the 
second* 

XIII.  Th.  if  di«  first,  tegedMTwith'Aeseoaiid,  have  to 
theseeond,  a  greater  ratio  than  the  third,  together  with  the 
firarth,  has  to  the  fourth,  thai  shall  die  "first,  together  with  die 
second,  have  to  the  firrt,  a  less  ratio  than  the  third,  together 

the  fourth,  has  to  the  diird. 


XIV.  Th.  If  the  first,  ti^^er  with  the  ssiBwd,  haveto 
thv  tbinL  Ao^e&er  widi  the  foiirdi,  a  grsslBr  ntio  than  the 
first  has  to  the  third,  then  shall  the  second  have  to  the  fonidi 
a  greater  ratio,  than  the  first,  together  with  -the  second,  has  to 
the  third,  t^gother  wiA  the  foiirdi. 

XV.  Th.  {f  fonr  nagnitadas  be  pri^ftiaiiials,  the^ave 
also  proportionals  by  conversion :  tbit  is,  th?  fiast  la  to  its 
excess  above  the  second,  as  the  third  to  its  excess  above  die 
fowrtb. 

XVI.  Th.  Ifthe  first  offour  magnitudes  of  the  same  kindi 
have  a  greater  rado  to  the  second,  th^n  the  third  has  lo  the 
fourth,  and  if  the  aggregate  of  the  first  and  second  be  greater 
^han  the  ^ggt^s^  of  the  thkd  and  fmudii  the  fimt  shall  be 
iBceater  dian  the  third. 

XVII.  Th.  If  any  number  of  magnitudes  be  continual 
pnqpordonals,  dieir  differences  shall,  also,  be  propordonals. 

XVIII.  Th.  If  there  be  three  magnitudes,  and  other 
three,  and  if  the  first  have  a  greater  rado  to  the  second,  in  the 
former  set,  than  the  first  has  to  the  second,  in  the  latter;  and 
if,  also,  the  second  have  to  the  third,  in  the  former  set,  a 
greater  radp  th«n  the  second  has  t«  ^e  thir4;r  '^  ^  hi|ter; 
then  shi^U  t}i0  ^at  bav^  a  gtajter  rado  to  the  thix^  in  the 
fonner  let,  tbm  the  first  I^w  to  the  thirds  in  tfaelattvr. 

XIX.  Th.  If  there  be  three  magnitudes,  and  odier  three, 
and  if  the  first  have  to  the  second^  in  the  former  set,  a  greater 
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MKfcM>  tiun  the  aeoind  inB  to  die  iidsi,  in  Ihe  latter;  and  if, 
abo,  the  aeeond  have  to  the  third>  in  the  £aanm  art,  a  greater 
ratio  dian  the  firat  haa  to  the  aeoond,  in  the  latter;  theo^iall 
the  fiiat  bave  to  die  third,  in  the  former  eat,  e  fraalea  atii^ 
than  tiie  first  haa  to  the  third,  in  tiie  latter. 

XX.  Th.  If  three  magnitudes  be  proportianals,  the  two 
extremes  are,  together,  greater  than  the  double  ot  the  mean. 

XXI.  Th.  If  there  be  two  sets  of  magnitudeoip  the  one 
geometric,  and  the  other  arithmeti<^  proportionals,  and  if  the 
two  first  magnitudes  be  the  same  in  both,  any  other  magnitude 
in  the  former  set,  shall  be  greater  than  the  corresponding  mag- 
nitude in  the  brtter. 

9 

XXIL  Th.  If  there  be  two  series  of  magnit^des,tlleo«e 
arithmetically  proportional,  the  other  geometrically  propor- 
donaly  but  each  having  the  same  magnitude  for  its  first  term, 
and  if  the  last  term  of  the  arithmetic  series  be  not  less  than  tiie 
last  term  of  the  geometric  series,  any  other  term  of  the  former 
series  shall  be  greater  than  the  corresponding  term  in  the  latter. 


fm 


Book  VI. 

Prop.  I.  Th.  If  the  bases  of  fimr  reotangles  be  pvqpar* 
tionals,  and  dieir  Altitudes  be  also  proportionals,  die  tttUiaf^ 
themsdves  diall  likewise  be  propordonala. 

II.  Th.  If  the  outward  angle  of  a  .triaqgle^  ntade  by  pip- 
ducing  one  of  its  sides,  be  divided  into  two  equal  angles,  by  a 
straight  line  which  also  cuts  the  base  produced,  die  segments 
between  the  dividing  line  and  die  extremities  of  the  baw  have 
the  same  ratio,  which  die  other  sides  of  the  triangle  have  to 
oneanother :  And  if  the  s^pnents  of  the  base,  produced,  have 
the  same  ratio  which  the  odier  sides  of  the  triangle  bave>  die 
straight  line,  drawn  from  the  vertex  to  the  paint  of  aection* 
divides  the  oittward  an^e  of  the  triangle  into  two  equal  angjbea- 
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III.  Th.  EiUierofllieeqpial  skies  ofi«n]floM!destri«^ 
is  a  main  proportioiud  between  the  basey  and  the  half  of  the 
segment  of  the  base,  produced  if  necessary,  whidi  is  cut  off  bj 
a  straight  line  drami  from  the  vertex  at  right  angles  to  the 
equal  side. 

IV.  Tb.  The  diameter  of  a  circle  is  a  mesn  proportional 
between  the  sides  of  an  equilateral  triangle  and  hexagon  de- 
scribed about  the  circle. 

V.  Th.  Equiangular  parallelograms  have  to  one  another 
the  same  ratio  as  the  rectangles  contained  by  the  sides  about 
equal  angles  in  each. 

VI.  Th.  The  straight  lines,  drawn  from  the  bisectiens 
of  the  three  sides  of  a  triangle  to  the  opposite  angles,  meet  in 
the  same  point. 

VII.  Pr.  To- find,  within  agivoi  rectilineal  angle,  firsts 
the  loeuM  of  all  the  points,  from  eadi  of  which,  if  two  straight 
lines  be  drawn,  to  the  lines  containing  the  given  angle,  so  as 
always  to  be  parallel  to  two  straight  lines  given  in  position, 
they  shall  be  to  one  another  in  a  given  ratio :  And  secondly, 
to  find  the  Iocmm  €i  all  the  points,  fivm  each  of  which  if  two 
straight  lines  be  drawn  in  like  manner,  they  shall  cut  off  from 
two  given  parts  of  the  straight  lines  containing  the  given 
angle,  segments  that  shall  be  to  one  another  in  a  given  ratio. 

VIII.  Th.  If  a  circle  be  touched,  in  the  same  point,  both 
externally  and  internally,  by  two  other  circles,  and  through 
the  point  df  contact  two  straight  lines  be  drawn,  the  parts  of 
them  intercepted  between  the  circumference  of  the  given 
circle*  and  that  of  the  circle  which  touches  it  internally,  shall 
have  to  one  another  the  same  ratio  as  the  parts  whidi  are 
chords  of  the  other  circle. 

IX.  Pr.  From  the  centre  of  a  given  circle,  to  draw  a 
straight  line  to  meet  a  given  tangent  to  the  drde,  so  that  the 
segment  of  the  line  between  the  drcle  and  the  tangent  shall  be 
any  required  part  of  the  tangent. 

X.  Pr.  From  a  given  triangle  to  cut  off  a  rhcnnbus ;  the 
base  of  the  riiombus  being  part  of  the  base  of  the  tri«igle,-and 
having  its  extremity  in  a  given  point  of  that  base. 
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XI.  Th.  If  two  triangles  have  one  angl6  of  the  one>  equal 
to  one  angle  of  the  other,  and  also  another  angle  of  the  one^ 
together  with  .another  angle  of  the  other>  equal  to  two  right 
ai^|[ks«  the  sides  about  the  two  remaining  angles  shall  be  pro- 
portionals. 

XII.  Th.  I^  from  the  atremities  of  the  base  of  a  given 
triangle,  there  be  drawn  two  straight  lines,  both  on  the  same 
side  of  the  base»  and  each  equal  to  the  adjacent  side,  and 
making  with  that  side  an  angle  equd  to  the  veftioal  angle  of 
the  triangle,  then  the  straight  lines  which  join  the  extremities 
of  the  lines  so  drawn,  and  the  further  extremities  of  the  base, 
shall  cut  off,  from  the  sides,  equal  segments  towards  the  vertex ; 
and  each  of  those  segments  shall  be  a  mean  proportionid  between 
the  other  segments,  that  are  towards  the  base. 

XIII.  Th.  If  at  the  extremities  of  the  hjrpotenuse  of  a 
right-angled  triangle  two  straight  lines  be  drawn,  on  the  same 
side  of  die  hypotenuse  as  the  right  angle,  each  equal  to,  and 
each  perpendicular  to,  the  adjacent  side,  the  two  straight  lines 
joining  each  of  their  extremities  and  the  further  extremity  of 
the  hypotenuse,  shall  cut  each  other  in  the  same  point  of  the 
perpendicular  drawn  to  the  hypotenuse  from  the  right  angle. 

XIV.  Th.  The  semi-drcumference  of  a  circle  having  been 
divided  into  any  number  of  equal  parts,  and  chords  having  been 
drawn,  from  either  extremity  of  the  diameter,  to  the  several 
points  of  division,  the  first  chord  has  to  the  second,  the. same 
ratio  which  the  second  has  to  the  aggr^ate  of  the  first  and 
third ;  or  the  same  ratio  which  any  other  chord  has  to  the 
aggregate  of  Che  two  chords  that  are  next  to  it 

XV.  Pr.  From  a  given  point,  «ithe{  within  or  without  a 
given  rectilineal  angle,  to  draw  a  straight  line  cutting  off  from 
the  lines  which  contain  the  angle,  segments,  towards  the  summit 
of  the  angle,  which  shall  be  to  one  another  in  a  given  ratia 

XVI.  Pr.  To  draw  through  a  given  point  a  straight  line 
cutting  the  lines  which  contain  a  given  rectilineal  angle,  so 
that  the  segment  of  it,  between  those  lines,  shall  be  divided  by 
the  straight  line  that  bisects  the  given  ai^le,  into  two  parts, 
which  are  to^one  another  in  a  given  ratio. 
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XVII*  T«.  If  two  tnpeokins  hme  m  aagW  of  the  one 
0q«a  <b  »  al^  of  the  oUmt*  and  i^  dbo^  the  ndat  of  tlie  two 
%iire0»  about  each  of  their  angks,  he  prapattiumtk^  tfew- 
nainiag  aagka  <if  the  one  ofaall  bf  equal  to  die  tJHiuaring 
angles  of  the  other. 

XVIIL  T«.  If  two  aliwgitt  liiiea  tow^  a  ciMfe^at  oppo- 
aite>€JElteButie8  of  ita  diameior.  aav  odKr  f^wgyit  of  the  cndOi 
tannuilitad  hw  Am»  i>  ae  dKvtded  in  ita  point  of  rnrtftftj  that 
the  cadiua  of  the  dcde  ia  a  nean  propurtieoal  between  itt 


XIX.  Th.  If  two  given  circles  toach  each  odier,  and  alto 
tondi  a  given  ttraijght  lin^  the  part  of  the  line  betwem  tiie 
points  of  contact,  is  a  mean  prqportional  between  the  diameteft 
of  the  circles. 

XX.  P&.  The  two  straight  lines  being  givei^  which  are 
the  two  first  of  a  series  of  proportionals,  to  find  the  rest;  and, 
if  the  series  decrease,  to  find  a  line  which  shall  be  greater  than 
the  aggregate  of  any  number,  whatever,  of  its  terms,  but  to 
which  the  aggr^;ate  may  approximate  indefinitely. 

XKI.  Pa.  To  describe  a  square  wlddi  dull  have  a  given 
ratio  to  a  given  rectilineal  figure. 


XXII.  Pa.  To  divide  a  givon  finite  tMSgjbi  Ime  into  two 
ptfClfy  the  squares  of  which  shall  be  to  obe  anodier  in  a  given 
rapo. 

XXIII.  Pr.  To  find  two  points  situated  in  two  adjacent 
sides  of  a  given  oblong,  at  equal  disiancea  than  two  opposiie 
angles,  fiom  which,  if  two  straight  lines  be  drawn  paraD<d  to 
the  sides  of  the  figure,  diey  Aall  cut  off  from  it  any  part  re- 
quired. 

XXIV.  Pa.  Within  a  given  oblongs  to  descnbe  another 
oblong  which  shall  be  any  required  part  of  it,  and  dudl  have 
its  four  sides  all  equaOy  distant  iVom  the  four  sides  of  the  given 
rectangle. 

XXV.  Pft.  The  base,  the  vertical  angle,  and  the  ratio  of 
the  two  sides  of  a  triangle  beiiy  given,  to  construct  it. 
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XXVI.  Pr.  a  given  finite  8lr«ig|it liaebMiig'divifUd^ito 
any  two.  given  jpmtU, .  to  divide  it  agaiai  «o  l^het  the  teetangle 
contained  by  the  two  former  given  parta  aludl' halve  a- given 
ratio  to  the  rectangle  contained  by  the  two  latter  parts. 


XXVIL  Pr.  To  dnwv  a  atrai^  line  to  tondi  a  givcii 
arch  of  a  circle,  so  that  being  terminaled  by  the  aemi-^iameteivi 
produced,  which  bound  the  arch,  it  shall  be  divided  by  the 
poittt  4if  oontaotr  into,  twer  ptfrts  tlnrt  are  tBine  another  in  a 
givtti  ntie.' 


XXVIII.  Pr.  Two  points  being  given,  one  in  each  of 
two  parallel  straight  Uom,  and  a  third  point  beiq|  also  given, 
without  thei%  to  draw,  ftom  that  thiad  point,  a  stvaight^liM 
so  to  cut  the  pacaUel%  as  that  the  segasc^its of  AepaniMd^ 
between  it  and  the  two  first  points,  shall  be  to  one  anolher  in 
a  given  ratio. 

XXIX.  Pa.  To  find  a  point  -  within  a  given  triaAgk^ 
Irom.  which  if  du«eatrai|^  Jiaes  be  drawn  to  the  thveeai^^ 
of  the  triangle^  it  shall  thereby  be  divided  into  Ihiim  |iaiHM  ilwl 
are  each  to  each  in  given  ratios. 

XXX*.  Ps»  To  divide  agiven-drcnlarafdiinto.two  parts, 
so  Aai  the -dioidb of  «hose  partS'sbaU  be  to'eacbodwr  va 
given  ration 

XXXI.  PR.  To  inscribe  a  square  in  a  given  trapeaium, 
which  has  the  two  sides  about  any  angle  eqnid  to  one  another, 
and  the  two  sides  about  the  opppsite  angle  also  equal  to  one 
another. 

XXXI f.   Pte.   To  inscribe  a  square  in  a.  given  trapesium. 

•J 
XXXIII.   Pr.  To  determine  the  locus  of  the  summits  of 


aH  the  triangles  whidi  can  be  described  on  a  given  base,  so 
that  eadi  of  themf  shall  have  its  two  sides  in  a  given  ratio. 

XXXrV.  Pr.  The  base,  the  perpendicular  distimce  of  the 
vertex  from  the  base,  and  the  ratio  of  the  two  sides  of  a  tri- 
angle being  given,  to  construct  it 

XXXV.  Pa.  The  scKments  into  wUeh  the  perpendieulaor. 
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drawn  from  the  vertex  to  the  base  of  a  trumgle,  divides  the 
base,  and  the  ratio  of  the  two  ranalning  aides  being  given,  to 
construct  the 


XXXVI.  P&.  To  find  a  point,  from  which  if  three  straight 
lines  be  drawn  to  tfareegiven  points,  they  flhall  be  each  to  esdL 
in  ^ven  ratios. 

XXXVIL  Pr.  a  straight  line  being  divided  into  three 
given  parts,  to  find  a  point  without  it,  at  which  the  three  parts 
shall  subtend  equal  angles. 

XXXVIIL  Pr.  To  find  a  point  in  a  givoi  line,  firam 
which,  if  two  straight  lines  be  drawn  to  two  given  pcunts,  both 
on  the  same  side  of  the  given  line,  they  shall  be  to  each  other 
In  a  given  rada 


XXXIX.  Pr.  In  a  given  parallelogram  to 
parallelogram  that  shall  have  its  two  adjacent  sides  in  a  given 
ratio  to  one  another,  and  that  shall  be  the  half  of  the  given 
parallelogram. 

XL.  Pr.  From  a  given  point,  either  within  or  without 
a  given  rectilmeal  angle,  to  draw  a  strai^  line  cutting  the 
two  lines  whidi  oontiain  the  angle,  so  that  the  distances  of  the 
two  intersections  from  the  given  point,  shall  be  to  one  anodier 
in  a  given  ratia 


XLI.  Pr.  To  find,  between  two  given  parallel 
lines,  the  locus  of  all  the  points,  from  each  of  whidi  if  two 
straight  lines  be  drawn  to  the  two  given  parallels,  so  as  alwajs 
to  make  with  them,  towards  the  same  parts,  givoi  an^^es,  they 
shall  be  to  one  another  in  a  given  ratio. 

XLII.  Pr.  To  divide  a  given  straight  line  into  two  parts, 
such,  that  the  rectangle  contained  by  the  whole  line  and  one 
of  its  parts,  shall  have  a  given  ratio  to  the  square  of  the  other 
|>art 

XLIII.  Pr.  One  given  circle  lying  widiin  another,  to 
find  a  point  from  which,  if  two  tangents  be  drawn,  one  to  esch 
of  the  given  circles,  they  shall  be  toeacb  other  in  a  given  ratio. 
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XLIV.  pR.  Trom  a  given  point,  to  draw  &  straight  line 
to  cut  a  given  circle,  so  that  the  distances  of  the  two  inter* 
sections  from  the  given  point,  shall  be  to  each  other  in  a  given 
ratio. 

XLV.  Pr.  Two  ^ven  ctrdes  lying  wholly  without  one 
onodier,  through  a  given  point,  which  is  between  the  two 
drcles,  and  whidi  is  posited  in  the  strai|^t  line  joining  flieir 
centres,  to  dnw  a  straight  line  that  shall  be  terminated  by  the 
convex  drcumfei^enoes,  and  divided,  by  the  given  point,  into 
two  parts,  that  are  to  one  another  in  a  given  ratio. 


XLVI.  Pr.  Tofiiidapoitit,  ^omwhiehifdiree 
lines  be  drawn  to  meet  as  many  given  straight  lines,  whidi  cat 
one  another,  so  as  to  make,  each  with  the  line  on  wUch  it 
falls,  an  angle  equal  to  a  given  angle,  the  lines  so  drawn  shall 
be,  each  to  each,  in  given  ratios. 

XLVII.  Pr.  To  make  an  isosceles  triangle,  which  shall 
be  equal  to  a  scalene  triangle,  and  shall  also  have  nn  equal 
vertical  angle  with  it.  . 

XLVIII.  Th.  If  a  straight  line,  drawn  from  the  vertex  of 
an  isosceles  triahgle  cutting  the  base,  be  produced  to  meet  the 
circumference  of  a  circle  described  about  the  triangle,  the 
rectangle  contained  by  the  whole  line  so  produced,  and  the 
part  of  it  between  the  vertex  and  the  base,  shall  be  equal  to 
the  square  of  either  of  the  equal  sides  of  the  triangle. 

XLIX.  Th*  If  from  a  given  point,  without  a  catcie,  two 
straight .  lines  be  drawn  to  the  concave  circumference,  they 
shall  be  reciprocally  piropordonal  to  the  parts  of  them  between 
the  given  point  and  the  convex  circumference. 


L.  Pr.  To  divide  a  given  finite  sCDught  line  into  two 
parts  such  that  another  given  strught  line,  not  greater  fihtsA 
the  half  of  the  former,  shall  be  a  mean  proportional  between 
them. 


LL  Pa.  Of  fe«r  stndgfat  lines  which  are  continual  pvo* 
porlik»ala,  die  two  eaiti  ernes  beiiig^given,  and  also  aline  whidi 
is  equal  to  the  diffinrefioe  of  the  odier  two,  to  find  those  two 
lines. 
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LII.  pR.  To  make  a  triangle,  which  ahiA  have  iti  two 
mdei  equal  to  two  gfren  fttrd^ht  Unea,  ea^  to  eadi,  and  duA 
have  its  baae  equal  to  the  perpenficidiir  cBatance  of  the  vertex 
from  &e  base. 

UIL  Th.  If  frem  my  pmaA  fai  tlM;  diaaciettf,  or  the 
fliamifcr  pvodsotcU  of  a  given  ffanlMegwan  perpfeodicvkn  be 
bt  &tt  efc  the  two  dgaeettt  aWe^  ptoJaeed,  if  npapiaaTy^whidi 
meet  liw  dianetar,  the  parpeaidHeitlara  ahall  be  reeipracdj 
fVopoatioiidL  to  the  aides  on  HtUttk  tbej  &IL 

LtV.  P&.  From  a  given  pointy  io  the  baae  of  a  scalene 
tdmagk,  to  daaw  aMraighi  lin^  whidi  afaatt  cot  off  equal  aeg^ 
menta  from  die  two  remaining  aides^  the  leas  of  thoae  sidas 
having  been  produced* 

LV.  Tr.  If  an  angle  of  a  triangle  be  biaeeted  by  a  straight 
line,  whidi  also  cots  the  base,  the  rectangle,  eontaioed  bj  1& 
aides  df  the  triaiq^le«  is  equal  to  the  rectangle  oontainBd  fay  the 
segments  of  the  base,  together  with  the  aquare  of  the  tdxtdi^ 
line  biaecting  the  angle. 

L  VI.  Th.  If  from  any  angle  of  a  triangle  a  atrai^t  line 
be  drawn  perpendicular  to  the  baae,  the  rectangle  contamed  bj 
fte  aidea  of  die  triangle,  is  equal  to  the  rectangle  contained  by 
the  perpendicular  uiA  the  diameter  of  die  circle  described 
about  die  triangle. 

LVII.  Th.  The  rectangle  wmtained  by  the  diagteab  of 
a  quadrilateral  rectilineal  figure,  inscribed  in  a  circle,  is  equal 
to  bodi  the  rpitanglei  oontahied  by  ita  opposite  sides. 

LVIII.  Th.  If,  from  die  centre  of  die  drde,  described 
about  a  given  triangle,  perpendiculara  be  drawn  to  the  three 
aidea,  thehr  aggregate  shall  be  equal  to  the  radius  of  the  cir- 
cumscribed ciralai^  tsfelher  wiA  die  ladiuaflf  the  drde  in< 
scribed  ia  the  given  ttiangie. 

LIX.  Pn.  To  find  a  point,  from  whidi  if  three  stra^ 
linea  be  dimwn'to  three  given  points,  their  diferenoea  shall  be 
aeveraUy  equal  to  ibM  i^van  8ttei|^  linaa ;  the  difEnmoeef 
any  two  of  the  abaigfat  linae- to  be  drawn,  net  being  giaafcr 
dum  the  distance  of  the  two  points  to  which  they  are  tor  be 
drawn. 


Li.   Pr/  To  dfiscribi!  a  cif de,  wWA  sliiB  pw  ti^^ 
giTeh  point,  aiid  toudi  tWd  ^yn  dfd^ 

IXIi   Pn.   Todwcribeacird^tiiatidiAUtouohtldrtegivdM 

LXII.  pR;  Upon  a  givcii  finite  ttraight  line,  to  descnbe 
tti  equilateral  and  equiangular  figure,  having  the  number  of 
its  «Uiae4«d  to  fan,  eii^  mxttm,  &e.;  or  lo  tt^  «»> 
tWdt^  te;  er  to  five,  ten^  tw«tot)r,  Ae.;  or  to  flfhevv  ^i^*^* 
sixty,  &c.  jBides; 

LKilL  Tm  akmabar  triat^lef,  and  ainiilar  poiygom^  are 
to  «B#  anotker  m  muf  mIfliniBal  figtfre  deicrawd  upon  anjr 
aide  flfllie«e,  is  to  ai  afadihr  reetiiintot  figure  iiitillarly  de^ 
laribfd  iftoA^fkelunakiipnlf  side  ofthif  other. 

LXlV.  pR.  To  cut  off  from  a  given  triangle  any  part 
mmpmif  by  a  aMig^  line  draim  parallel  to  a  given  straEgbt 

LXV.  Pr«  To  describe  a  polyj^,  ahni]ar  to  a  given 
pc^lpoQy  aod  batipg  a  i^ven  ratio  to  it« 

LXVI.  Th.  Any  regular  i>olygon,  ihspibM  hi  e  Qirele» 
i^  a  mean  proportional  between  the  inscribed  and  drcnm- 
leribed  regtdar  pelygotis  of  half  die  ntitnbef  of  sides.* 

LXVIL  Tit  If  from  two  fMnttf  similarly  situated,  on^ifi 
each  of  any  two  homologous  sides  of  two  ^imil^f  polygons  two 
straight  lines  be  drawii  making  equal  angles  with  tiipse  sides, 
Any  shafl  iM  oif  frttn  ifae  pMygons  tiro  similar  fi|^itfe^|  and 
the  ono  lAuffi  be  the  tame  part  of  the  one  polygon,  ilhat  the 
other  is  of  ibe  other. 

LXVIII.  Tr.  If  any  two  dbmls  0/ si  dtrde  intersect  each 
etheri  the  siMight  fines  joining  their  extremities  shall  cUt  off 
equal  segments  fnta  the  diofd  wfddk  passes  through  the 
common  intenection  of  the  two  fbrto(e)r  diotds  and  is  there 
bisected. 

LiCtX.  pR.  Two  simitar  rectilinAai  iE|gures  being  givci^ 
to  find  a  third  figure  also  similar  to  them  and  a  mean  propor*' 
tional  between  them. 
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liXX.  ,  Pk.^  If  two  sidefi  bf  a  trapezium  be  parallel^  and  a 
straight  line  be  drawn  cutting  tfaem,  and  meeting  also  tbe 
otber  two  aides,  (any  of  the  sides  being  produced,  if  neoeasaiy) 
die  two  lectan^  ctrnthinM  by  the  ireqiective  segments  oiPthe 
parallel  aides,  have  to  each  other  the  same  ratio,  as  the  tiro 
rectangles  contained  by  the  segments  into  which  the  line,  so 
driawn,  is  severally  divided  by  each  of  the  two  iMuallela. 

LXXL  Pr..  To  cut  off  from  a  given  paralldogram  a 
similar  pamlMogtam,  which  ahall  be  any  required  part  of  it. 

LXXII.  Th.  a  given  straight  line  being  cut  in  extreme 
and  mean  ratio,  if  frorii  the  greater  segment  the  less  be  taken, 
die  greater  segment  alao  will  thus  be  cat  in  extreme  and  mean 
rado^  atid  Sf  a  atraight  line,  equal  to  the  greater  aegment,be 
added  to  the  given  line,  (be  line  whidiis  made  np  of  die  given 
line  and  this  si^pment,  is  also  cut  in  extreme  and  mean  rado. 

LXXIII.  Ph.  Upon  a  given  straight  line,  as  an  hypMe* 
nuse,  to  describe  a  right-wangled  triangle,  which  shall  have  its 
three  sides  continual  proportionals. 

LXXIV.  Pr.  The  perimeter  being  givm  of  a  r^^U 
angled  triangle,  having  its  three  sides  proportionals,  to  con- 
struct the  triangle. 

LXXV.  Th.  The  semi-diameter  of  a  given  circle  having 
been  divided  in  extreme  and  mean  ratio,  the  greater  segment 
shall  be  equal  to  the  side  of  an  equilateral  and  equiangular 
decagon  inscribed  in  die  circle. 

LXXVI.  Th.  Any  rectangle  is  the  half  of  die  rectangle 
contained  by  the  diametera  of  the  squares  of  its  two 


LXXVII.  Pit.  iThrbugh  a  given  point,  to  draw  a  strai^t 
line,  cutting  two  given  straight  lines,  which  meet  one  another, 
so  that  the  triangle  contained  by  die  segment  <^  that  line  and 
die  aagmenta  which  it  cuta  off  from  the  given  lines,  ahall  be 
equal  to  a  given  rectilineal  figure. 

LXXVIII.  Pa.  Thxmigh  a  given  point  to  draw  a  atraight 
line,  ao  aa  to  cut  off  from  two  straight  lines,  that  meet  one 
ttiother,  two  segments,  toward  their  pomt  of  concourse,  wfaidi 
AbUI  contain  a  rectangle  equal  to  a  giveii  square. 
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LXXIX.  Th.  In  different  circles  the  semi-diametet  which 
bound  equal  sectors  contain  angles  reciprocally  pmportional  to 
their  circles;  and  conversely.  t 

LXXX.  Pb.  a  given  space  being  bopnded  by  two  arches 
of  cirdes^  subtending,  at  their  respective  'centres^  angles  reci- 
procally proportional  to  the  circles,  to  find  a  sqnare  that  shaU 
be  equal  to  it 

LXXXI.  P^.  To  trisect  a  given  circle,  by  dividing  it 
into  three  equal  sectors. 

LXXXII.  Th.  If,  ^rom  the  greater  of  two  unequal  sides 
jof  a  given  triangle,  be  cut  off  a  part  equal  to  the  less,  that  seg- 
inent  shall  have  to  the  remaining  segment;,  a  ratio  greater  than 
the  ratio  which  the  angle  fdjacenf  to  the  remaining  degmeat, 
iias  to  the  angle  adjacent  to  the  segment  first  cut  off. 

LXXXIII.  Th.  The  greater  of  any  two  unequal  arches^ 
of  a  given  circle,  has  a  greater  ratio  to  the  less  arch,  than  the 
chord  of  the  greater  has  to  the  chord  of  the  less. 

r 

JLXXXIV.  Th.  The  gK^ater  angle,  at  the  base  of  a  sca^ 
lene  triangle,  has  a  greater  ratio  to  the  less  angle,  than  the 
greater  side  has  to  the  less  side* 

LXXXV.  Pr.  To  divide  a  givei^  circle  info  any  required 
plumber  of  equal  parts,  by  the  circumferences  of  circles  de- 
scribed within  it,  about  its  centre. 

LXXXVI.  Pr.  To  iSnd  «  fircle,  which  shall  be  equal  to 
the  excess  of  the  greater  of  two  given  circles  above  the  less.  • 

LXXXVII.  Pr.  To  find  a  circle  to  which  a  given  circle 
shall  have  th^  san^e  ratio,  as  that  which  one  jgiven  straight  line 
has  to  another. 

LXXXVIII.  Th.  If,  in  any  ifirm  circle,  two  chords  cut 
each  other  at  right  angles,  the  four  circles  described  upon  their 
segm^ts>  as  diameters,  shaQ,  together,  be  equal  to  the  given 

prcle. 

LXXXIX.    Th.    a  circle  is  equal  to  the  half  of  the  rect- 
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«Qflls  onattinfirl  bv  ito  Miitt*diiinelit  wmI  bv  ft  itftMit 
vU^  is  a^ual  to  i|f  cinntniftMiice* 

XC.  Th.  a  circle  is  a  mean  proportional  between  any 
vflf*^  ptlllfdQ»  Aawrthwl  dnnt  k,  «ul  a  similar  polygoDy  the 
femetfr  «f  wUoh  is  eqoel  fte  the  earewmteenw 
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BOOE.  I. 

Prop.  I.  Th.  If  two  ehords  of  a  circle  cut  eadi  other  at 
right  angles^  either  pair  of  opposite  ardles,  ikHereepted  b^CWeen 
them^  is  equal  to  Ae  semi-ciraimfeneiioe  of  tlie  dfde. 

II.  Tu.  If  three  equal  chords  of  a  circle  cut  one  another 
in  the  same  pointy  wkbin  the  cii«le^  that  point  is  the  esntre. 
and  the  chords  are  diametisfs  pf  the  circle. 

III.  Pr.  To  find  the  locus  of  the  extremities  of  all  the 
straight  lines^  that  can  be  drawn  frpm  the  circumference  of  a 
given  circle,  towards  the  sariie  parts,  ^ach  of  them  paraQel  and 
equal  to  a  given  finite  straight  line. 

IV.  Tu.  If  a  chord  of  the  greater  of  two  concentric 
circles,  tot  the  less  of  them,  its  segments,  between  the  two 
circupoferenoes,'  shall  be  eqna}  to  one  aaothei^ 

V.  Tr.  If  any  numb^  of  chords  of  the  greater  of  two 
concentric  drdes^  cut  the  less,  the  rectangles  cokitsinied  by  dte 
two  ^^gm^n^^  into  which  eedi  of  them  is  Prided  bg  Ae  dr- 
comference  of  the  less  ^ele,  shall  be  e^ual  to  one  another. 

VI.  Ttf.  Of  parallel  straight  lines,  terminated  b;^  the  con- 
cave drcumferoicie  <tf  the  greater  of  two  concentric  circles^  and 
the  convex  circumference  of  the  less^  the  least  is  that,  wUdi, 


■•-  <fc- 


prockieed^  pa3«e^  ibxough  the  c&Ate;  apd  <)f  the  rest  A^t^ 
which  is  nearer  to  the  least,  is  always  less  than  the  more  re- 
motew 

• 

VII.  Pa.  Tq  draw^  in  a  given  circle  a  dbord,  whidi  shall 
be  equal  and  parallel  to  a  given  finite  straight  l|n^  pot  exoeedf 
ing  the  diameter  of  the  circle. 

VIII.  Pr.  To  place  between  the  .<K>neave  woiiinfeKciiQe 
of  the  greater  of  t^p  given  omMeofrie  etfcJiefj  «i4  the  oonveqp 
circumference  of  the  less,  a  straight  line  which  shall  be  equal 
and  paraHel  to  a  given  finite  straif^  line,  '^Jiich  is  not  greater 
than  atangent  drawn  from  any  point  of  the  less  to  meet  die 
greater  isrcumference,  and  not  less  man  hidf  the  diierenoe  of 
the  diameters  of  the  two  circles.  . 


IX.  Pr.  Frama  given  point,  without  a  givea  cirde,  to 
4raw  a  etmSght  line  cwlti&g  the  cirde,  so  that  its  s^ment^ 
which  is  within  the  circle,  shall  be  equal  to  a  giv^  straigiit 
line,  not  grea^  than  a  diameter  of  the  cirde. 

*  a 

« 

X..  Th;  If  from  the  extremities  of  any  chord  of  a  oirele, 
straight  lines  be  drawn  at  right  angles  to  the  diord,  they  shall 
meet  any  diameter  of  the  drde  in  pcMnts,  that  are  equiftstaat 
from  the  centre* 

XL  Th.  If  two  given  finite  straight  lines,  whidi  aie 
neither  in  the  same  straight  line,  nor  parallel  to  each  oAer,  be 
produced  so  as  to  meet,  ^d  if  the  rectangle  contained  by  dfe 
one  Hne  so  produced,  and  the  part  of  it  produced,  be  equal  to 
the  rectangle  contamed  by  the  other  line  prudnced,  and  the 
part  of  it  produced,  the  extremities  of  ^  two  given  Unes, 
shall  be  in  the  circumference  6f  a  drde. 

XII.  Th.  If,  in  any  two  given  drdes,  thi^  tfvuch  one 
another,  there  be  drawn  any  two  paralld  diametecs»  an  ex« 
tremity  of  each  diamet^,  and  the  pdnt  of  fpntact,  shall  Us  in 
the  same  strai^t  line. 

;^III.  Til.  Iftvodrdef  tiwidieadiMhar]|ilernf%»any 
teheed  of  the  greater  qirde,  which  tondiea  4ie  lesi^  shaD  be 
divided^  by  the  point  of  its  contact,  into  s^gmente  that  sobt^nd 
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equal  anglei  at  die  point,  in  whidi  the  two  drdoa  toadi  one 
aiuiCiier* 

XIV.  Th.  If  two  equal  chords,  in  a  given  cirde,  cot 
one  anodier,  the  acgmente  of  the  one  ihall  be  equal  to  the 
acgmento  of  the  other,  eadi  to  endi. 

XV.  Pr.  To  draw  two  tangents  to  a  given  circle,  whidi 
ahall  make  widi  one  another  an  angle,  equal  to  a  given  angle ; 
4aid  ahaU  meet  in  a  given  diaikieter  jlroduced. ' 

XVIt  Pa.  If  the  straight  line>  joining  the  bentres  of  two 
given  circles,  that  lie  wholly  without  one  another,  to  find  a 
point,  from  which  if  two  tangents  be  drawn  to  the  two  drdei^ 
they  shall  make  equal  angles  with  that  line. ' 


XVII.  Th.    If  two  arch^  of  unj^ual  drAtnhtve  a 
mon  diord,  the  arch^  whioli  bekmgs  to  th^  gt^atfor  cird^  dbafl 
have  the  less  sagitta, 

XVIII.  Th.  If  the  arch  of  a  segment  of  a  drde  be 
divided  hito  any  two  partsi,  the  ehord  of  the  whole  arch  shall 
exceed  the  chord  of  the  one  part,  by  the  double  of  the  ^egment^ 
which  is  cut  off  from  \be  diord  of  the  whole  arch,  by  a  straight 
line  drawn  at  right  angles'to  it,  from  the  bisection  of  the  other 
part 

XIX.  Th.  If  the  curve  of  a  semi-circle  be  subtended  by 
any  three  chords,  the  square  of  the  diameter  shall  exceed  the 
squares  of  the  three  chords,  by  twice  the  rectangle  contained 
by  the  middle  chord,  and  the  part  of  it  produced,  interoepto^ 
between  its  extremiQr,  and  the  perpendicular  drawn  to  it  frt>m 
the  extremity  of  the  diameter. 

XX.  Pr.  .^^''I^^  number  of  quadrilateral  rectilineal  figures 
be  inscribed  in  a  given  circle,  having  the  same  diord  for  their 
common  base,  and  a  diameter  of  the  drde,  for  the  side  opposite 
to  the  base,  to  find  the  lociis  of  the  iiit^rsections  of  their  two 
diagonals  in  each  of  them. 

XXIi  Pr.  Through  two  given  points  in  a  ^ameter  of  a 
given  drcle,  both  on  the  same  side  of  the  centre,  to  draw  two 
parallel  chords,  which  shall  intercept  the  two  greatest  ardies. 
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XXII.  Th.  If  a  quadrilateral  rectilinea]  figure^  having 
two  of  its  sides  parallel,  be  described  about  a  circle,  a  straight 
line  drawn  through  the  centre  of  the  circle,  parallel  to  either 
of  the  two  parallel  sides,  and  terminated  by  the  other  two 
sides  shall  be  equal  to  a,  fourth  part  of  the  perimeter  of  the 
figure. 

XXIII.  Th.  The  circumference  of  a  circle  is  a  curve  of 
uniform  curvature. 

XXIV.  ^  Th.  If,  from  any  of  the  angles  of  any  given 
rectangle,  a  straight  line  can  be  drawn  cutting  the  two  straight 
lines  that  contain  the  opposite  angle,  so  that  its  segment,  in* 
eluded  between  those  two  lines,  shall  be  the  double  of  the 
rectangle's  diameter,  then  any  given  plane  rectilineal  angle 
can  be  trisected. 

XXV.  Th.  If  from  the  hypotenuse  of  a  right-angled  tri- 
angle,  a  segment  be  cut  off  equal  and  adjacent  to  either  of  the 
other  two  sides,  and  if  from  the  right  angle  a  perpendicular  be 
drawn  to  the  hypotenuse,  the  straight  line  joining  the  right 
angle  and  the  end  of  the  segment,  shall  bisect  the  angle  coo** 
talned  by  the  perpendicular  and  the  third  side  of  the  triangle. 

XXVI.  Pr.  From  a  given  point,  in  the  circumference  of 
a  given  drde,  to  draw  a  straight  line,  which  shall  touch  the 
circle,  by  the  help  only  of  the  paraUd  ruler* 

XXVII.  Th.  The  least  square,  which  can  be  inscribed 
in  a  given  square,  is  that  which  is  the  half  of  the  given  square. 

XXVIII.  Th.  If  an  oblong  be  inscribed  in  a  square,  eadi 
of  its  sides  cuts  off  equal  segments  from  the  sides  of  the  square. 

XXIX.  Th.  An  oblong  inscribed  in  a  given  squai^  ia 
less  than  the  least  square  inscribed  in  it. 
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*  *  • 

Pjtoi*.  I.    Pr.    To  divide  a  given' finite  straight  line  into 
two  unequal  parts^  of  which  the  less  shall  be  a  mean  propor* 
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tional  between  the  greater,  and  the  part  which  lies  between 
the  point  of  aecdon,  and  the  middle  point  of  the  given  line. 

II.  Pr.  a  given  atraight  line  being  divided  into  any  two 
parts^  to  divide  it  again^  so  that  th)e  rectangle,  contained  hj  the 
whole  line,  and  the  part  between  the  two  points  of  sectioOp 

'  shall  be  equal  to  the  square  of  the  part  between  the  second 
point  of  aection  and  the  extremity,  neaieat  to  it,  of  tlie  ^ven 
line. 

III.  Pr.  a  given  straight  line  being  divided  Into  any  two 
parts,  to  divide  it  again,  so  that  the  rectangle,  contained  by 
the  whole  line,  and  the  parts  between  die  points  of  section, 
shall  be  equal  to  the  rectangle,  contained  by  the  two  parts,  into 
which  die  given  line  is  divided  by  the  second  point  of  section. 

IV.  Pr.  a  straight  line  having  been  divided  into  two 
equal  parts,  to  divide  it  again,  so  that  the  rectangle,  contained 
by  the  two  unequal  parts,  shall  be  to  the  square  of  the  line 
l>etween  the  two  points  of  section,  in  a  giv^i  ratio. 

» 

V.  Pr.    Two  points  C,  and  2),  lieing  given,  in  a  finite 

straight  line  AB,  which  are  neither  of  them  one  of  its  extre* 
mities,  to  find  an  intermediate  point  E,  such  that  the  rectangle 

Ze'x  .^  shall  be  to  the  reotangk  2£x  .SZS^  in  a  given  ratie- 

VI.  Pr.  To  produce  a  given  straight  line,  so  that  die 
square  of  die  line,  which  is  made  up  of  the  whole  and  die  part 
produced,  togedier  with  die  square  of  die  part  prodneed,  AsA 
lie  in  a  given  ratio  fo  a  given  square. 

■ 

VII.  Pr.  To  produce  a  given  straight  line,  so  that  the 
^iiave  of  the  given  line,  together  inth  twice  the  rectangle  con- 
tained by  die  given  line  and  die  part  produced,  shall  be  to  die 
square  of  the  part  produced,  in  a  given  ratio. 

VIII.  Pr.  To  divide  a  given  finite  straight  line  into  two 
parts,  so  that  the  rectangle,  contained  by  the  whole  line,  and 
the  diffinrence  of  thaie  two  parts,  shall  be  in  a  given  ratio  to 
the  square  of  the  leap  of  the  two  palts. 
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IX.  Piu  To  divide  a  given  finite  rtraigltt  line  into  two 
parts*  the  lest  of  which  shall  he  ina  given  ratio  to  their  differ^ 
ence. 

X.  Pn.  To  divide  a  given  finite  straight  line  into  three 
parts^  that  shall  be  continnal  proportionals^  and  the  sqnare  of 
the  greatest  of  which  dudl  be  eqaal  to  the  squares  <«f  the  c^Stua 
two. 

XI.  Pr.  To  divide  a  given  finite  strai^^t  line  into  four 
parti^  which  shall  be  proportionals^  According  to  a  given  latio^ 
and  diall^  alsQ»  be  such,  that,  if  the  least  be  added  to  each  of 
the  three  leasts  the  greatest^  and  the  three  aggrqpites^  shall  be 
proportionals. 

XII.  Pa.  To  divide  a  given  finite  straight  line  kito  two 
parts,  such  .that  the  aggr^j^te  of  their  squares  shall  be  in  a 
given  ratio  to  a  given  square. 

XIIL  pR.  To  divide  a  given  finite  straight  line  into  two 
parts,  such  that  the  difference  of  Ihdr  squares  shall  be  in  a 
given  ratio  to  a  given  square. 

XIV.  Pr.  To  divide  a  given  finite  straight  -line  into  four 
proportionals^  so  that^the  aggregate  of  the  extremes  shall  be  in 
a  given  ratio  to  the  aggregate  of  the  means. 

XV.  Pr.  To  divide  a  given  finite  siraigbt  line  mto  fiwr 
ptopartional^  so  tfiat  &e  diffevance  of  the  extremes  shall  he  to 
the  difference  of  the  means,  in  a  given  Tatio. 

XVi.  Prv  Three  points,  in  a  given  straight  fine  being 
given,  to  ikid,  in  that  fine^  a  fouitfi  point,  between  the  second 
and  thirds  such  thstt  the  rectaigle  contoied  hy  the  distance 
between  the  first  and  fourth,  and  the  distance  between  the 
second  and  fourth,  shall  be  equal  to  the  square  of  the  distance 
between  the  third  and  the  fourth  points, 

XVII.  Pr.  Four  poitita  being  jiven  in  the  same  straight 
line,  to  find,  in  that  line,  a  fifth  point  between  the  second  and 
third,  4]ach  that  the  aitiore  of  die  distvice  between  the  first 
and  the  seoond,  together  with  the  sqiMwecf  the  diatanee  be^r 
tween  the  first  and  the  fifth,  shall  be  to  the  sqnare  of  the 
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tance  between  the  third  and  the  fourth,  toge^er  with  the  aqtiire 
of  the  distance  between  the  fourth  and  the  fifths  in  a  given 
ratio. 

XVIII.  Ph.  Two  potqtB  being  given,  in  *  givm  finite 
straigiit  line,  to  find  a  third  intermediate  point,  sodi  that  die 
rectimgle  contained  by  the  two  parts  into  whidi  the  line  is 
divided  by  the  first  given  point,  together  with  the  square  of 
the  distance  between  that  point  and  the  third  point,  8ha4 1^  in 
a  given  ratio  to  the  rectangle  contained  by  the  parts,  into 
whidi  the  line  is  divided  by  the  second  given  point,  together 
with  the  square  of  the  distance  between  that  point  and  the 
third  point 

XIX.  Ph.  Thefirst  of  three  continual  |H*oportionals  being 
given,  and  alsd  the  aggr^te  of  the  other  two,  to  find  those 
other  two* 

XX.  PR.  To  find  two  squares,  the  difference  ^between 
which  shall  be  in  a  given  ratio  tp  the  difference  .betwe^  the 
less  of  them,  and  a  given  square.  * 

XXL  Th.  Two  unequal  magnitudes  being  given,  ay 
intermediate  magnitude  may  be  found,  which  shall  be  cam-« 
mensurable  with  a  third  given  magnitude,  of  the  same  kind. 

XXII.  Th.  Two  incommensurable  magnitudes  being 
given,  a  third  magnitude  may  be  found,  commensurable  with 
one  of  them,  and  the  diierenoe  between  whidi'and  the  other, 
shall  be  less  than  any  assigned  magnitude,  the  mi^gnttades 
being  all  of  the  same  kind. 

XXIII.  Pr.  T:viro  unequal  finite  straight  lines  being  given, 
to  find  another  intermediate  straight  line  which  shall  be  in« 
commensurable  with  a  third  given  $nite  straight  Ime. 


Book  III. 

Prop.  I.  Th.  The  two  sides  of  a  triangle  are  to  one  another, 
recipn>cBlly,  as  the  perpendiculars  drawn  to  them  from  the 
bisection  of  the  base. 


INDEX.  573 

•  •  IL  'Th.  If  perpendiculars  be  drawn  from  the  three  angles 
of  an  acute-angled  triangle^  to  the  opposite  sidoi,  the  rectangles 
contained  by  the  several  sides  and  their  corresponding  s^- 
m&its,  shall'  be  equal:  Also>  the  rectangle  contained  by  the 
two  segments  of  any  dne  of  the  perpendiculars^  shall  be  equal 
to  the  rectangle  contained  by  the  segments  of  aity  odier  of 
them* 

nr.  Pr.  From  any  of  the  angles  of  an  equilateral  paral- 
lelogram to  draw  a  straight  line^  cutting  the  two  lines^  which 
contain  the  opposite  angle^  so  that  its  segment^  included  be- 
tween those  lines,  may  be  equal  to  a  given  finite  straight  line. 

IV.  Th.  If  from  any  two  points,  in  the  semi-circum- 
fisrenoe  of  a  given  circle,  straigfat  lines  be  drawn  to  the  ez« 
tramittes  of  the  diameter,  which  subtends  the  semi-circunH 
ftivnoe,  the  rectangle  contained  by  tiiie  two,  that  are  terminated 
in  one  extremity  of  the  diameter,  together  with  the  rectangle 
contained  by  the  other  two,  shall  be  less  than  the  square  of  the 
diameter. 

V.  Th.  '  If  from  the  bisection  of  any  given  arch  of  a 
cirde,  two  straight  lines  be  drawn,  cutting  the  chord  of  the 
arch  and  the  circumference,  the  four  points  of  intersection 
shall  also  lie  in  the  circumference  of  a  circle. 

VI.  Th.  If  a  given  arch  of  a  circle  be  divided  into  thiree 
equal  parts,  their  chords  shall,  together,  exceed  the  chord  ci 
the  whole  arch,  by  a>  straight  lini^,  which  is  to  the  chord  of  one 
of  the  equal  parts  as  the  square  of  that  chord  is  to  the  square 
of  the  semi-diameter. 

VIL  Th.  The  side  of  an  equilateral  polygon,  inscribed 
in  a  circle,  is  a  mean  proportional  between  the  side  of  a  similar 
polygon  described  about  it,  and  the  half  of  the  side  of  an  equi« 
lateral  polygon  of  half  the  number  of  sides  inscribed  in  the 
arde. 

VIII.  Th.  If  two  tangents  be  drawn  to  a  circle,  from 
any  given  point  without  it,  and  if,  from  either  of  the  two 
points  of  contact,  there  be  drawn  a  perpendicular  to  that  di- 
ameter, which  passes  through  the  other,  point  of  contact,  the 


^ 
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fMrpMiliealar  ihiA  be  bisected  by  the  stnuglit  Mm 
Ifiven  point  md  Hbe  end  of  the  diimefer. 

» 

IX«  Th.  The  rooUngle  contained  under  the  tngent  end 
the  sine,  ef  any  arch  of «  circle,  U  greater  than  tfaeaqiiareof 
the  chord  <^  the  arch. 

X.  Tr.  If  the  diameter,  passing  throtigh  Ae  extremity 
of  a  given  ardi  of  a  cirde,  be  produced,  so  that  the  part  pro- 
dneed  shall  be  equal  to  the  versed  sine  of  the  given  ardv  and 
if,  from  the  end  of  the  part  produced,  a  taiigent  be  drawn  ta 
the  drde,  its  square  shall  exceed  the  square  of  the  versed  sin^ 
by  the  square  of  the  chord  of  the  arch. 

XI.  Pr.  Three  sides  oPa  quadrikteni  leetOineal  l^pa^ 
of  wludi  two  are  equal  to  one  another,  bei^g  given,  to  oan- 
stnict  iU  sa  that  the  fourth  side  dbaU  be  the  diameter  of  a 
drde  described  about  the  figore.  ^ 

XII.  Pit.  To  describe  the  drcumferenoe  of  a  cSrde,  which 
shall  pass  through  two  given  points,  within  a  given  drde,  and 
shall  cut  the  drcumferenoe  of  that  drde  in  two  points,  the 
distance  of  whidi  AaH  be  equal  to  a  given  straight  Unet,  not 
greater  than  the  diameter. of  the  given  dsde. 

XIIL  Pr.  In  the  given  straight  line  joining  the  centres 
of  two  drdes,  that  lie  whdly  wltfioQf  one  another,  to  find  a 
point,  sttdi  that  if  tangents  be  draiwnfiom  it  to  Ae  two  ctides, 
the  perpendiculars  <faiwn  from  the  points  of  contact,  to  that 
giten  line,  shall  cut  off  from  Ae  diameters  two  ssgtaients, 
whidi  shall  be  to  each  other,  as  the  diameters  sire  to  cadi 
other. 

XIV.  Pr.  To  draw  a  tangent  to  a  given  drde,  to  meet 
a  given  diameter  produced,  so  that  the  tangent  shall  have  a 
given  ratio  of  inequafity  to  the  port  produced  of  the  dismeter, 
which  is  terminated  by  the  tangent. 

XV.  Tr.  If  two  unequal  dberds  of  a  drde  be  temnnated 
in  the  same  given  pdnt,  aid  W,  from  Ae  other  extremity  of 
either  of  them,  there  be  drawn  a  perpendicular  to  the  diameter, 
which  terminates  in  the  given  point,'  that  chord  dudl  be  a 
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aoMn  propartianftl  between  the  other  given  diord,  and  the  seg* 
Bwnt  cut  of  from  k,  bj  the  perpcndiciilfff. 

XVI.  Th*  The  iquare  of  the  side  of  an  equilateral  and 
equiangular  octagon^  inscribed  in  a  given  cirde,  and  the 
sqnare  of  the  diameter  of  the  cird^  have  no  onninan  fnea* 


XVII.  Pr.  In  a  given  circle,  to  draw  a  chord  parallel  to 
a  given  straight  line,  so  as  that  it  shall  be  divided,  hy  another 
given  chord,  into  two  parts,  which  shall  be  to  one  another  in 
a  given  ratio  of  inequality* 

XVin.  pR.  To  find  a  point,  in  the  circumference  of  a 
given  semi-circle,  from  which  if  a  pierpendicular  be  drawn  to 
die  diameter,  it  shall  be  divided,  by  the  arch  of  another  drde, 
which  has  the  semi-drcle's  diameter  for  its  chord,  siaoilarly  to 
a  given  divided  straight  line. 

XIX.  Pr.  To  divide  the  quadrant  of  the  circumference 
of  a  circle,  into  two  ardea,  sudi  that  the  aggregate  of  their 
versed  sine  ihall  be  equal  to  the  right  sine  of  the  less. 

XX.  pR.  To  divide  the  quadrant  of  the  circumference  dt 
a  cbcle  into  two  arches,  such  that  the  aggregate  of  the  tan-» 
gent,  and  the  secant  of  die  lesser  arch,  shall  be  equal  to  the 

of  the  circle. 


XXI.  Pr.  In  the  given  straight  line  joining  the  omtrea 
of  two  given  circles,  that  lie  wholly  without  each  other,  to  find 
a  point,  such  that  the  two  tan{;ents,  drawn  frmn  it  to  the  two 
given  circles,  shall  be- to  (me  another,  in  a  given  ratio. 

XXII.  Th.  If  a  trapezium,  inscribed  in  a  circle,  have 
a  diameter  for  one  of  its  sides,  the  excess  of  the  square  of  the 
diameter  above  the  squares  of  the  three  remaining  sides  shall 
be  to  the  rectangle  contained  by  the  first  and  second  of  those 
sides,  as  the  double  <^  the  third  ef  them  is  to  the  diameter  of 
the 


XXIII.  Pii.  To  divide  the  seml*circumferenoe  of  a  given 
drde  into  two  ardies,  so  that  the  square  of  the  diameter,  to* 
gether  with  the  sqnare  of  the  diord  of  one  of  them,  shall  be  in 
a  given  ratio  to  the  square  of  the  chord  of  the  other. 
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XXIV.  Pk.  To  divide  the  •emi-drciimferciloe  ciM,  girm 
circle  into  two  arches,  so  tb«t  the  iquare  of  the  diameter  ahill 
be  in  a  ^ven  ratio  to  the  rectai^le  contained  b  j  the  chords  of 
those  arches. 

XXV.  Pr.  To  divide  the  senii«circiimfisreDoe  of  a  given 
drde  into  two  arches,  so  that  die  square  of  the  chord  of  one 
of  diem  shall  be  in  a  given  ratio  to  the  rectangle  contained  by 
die  chord  of  the  other,  and  the  perpendicular  drawn  to  die 
diameter  from  the  point  of  division. 

XXVI.  PiL  To  divide  the  semi-circumference  of  a  given 
circle  into  three  ardies,  so  that  the  diameter,  and  the  chords 
of  the  three  arches^  shall  be  proportionals,  according  to  a 
given  ratio. 

XXVII.  Pr»  In  a  given  semi^cirde,  to  inscribe  a  tra- 
pesium,  two  of  the  opposite  sides  of  which  shall  be  eqikal  to 
each  other,  and  the  square  of  either  of  them  equal  to  the  rect- 
angle contained  by  the  diameter  and  the  side  opposite  to  it 

XXVIII.  Pr.  To  divide  die  semi-drcumference  of  a 
given  circle  into  three  arches,  so  that  the  rectangle,  contiiped 
by  die  chords  of  the  first  and  second  of  them,  shall  be  equal 
to  die  square  of  the  chord  of  the  third. 


Book  IV.     • 

Prop.  I.  pR*  The  hypotenuse  ofa  right-angled  triangle,  and 
die  ratio  of  one  of  the  two  remaining  sides  to  the  perpendicular 
drawn  to  the  hypotenuse  from  the  right  angle  being  given,  to 
construct  the  triangle. 

IL  Pr.  One  of  the  two  sides  about  die  ri^t  angle  of  a 
right-angled  triangle  being  given,  and  a  mean  praportioiial 
between  the  other  side  about  the  right  angle,  and  the  aggre- 
gate of  that  odier  side  and  the  hypotenuse,  to  construct  the 
triangle.  . 
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III.  Pr.  The  hypotenufle  of  a  rigbUafigled  tdangle,  and 
thB  ratio  which  tiie  a^regate  of  the  byp0teiAise#  attd  one  of 
the  two  remaining  sides  has  to  the  third  side^  being  giveki»  to 
Gonstnict  the  triangle. 


IV.  Th.  If  thetbieiBf  sides  of  a  ngbt^mgled  tmtti^  be 
eantmnal  proportibiMlB^  ibid  if  the  greater  of  the  tWo  sidts^ 
about  the  right  angle,  be  cut  in  extreme  and  mean  rs^o^  its 
greater  segment  shall  be  equal  to  the  perpendicular  drawn  to 
the  h3rpoteQUse  firom  the  right  arigle. 

V.  Tr.  If  the  three  sii^es  of  a  rigfat-«ngled  triangle  be 
contiliual  proportionals^  the  straight  line,  which  biaecta  the 
greater  of  the  two  acute  an|^>  shaU  cnt  the  opposite  side  in 
extMUie  and'  metfii  ration 

VI.  Pr.  To  make  an  isosceles  triangle,  such  that  a  per- 
pendicular drawn  to  either  of  the  e^fual  sides  irdni  the 
opposite  angle^  shall  cut  that  side  in  extreme  and  mean  ratio. 

Vil.  Pr.  From  tfie  summit  of  a  given  ttitaigU,^  to  dhi# 
a  stviifht  line  to  meet  the  base  pproduoed,  so  that  the  rectangle 
contained  hy  that  Bne  and  one  of  the  two  sides  shall  be  in  a 
given  ratio  to  the  square  of  the  6ther  side. 

VIII.  Pr.  The  wgle  at  the  summit  of  a  tifiangle,  the 
perpendicular  di^awn  from  it  to  the  base,  and  the  ratio  of  the 
s^ments  into  which  the  perpendicular  divides  the  base  being 
given,  to  construct  the  triangle. 

IX.  Pr.  The  diameter  of  a  circle  diescribed  about  a  tri- 
angle, the  i^ggregate  of  the  two  sides,  and  the  altitode  of  the 
triangle  being  given,  to  construct  it 

X.  Pr.  The  altitode  of  a  triangle,  the  rectangle  contained 
by  the  base,  and  the  aggregate  of  the  two  remaining  sides,  and 
the  diameter  of  a  circle  inscribed  in  the  triangle,  being  given, 
to  construct  it. 

XI.  Pr.  The  base  of  a  triangle,  the  perpendicttliir  drawn 
to  it  from  the  opposite  angle,  and  a  sqiiare  equal  to  the  rect- 
angle contained  by  the  two  remaining  sides,  being  given,  ta 
construct  the  triangle. 
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nil.  Th.  The  diittMter  of  a  tngcdun,  wUch  boa  two 
fmUei  Mfei^  dinctot  it  into  two  trkngl^f,  which.  «n  to  itt 
niodMr  aa  thaae  ptnllel]  Mfef» 

XIII.  PiL  To  divide  a  given  trapesinm,  having  two 
-paialUaUety  bf  aati«igiitiiiie|iaitiBg  thnni^  a^veo  point 
«f .000 o£tbflai,  intotwo pmU,  whiah  ■haHhava  toonaaaodur 
a  givi»  latio. 

XIV.  Pr.  From  a  give^  fmH,  in  the  b«8Q  pjrodaoffd^  of 
a  given  paraUeh^gram,  to  draw  a  gtraight  line>  meefiifig  the 
oiypbvita  itdfr  prodttoed,  eo  aa  tOb  on^  dT^  fi^W  ttei  pattUd- 
<^gran  a.  trapeaianv  whtdi.  tfaaU  he  in  a  given. ratio  Kk  lii^ 
•trin^a  wwiUawl  Iqr/  tiic  iifgBunf  a£<  tha^  npmait» >8ida.i<» 
dnccd,  that  of  the  side  adjacent  to  ift»  aadllMft  flf  JbmnMJH 
line. 

XV.  Pau    To  inacrit^  a  square  in  a,  gii^  tn^m^e- 

I 

XVI.  Pr.    In  a  given  triangle^  to  inacribe  a  Tectai^, 
ifaa.si^  4f  .wh*ah  abaU  lM|,to  aa^  other  in  a  given  rat^ 


XVn.  Pa.  In  a  giyesi  triangle^  to  inscribe  a  reetangle^ 
which  shall  be  e<^ual  to  a  given  square. 

XyilV  Pr«  In  a  gi?e|i  triangle  to  inacribe  a  reetaiv^^ 
wbid  shall  be vto.the  tria^agle  in  a  given  ratia 

XfX*.  Pr.  In  a  given  square^  to  inscribe  an  oUciig,  ibt 
two  a^iacent  sides  of  which  sludl  be  to  one anodief  in  agivea 
ratio. 

XX.  Pr.  In  a  given  square,  to  inscf%e  an  obhpg  eqoid 
to  a  given  rectilineal  figure  not  grteter  than:  lite  half  of  Ae 


XXI..  Pr.  bi  a  given  square^.to  inscribe  an  oMoi^ 
nA&A  shaB  be  to  the  square  in  a  given  rado;  not  gneafes 
than  that  of  one  to  two.  . 

X^Xtr.  Pr.  niagiven  squate,  to  mscribe  a  aqifare  wfaiiA 
shaB  be  to  it  in  a  given  ratio,  not  leas  than  Aat  of  one  to  two. 


I 
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BookV. 

I.  Til.  it,  fi^ih  the  right  iUYgte  6f  a  right-idi^ed  tri- 
angle, two  stnd^  UmbB  hb  dtkim,  middflg  eqoal  ai^lea  widi 
eifth«r  of  the  ados,  the  atra^ht  line,  which  ia  made  «p  of  the 
hypotenuse  and  the  earterior  s^gm^^  ia  cot  hannonicallj  by 
that  ride,  and  the  atraight  line  so  drawn,  whicii  is  within  the 
trittgle. 

II.  Pa.  To  find  a  third  hannonic  proportional  to  two 
given  imeqnal  straight  lines. 

UL  Pb.  To  find  aa  bannteie  mean  pioportkiDal  between 
tiTo  :^nn  tmptfmi  strfug^t  hne$^ 

IV.  Pa*  To  divide  a  given  finite  straight  line  in  extreme 
and  mean  harmonic  ratio. 

V.  Th.  tf  from  Che  eztremitfea  ofagiVen  straight  line, 
which  is  cBvided  harmonioalFf ,  and:  ftbA  tlld  ptStits  lif ^dittrion, 
stnvgM  ^tm'  be  diwfrn,  aU  psBsing  tlooi^  a  given  point, 
without  the  g^reB  liim^  any  stimgfat  line»  which  is  pandfel  to 
on^  of  them,  cenaidered  aa  the  firsts  and  is  tenninated  by  the 
setffod  and  AtufCfa,  shall  be  bisected  by  the  third  of  them. 

Vt.  Th.  If  four  given  sti^ht  Kn^  have  a  point  comtabn 
to  them  all,  and  if  a  straight  line,  drawn  parallel  to  any  one, 
conridered  as  the  first,  and  terminated  by  the  second  and' 
fourth,  be  bisected  by  the  third  of  them,  any  straight  line, 
whidi  cuts  all  the  four  given  straight  lines,  shall  be  divided 
by  them  harmonically. 

VII.  Th.    If  four  gk^^  slra^t  lines,  having  a  point 
common  to  them  all,  cut  a  fifth  straight  line  harmonically,  any 
other  straight  Une,  which  is  cut  by  the  ifeur  given  stra^ht. 
lines,  shall  be  divided  by  them  fiarnmnicaBy. 

VIII.  Pr.  To  draw  four  straight  Unas,  is6  tUUr  aity  other 
straight  Ike,  which  is  cut  by  thep  all,  diall  be  divided  by 
them  honnonically. 
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IX.  pR.  To  find  four  geometx^cally  proportional  atraiglit 
lines^  the  differences  of  which  shall  be  harmonic  proportionak. 

X.  pR.  To  find  a  square^  which  shall  be  an  harmonic 
mean  proportional^  between  two  given  unequal  squares. 

XI.  Pr.  To  find  a  square,  which  shall  be  a  third  haf* 
monic  proportional  to  two  given  unequal  squares. 

XII.  Pr.  To  find  four  geometrically  proportional  atra^ht 
iines^  the  differences  of  the  squares  of  which  shall  be  harm<Miic 
proportionals. 

XIII.  Th.  If  the  base  of  a  triangle  be  prpduced>  and  if, 
from  any  point  ii)  th^  part  prodnoed,  a  stnigfat  line  be  dzawn 
cutting  the  one  side  of  the  tiiangle  and  meeCiiig  the  odier,  it 
shall  be  cut  harmonically  by  the  side  of  the  triangle,  and  by 
the  straight  line  drawn  from  the  summit  of  tiiie  triangle 
through  the  intersection  of  the  two  straight  lines  that  join  the 
angles  at  the  base^  and  (he  points^  in  which  the  opposite  sides 
are  cut  by  the  line  itself  so  drawn. 

'  XIV.  Th.  If  strai^t  lines  be  drawn,  ffom  the  cx^ 
tremities  of  the  base  of  a  triangle,  through  any  the  same  pdtol 
of  the  perpendicular,  let  fall  from  the  summit  on  the  base,  the 
straight  line  joining  the  two  pomts,  in  which  they  meet  the 
sides,  shall  be  divided,  by  the  perpendicular,  into  two  parts, 
that  subtend  equal  angles,  at  the  point  where  the  pecpen? 
4icular  meets  the  base. 


Book.  VI. 

I.  Th.  if  two  unequal  arches  of  a  drde  be  eficb  of  them 
less  than  a  quadrant,  the  greater  of  ihem  shall  have  to  the  less 
a  greater  ratio,  than  the  supplement  of  the  less  has  to  the 
supplemept  of  ^e  greats. 

II.  Th.  If  two  unequal  arches  of  a  circle  be  each  of  them 
less  than  a  quadrant,  the  tangent  of  the  greater  shall  have  to 
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the  tangent  cxf  the  le«8^  a  greats  ratio  than  the  gre«ttf«Ahe« 
to  Ihe  less. 

III.  Th.  If  two  triangles  have  their  vertical  angles  equal 
to  one  another^  and  have  the  two  remaining  angles  in  each^ 
neither  of  which  is  obtose^  unequal^  the  side  adjacent  to  Ae 
greater  angle,  in  the  one  triangle,  shall  have  to  the  base  a  less 
ratio,  than  that  which  the  side  adjacoit  to  tiiie  corresponding 
angle»  in  the  other  trian§^>  has  to  the  base. 


IV.  Th.  If,  from  the  greater  of  two  unequal  sides  of  a 
given  triangle,  be  cut  off  a  part  equal  to  the  less,  that  aegeaent 
shall  have  to.  the  remaining  segment,  a  ratio  greater  than  the 
ratio  which  the  angle  adjacent  to  the  remaining  s^pooent,  has 
to  the  angle  adjacent  to  the  segment  first  cut  off. 

V.  Th.  If  two  unequal  arches  ^f  a  circle  have  a  common 
extremity,  the  one  being  a  part  of  the  other,  and  if,  from  their 
two  other  extremities,  any  two  parallela  be  drawn,  to  meet  the 
diameter  passing  through  the  common  extremity,  the  greater 
arch  shall  have  to  Uie  less,  a  greater  ratio  than  the  parallel  ter« 
minating  the  greater  arch,  has  to  the  parallel  terminating  the 
less. 

VI.  Th.  The  tangent  of  the  greater  of  two  arches  of  a 
circle  has  to  the  tangent  of  the  less,  a  greater  ratio  than  the 
secant  of  the  greater,  has  to  the  secant  of  the  less. 

VIL  Th.  The  sine  of  the  greater  of  two  arches  of  a  circle 
has  to  Ae  sine  of  the  less,  a  less  ratio  than  the  ch<nrd  of  the 
greater  has  to  the  chord  of  the  less. 

VIII.  Th.  The  chord  of  the  greater  of  two  arches  of  a 
circle,  has  to  the  chord  of  the  less,  a  less  ratio  than  the  versed 
sine  of  the  greater,  has  to  the  versed  sine  of  the  less. 

IX.  Th.  If  the  semi-circumference  of  a  given  circle  be 
divided  into  any  two  unequal  arches,  the  semi-circumference 
has  to  the  greater  arch,  a  greater  ratio  than  the  less  arch  has 
to  its  sine. 

X.  Th.  If  from  any  point  in  the  diameter,  produced,  of 
a  semi-circle,  two  straight  lines  be  drawn  to  the  concave  cir- 


^^'     ^ 


mm^ 


cmnAraioe,  the  gMstar  of  4liaB  dmU  hmre  to  A/tUmt  *  l«i 
ratio  than  that,  which  the  greater  of  the  two  archea  cut  dP  by 
them,  has  to  the  lew. 

XL    Th.    If  mf  giweii  arcii  of*  drde,  aod JC»ciua4f  be 
each  of  <hen  diHded  Into  twm  vn^qiud  fMola,  by  the 
atraight  laie  dramm  ibam  tfae  oentn»  of  the  cwcle>  the 
actgaaaiit  of  lAie«rehahall  heme  to  the  leaa  A  greater  nUiQ, 
that  which  the  grealBr.aegmait  itf  the  cboo^  baa  €o  the  1< 


XiL  pR.  If  the  twowi|^  at  tfaeheaeofattiaBglebe 
mieyiah  ^MgtMter  baa  totheleas^  agfeotercatiotiapitliiiili 
whi^  the  aMe  appetite  to  the^itaiiii  baa  to  the  aiiio  miiiaitii 
te  the  leoi* 

XIII.  Th.  If  the  two  angles  at  the  base  of  a  triangle  be 
tmeqml,  «Bd  ifaatrai^  IbwbeAptwii  buactbig  Ae  vertical 
ai^,  and  eottiag  die  baae,  of  the  two  eagka^  «ttheteee,  ibiB 
greater  has  to  the  kaa^  «  gftttmt  ntb  thoa  that  whulilhe 

XIV.  Til.  If  a  strai^hr  Mae  be  drawn  from  tbo  swaiait  of 
a  given  isosceles  triangle,  which  divides  the  angl^  at  the 
aonunity  into  two  unequal  parts,  it  shall  also  divide  the^ase 
into  two  nnequal  parts;  and  the  greater  s^^ment  of  theangle, 
at  the  sonnmt,  dudl  have  to  Ae  less  a  geeater  ratio,  tiian  Aaf 
which  the  greater  s^^ment  of  the  base  has  totibeless. 

XT.  Th.  If  fttnn  die  stmniit  (tf  a  given  triangle,  a  per« 
penfficnlar  be  dnwn  to  tfae  t>ase,  produced  if  it  be  neeeesarf , 
of  the  angles  which  it  makes  with  the  odker  two  aides,  the 
graater  shall  have  to  the  less  a  less  ratioj  than  that,  which  the 
greater  segment  of  the  base,  or  tfae  base  produced^  faae  to  the 
less. 

XVL  Tb.  If  a  perpendicular  to  the  base  of  a  soalene 
triangle,  drawn  from  its  summit,  fall  within  the  trJeng^  of 
the  angles  at  the  base;,  the  greater  has  to  the  lesa^  a  less  xatio!, 
than  that  which  the  greater  segment  of  the  base  has  to  the 
less. 


